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BBe^eHHe 



06i>eKT0M Hccjie,n,OBaHHH HacrosimeH pa6oTbi 5ibji5hotc5i npo6jieMbi reo- 
MeTpHH BbinyKjibix (KOHenHbix) MHO>KecTB reo^esHHecKoro npocTpaHCTBa. 
AKTyajibHOCTb. MeTpHnecKaa reoMeTpnsi B03HHKjia b 20-30-e ro^bi flBa- 
/rnaToro Bexa b pa6oTax K. MeHrepa, n. C. YpbicoHa, A. Bajib^a, C. 3. 
KoH-OocceHa, K. KypaTOBCKoro, <D. Xayc/ropcpa, H. IlleH6epra h ^pyrnx 
MaTeMaTHKOB. B 3tot HanajibHbra nepnofl MeTpHnecKan reoMeTpira eme He 
npno6pejia H3BecTHOCTb, a caM TepMiiH «MeTpHHecKa5i reoivieTpH5i» HMeji 
6ojiee y3KHH cmmcji. B 40-60-e ro^bi Gmjih cos^aHbi ocHOBbi MeTpHHecKoft 
reoMeTpHH b (pyHflaMeHTajihHhix pa6oTax T. By3eMaHa, A. AjieKcaH- 
flpoBa, B. A. EcppeMOBH^a, Jl. M. BjnoMeirrajra, B. A. 3ajirajuiepa, K). T. 
PenieTH^Ka, K). Byparo h hx yneHHKOB. C 70x ro^OB Hanajicsi coBpe- 
MeHHbiii 3Tan pa3BHTH5i MeTpHHecKoii reoMeTpHH, flocTHJKeHHsi KOToporo 
OTpa>KeHbi b MOHorpacpH5ix T. By3eiviaHa [26]; T. By3eiviaHa, B. B. Phadke 
[27]; M. Jl. TpoMOBa [41]; A. B. noropejiOBa gS]; W. Ballmann [9]; A. 
Papadopoulos [07]; M. Bridson, A. Haeffliger [22]; C. B. Byajio, B. LHpeflep 
[34]; M. M. ,He3a, M. JlopaH [33]; b nepBOM yne6HHKe Ha pyccKOM 5i3biKe K). 
fl. Byparo, J\. K). Byparo, C. B. PlBaHOBa [28]; b o63opax K). T. PenieTH^Ka 
[71] ; B. H. BepecTOBCKoro, H. T. HmtojiaeBa [16] h HeKOTopbix flpyrnx 0630- 
pax h MOHorpacpHax. Kpoivie Toro, 6ojibinoe KOJinnecTBO HOBbix pe3yjibraTOB 
noKa He onncaHO b o63opax, MOHorpacpHax h yneSraiKax, ohh co^ep^aTCH 
jiHHib b HayHHbix CTaTbHx, hhcjio KOTopbix CTa6njibHO pacTeT. B HacToamee 
BpeMH ycTaHOBHjiocb MHoro B3aHMOCB5i3eH MeTpHHecKOH reoMeTpHH C KOM- 
6HHaTopHoft reoMeTpHeii, reoMeTpHeii 6jih30Cth [50], piiMaHOBoii reoMeTpn- 
eft «b n,ejiOM» [30], TeopHeft riinep6ojiHHecKHx rpynn, Teopiieft cppaKTajiOB, 
reoMeTpunecKOH Teopneii Mepbi [80], HejiHHeiiHbiM (pyHKUHOHajibHbiM aHa- 
jih30m, cySfliicpcpepeHi^HajibHbiM HCHHCJieHiieM [51], BbinyKjibiM aHajiH30M 
[701 168] , Teopneii HeKoppeKTHbix sa^an, TeopiieH BepoHTHOCTeii, Teopneii 
rpacpOB [33], Teopneii npii6jiH>KeHHH [771 E5] h ,zrpyrHMH pas^ejiaMH Ma- 

TeMaTHKH [35] • 9tH B3aHMOCB5I3H nOflflep^KHBaiOT aKTyajIbHOCTb MeTpHne- 
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CKoft reoMeTpiiii h nocTOsmHbiii npiiTOK b Hee hobhx sa/xaH. Kpoivie Toro, 
pa3BiiTiie MeTpH^ecKOH reoMeTpiiii CB5i3aHO c Ba>KHOCTbio h pacnpocTpa- 

HeHHOCTbK) MeTpHHeCKHX CBOHCTB o6T>eKTOB, HCCJie/XyeMblX B pa3JIHHHbIX 

pa3jj,ejiax MaTeMaTiiKii h npiiKjiajxHbix Hayitax, a TaiQKe c TeM, hto no Me- 
pe HaKonjieHHH reoMCTpiiHecKirx <paKTOB, nojiyneHHbix jjpyriiMii MCTO/jaMii 
(HanpiiMep, MCTO/raMii MaTeMaTiinecKoro aHajiH3a), nposiCHsieTCH Merpirqe- 
CKaa npiipo/ja MHoriix H3 hhx. 

r. By3eMaH MeTpii30Baji rpynny Bcex jtbidkchiih MeTpiinecKoro npo- 
CTpaHCTBa h flOKa3aji, hto b cjiynae kohchhoh KOMnaKTHOCTii MeTpHHecKoro 
npocTpaHCTBa (ceiriac name ynoTpe6ji5iiOTC5i TepMHHbi: co6cTBeHHoe mct- 
piiHecKoe npocTpaHCTBO [221 c - 2] hjih orpaHHHeHHO-KOMnaKTHoe MeTpnne- 
CKoe npocTpaHCTBO [28, c. 17]) 3Ta rpynna 5iBjraeTC5i KOHenHO-KOMnaKTHbiM 
MeTpH^ecKHM npocTpaHCTBOM [251 c - 30, 32]. B. H. BepecroBCKiiM 6bijio 
flOKasaHO, hto MeTpHnecKaa Tonojioriisi By3eMaHa b rpynne Bcex ppKiKe- 
hhh KOHeHHO-KOMnaKTHoro MeTpHnecKoro npocTpaHCTBa SKBiiBajieHTHa ee 
KOMnaKTHO-OTKpbiTOH TonojioriiH ii rpynna Bcex jjBioKeiiiiii o^HopoflHoro 
G-npocTpaHCTBa By3eMaHa 5iBji5ieTC5i rpynnoii Jin [T51 [H]. ,U,Jifl rpynnbi 
nojj,o6iift aiiajioriiHHbie iiccjiejxpBaHirH npoBe^eHbi b [s2], p2] n [12]. 

H3BecTHO, hto o/],hhm H3 ycjiOBHH b onpeflejieHiisix G-npocTpaHCTBa By- 
3eiviaHa [251 c - 54] h xop^OBoro npocTpaHCTBa [23, c. 23] 5iBji5ieTC5i ycjio- 
Biie KOHenHOii KOMnaKTHOCTii MeTpnnecKoro npocTpaHCTBa. AKryajibHoft 
saflaneft 5iBji5ieTC5i ocjia6jieHHe ycjiOBHH kohchhoh KOMnaKTHOCTii MCTpii- 
HecKoro npocTpaHCTBa, nocKOJibKy oho iiCKjuonacT H3 iiccjieflOBaHii^ mho- 
rne reoMeTpiiHecKHe o6b.eKTbi riuib6epTOBbix MHoroo6pa3iift (b nacTHOCTn, 
riuib6epTOBbix npocTpaHCTB) h 6ecKOHeHHOMepHbix 6aHaxoBbix MHoroo6- 
pa3Hii, a TaK>Ke orpamiHiiBaeT o6ni,HOCTb iiccjieflOBamrH HaiuiyHHiHx an- 
npoKCiiMHpyioinHx MHO>KecTB (Hanpiitviep, He6biiiieBCKirx ijeHTpoB iijiii Haii- 
jiynniiix iV-cerei!) orpamiHemibrx mho^kc-ctb, B03HiiKaiomirx npii penieHHH 
reoivieTpHHecKHx sajjan hjih 3ajj,aH TeopHH npii6jiii}KeHiiH. Ha stom nyTH 
6bijiH Hccjiejj,OBaHbi HeKOTopbie CBOHCTBa BbinyKjibix mhojkcctb b o6o6meH- 
ho xopjj,obom npocTpaHCTBe (o6o6m,eHHOM G-npocTpaHCTBe By3eMaiia) [s4, 
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s6], o6o6maioiHHe cooTBCTCTByioinHe CBoftcTBa BBinyKjiBix MHOvKecTB b xop- 
flOBOM npocTpaHCTBe (G-npocTpaHCTBe By3eMaHa) [23, c. 65, 74, 75, 79, 
80-82], [251 c - 154, 157, 160]. B 6ojiee oSineii CHTyaiiHH (to gctb npn OTcyT- 

CTBHH C06CTBGHH0CTII MCTpHHeCKOrO IipOCTpaHCTBa) GblJIH HCnOJIB30BaHBI 

ycjiOBHe Henojio>KHTejibHOCTH KpiiBii3Hbi no By3eMaHy h noHHTiie flncpcpe- 
peHHnpyeMoro npocTpaHCTBa no By3eMaHy b Tonxe, hto no3BOJinjio 0606- 
innTb h HanaTb nccjieflOBaHne KacaTejibHoro npocTpaHCTBa no By3eMaHy 
b Tonxe reoflesnnecKoro npocTpaHCTBa [sl8]. flpyrne noflxoflbi npopa6oTa- 
Hbi 6ojiee rjiyGoKO n ocHOBaHbi Ha noHHTnax KOHyca Ha^ npocTpaHCTBOM 
HanpaBjieHHH [2], KacaTejibHoro KOHyca no TpoMOBy-Xaycflopcpy [23, c. 
328] n nx MOflncpHKannn c ncnojib30BaHneM flncpcpepennpyeMOCTH b mct- 
pnnecKOM npocTpaHCTBe, yjibrpacxo^HMOCTH MeTpnnecKnx npocTpaHCTB n 
OTo6pa>KeHHH [50] . H3bcctho, hto HeKOTopbie MeTpnnecKne CBoftcTBa (Ha- 
npnMep, annpoKCHMaTHBHbie CBoftcTBa) MHO>KecTB b paBHOMepHO BbinyK- 
jiom 6aHaxoBOM npocTpaHCTBe CB^3aHbi co CBoftcTBaMH MeTpnnecKon hjih 
o6o6m,eHHon MeTpnnecKon npoeKunn Ha sth MHO>KecTBa. 3th CBoftcTBa nc- 
cjieflOBajiHCb B. CeKecpajibBH-Haflb [23, TeopeMa 3.35], K). A. BpyznrbiM, 
E. A. TopHHbiM [23], C. B. CTenKHHbiM, H. B. EcpHMOBbiM, Jl. n. Bjia- 
coBbiM (cm. o63op [37]), A. B. MapHHOBbiM [ED, E21 E3], I. Singer [75] h 
ApyrnMH MaTeMaTHKaMH. 06o6meHHa5i MeTpHnecKaa npoeKHnsi HMeeT TaK- 
>Ke Ba>KHoe 3HaneHne fljra nccjieflOBaHna £-KBa3HpenieHHH h KBa3HpeineHHH 
onepaTopHbix ypaBHeHHH nepBoro po,n,a [511 EH], 59]. OKa3ajiocb, hto mho- 
rne H3 TaKHx cbohctb ^onycKaiOT o6o6meHHe Ha reoflesnnecKHe npocTpaH- 
CTBa, yflOBjieTBopsnoinne ^onojiHHTejibHbiM ycjiOBH^M, oGecnenHBaromnM b 
coBOKynHOCTH aHajior CBoftcTBa paBHOMepHoft BbinyKjiocTH 6aHaxoBa npo- 
cTpaHCTBa [s7, sl2, sl3]. AHajior paBHOMepHoft BbinyKjiocTH b reoflesnne- 
ckom npocTpaHCTBe flaeT B03MO>KHOCTb nojiynHTb ^ocTaTOHHbie ycjiOBna 
cymecTBOBaHH5i h eflHHCTBeHHOCTH neGbinieBCKoro ueHTpa orpaHHneHHoro 
MHO>KecTBa n HCCJieflOBaTb reoMeTpnnecKHe CBOHCTBa Hanjiynninx A^-ce-Ten 
orpaHHneHHbix mhokcctb. B 6aHaxoBbix h rnjib6epTOBbix npocTpaHCTBax 
CBoftcTBa ne6binieBCKHx nenrpoB h HaHjiynmnx A^-ceTen orpaHHneHHbix 
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MHO>KecTB HccjieflOBajiH A. Jl. TapKaBH [39] SO], EL K. Bejio6poB [IIIEE2], D. 
Amir, J. Mach, K. Saatkamp g], L. Vesely [36], A. Wisnicki n J. Wosko 
[79], B. C. BajiaraHCKHH JTU] - B MeTpnnccKOM npocTpaHCTBe CBoncTBa ne- 
6BinieBCKoro nwrpa orpaHnneHHoro MHO>KecTBa nccjieflOBajincb npn 6ojiee 
CHjiBHbix orpaHHHeHHHx Ha npocTpaHCTBO [S3, E5], 0, c. 26]. AHajiornnHO 
cnTyairnn c ne6binieBCKHM n,eHrpoM, HeKOTopbie pe3yjibTaTbi C. H. flyflo- 
Ba h H. B. 3jiaTopyHCKOH [3EI H7] o HanjrynnieM npii6jiii>KeHiiii b MeTpiiKe 
Xaycflopcpa BbinyKjioro KOMnaKTa 6aHaxoBa npocTpaHCTBa niapoM ^onyc- 
KaiOT o6o6m,eHHe Ha cjiynan cnen,najibHoro reoflesnnecKoro npocTpaHCTBa 
Henojio>KHTejibHOH KpHBH3Hbi no By3eiviaHy [sl7]. 

TaKHM 06pa30M, Ba>KHOCTb yCTaHOBJieHHM HOBblX CB5T3eH MeTpHHeCKOH 

rGOMGTpHH c Teopneii npn6jiH>KeHHH, BbinyKjibiM aHajiH30M h cpyHKirno- 
HajibHbiM aHajiH30M ,n,ejiaeT TeMy flnccepTairnn aKTyajibHon. Kpoivie Toro, 
ecTb MHoro BHyTpeHHHx HepenieHHbix npo6jieM MeTpnnecKon reoMeTpnn. 
HanpHMep, npo6jieMa By3eMaHa o tom, HBjraeTCH jih G-npocTpaHCTBO By- 
3eMaHa TonojiornnecKHM MHoroo6pa3HeM (25J c. 69]. T. By3eMaH [24] . B. 
Krakus h P. Thurston [78] flOK&sajin, nro G-npoerpaHCTBO By3eMa- 
Ha HBjiHeTCH TonojiorHuecKHM MHoroo6pa3HeM b pa3MepHOCT5ix 2, 3 h 4 

COOTBeTCTBeHHO. B. H. BepeCTOBCKHH yCTaHOBHJI HeKOTOpbie flOCTaTOHHbie 

ycjiOBHH KOHeHHOMepHOcra G-npocTpaHCTBa By3eMaHa [13]. B o6in;eM cjiy- 
nae npo6jieMa ocTaeTCH OTKpbiToii. 

B flaHHOii pa6oTe npn nccjieflOBaHnn reoMeTpnnecKnx cbohctb npocT- 
paHCTB BbinyKjibix (kohghhbix) MHO>KecTB MeTpiiuecKoro npocTpaHCTBa nc- 
nojib3yK)TCH b ochobhom npaivibie, CHHTeTHHecKHe MeTOflbi By3eiviaHa [25, 
TBI dH [13, El d El E], CTaH^apTHbie MeTO,n,bi Teopiiii MeT- 



piiHeCKHX npOCTpaHCTB [571 EI] H MeTOflbl TeOpiIH npH6jIH>KeHHH [73, 

IS71 I5§! SSI EH E21 E3]- TpeyrojibHHKH cpaBHeroisi n BepxHne yrjibi no A. 

AjieKcaHflpoBy [TB] ncnojib3yiorc5i ^jih nccjieflOBaHnsi oflHoro MeTpnne- 
CKoro aHajiora cjia6on cxo/ihmocth nocjieflOBaTejibHOCTH b Bem,ecTBeHHOM 
rnjibGepTOBOM npocTpaHCTBe. 

D,ejibio HacT05nnen pa6oTbi 5iBji5ieTC5i nccjie^OBaHHe reoMeTpnn BbinyK- 
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jimx (KOHenHbix) MHO>KecTB reoflesnnecKoro npocTpaHCTBa. 

HayHHaa HOBH3Ha. Bee ocHOBHbie pe3yjibTaTbi, npe^CTaBjieHHbie b Ha- 
CT05nnen pa6oTe n BbmocnMbie Ha 3amnTy, hbjihiotch hobbimh. riepenncjinM 
3th pe3yjibTaTbi. 

1. Han^eHbi HeoGxo^HMbie n flocTaTonHbie ycjiOBHH, npn KOTopbix npo- 
CTpaHCTBa (Xjy, a p ), (E 2 (X),q:) HBjraiOTca npocTpaHCTBaMH c BHyrpeH- 
Heii MeTpiiKoii, a TaK>Ke MeTpHnecKH BbinyKjibiMH (BbinyKjibiMH no MeHre- 
py co6cTBeHHbiMH, reoflesHnecKHMH) npocTpaHCTBaMH. riojiyneHbi jjpcTa- 
TOHHbie ycjiOBHH, npn KOTopbix npocTpaHCTBO (Xft, a p ) 5iBji5ieTC5i reojj,e3H- 
necKHM npocTpaHCTBOM (yflOBjieTBopaeT jiOKajibHOMy ycjiOBHio Henojio>KH- 
TejibHOCTH KpHBH3Hbi no By3eMaHy). Han^eHbi Heo6xojj,HMbie h jjpcTaTon- 
Hbie ycjiOBira, npn KOTopbix npocTpaHCTBO (E_/v(X), a p ^) aBjiaeTca npo- 

CTpaHCTBOM C BHyTpCHHeH MCTpHKOH, a TaK>Ke C06cTBeHHbIM (co6cTBeHHbiM 

MeTpH^ecKH BbinyKjibiM, co6cTBeHHbiM BbinyKjibiM no MeHrepy, co6ctbch- 
hmm reoflesnnecKHivi) npocTpaHCTBOM. 

2. ycTaHOBjieHO, hto o/xyirapHbie CTpyKTypbi np^Moro G-npocTpaHCTBa By- 
3eMaHa n reoMeTpnn rnjib6epTa 5ibjisiiotcsi TonojiornnecKHMH o/xyiisipHbi- 
mh CTpy KTyp aivin . HccjieflOBaHbi reoMeTpnnecKne CBoiiCTBa BbinyKjibix U- 
MHO>KecTB o6o6meHHoro xop/jpBoro npocTpaHCTBa. 

3. IlojiyneHbi oughkh H3MeHeHH5i OTHOCHTejibHoro ne6binieBCKoro pa/jnyca 
Rw(M) npn H3MeHeHHH HenycTbix orpaHnneHHbix mhojkgctb M, W MCTpn- 
necKoro npocTpaHCTBa. HaiifleHbi 3aMbiKaHne n BHyTpeHHOCTb MHO>KecTBa 
Bcex Af-ceTeft, Ka>Kjj;a5i H3 KOTopbix o6jiajj,aeT npHHa/jjiOKamnM eii e/iHH- 

CTBGHHblM OTHOCHTejIbHbIM He6bIIHeBCKHM neHTpOM, B MHO>KeCTBG BCeX N- 

ceTeii cnen,najibHoro reojj,e3HnecKoro npocTpaHCTBa OTHOCHTejibHO MCTpn- 
kh Xayc^opcpa. IlojiyneHbi jjpcTaTOHHbie ycjiOBna cymecTBOBaHH5i n e/iHH- 
CTBeHHOCTH He6biHieBCKoro Henrpa, a TaK>Ke npHHafljiOKHOCTH ne6binieB- 
CKoro Henrpa 3aMbiKaHHio BbinyKjiofi o6ojiohkh HenycToro orpaHnneHHoro 
MHO>KecTBa cnen,najibHoro reojj,e3HnecKoro npocTpaHCTBa. 

4. TeopeMbi B. CexecpajibBH - Ha/jb, C. B. CTenKHHa n H. B. EcpHMO- 
Ba 06 annpoKCHMaTHBHbix CBoiiCTBax mhojkcctb, a TaK>Ke TeopeMbi Jl. n. 
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BjiacoBa n A. B. MapHHOBa o HenpepbiBHOCTH h cb5T3hocth MeTpnnecKoii 
^-npoeKnnn b paBHOMepHO BbinyKjiOM 6aHaxoBOM npocTpaHCTBG o6o6meHbi 
Ha cjiynaii cnennajibHoro reoflesnnecKoro npocTpaHCTBa. B cneHnajibHOM 
MeTpH^ecKOM npocTpaHCTBe nojiyHeHbi o6o6m,eHHH TeopeM n. K. Bejio6poBa 
h A. Jl. TapKaBH o HaHjiynmnx A^-ceTax HenycTbix orpaHnneHHbix 3aMKHy- 
tmx BbinyKjibix MHO>KecTB b rHjib6epTOBOM ii b cnen;najibHOM 6aiiaxoBOM 
npocTpaHCTBax. fljra Ka^K^oro HenycToro orpaHHneHHoro MHO>KecTBa 6ec- 
KOHeHHOMepHoro npocTpaHCTBa JIo6aneBCKoro ^OKasaHO cymecTBOBaHne Han- 
jiynnien N-c&rn h Hanjiynmero A^-ce^eHHii, a Taioice ycTaHOBjieHa cnjibHaa 
ycToiiHHBOCTb neGbiineBCKoro Henrpa. 

5. riojiyneHa oueHKa CBepxy ^jra paccT05iHH5i Xayc^opcpa ot HenycToro 
orpaHHHeHHoro MHO>KecTBa ,0,0 MHO>KecTBa Bcex 3aMKHyTbix niapoB cnenn- 
ajibHoro reoflesnnecKoro npocTpaHCTBa X Henojio>KHTejibHOH KpiiBii3Hbi no 
By3eMaHy. ^OKasaHO, hto mhokcctbo Bcex nenrpoB x{M) 3aMKHyTbix ma- 
poB, HanjiynmnM o6pa30M npii6jiii>Kaiomiix b MeTpiiKG Xayc^opcpa BbinyK- 
jibiii KOMnaKT M C X, Henyeroe h npHHa^jiOKHT M. 

6. YcTaHOBjieHO, hto MGTpiiKa Ha KacaTejibHOM npocTpaHCTBe b npon3BOJib- 
hoh TOHKe npocTpaHCTBa HenojiojKHTejibHon KpnBH3Hbi no By3eiviaHy (flncp- 
(pepeHn,npyeMoro no By3eiviaHy MCTpnnecKoro npocTpaHCTBa) BHyTpeHHHH. 
floKa3aHO, hto KacaTejibHoe npocTpaHCTBO b npon3BOJibHon tohkc jioitajib- 
ho nojiHoro flncpcpepeHUHpyeMoro no By3eMaHy MCTpHnecKoro npocTpaH- 
CTBa 5iBji5ieTC5i nojiHbiM npocTpaHCTBOM, a TaioKe, hto KacaTejibHoe npo- 
CTpaHCTBO b npoH3BOJibHoii TOHKe jiOKajibHO KOMnaKTHoro npocTpaHCTBa 
HenojiojKHTejibHoii KpnBH3Hbi no By3eiviaHy 5iBji5ieTC5i co6cTBeHHbiM reo^e- 
3nnecKHM npocTpaHCTBOM. 

7. ^OKasaHO, hto npocTpaHCTBO Bcex cjia6o orpaHnneHHbix roMeoMopcpH3- 
mob c MCTpHKoii KypaTOBCKoro, KajKflbiii H3 KOTopbix paBHOMepHO Henpe- 
pbiBeH Ha npoH3BOJibHOM 3aMKHyTOM niape c nenrpoM b (pHKcnpoBaHHoii 
TOHKe MeTpnnecKoro npocTpaHCTBa BMecTe co cbohm o6paTHbiM roMeoMop- 
4)H3mom, HBji5ieTC5i napaTonojiornnecKon rpynnoii (TonojiornnecKOH rpyn- 
noii npn cb^3hocth npon3BOJibHoro 3aMKHyToro niapa c ueHTpoM b flaHHoii 
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4)HKCHpoBaHHoii Tonice), HenpepbiBHO ^eiiCTByioineH Ha MeTpnnecKOM npo- 
CTpaHCTBe X. TeopeMa BaHaxa 06 o6paTHOM onepaTope h npnimnn paB- 
HOCTeneHHoii HenpepbiBHOCTH fljra F-npocTpaHCTB o6o6meHbi Ha cjrynan 
cnennajibHoro reoflesnnecKoro OTo6pa>KeHH5i cneuHajibHbix reoflesnnecKHx 
npocTpaHCTB. 

8. ^0Ka3aH0, hto npocTpaHCTBO (H B (X,Y, a), 5 p ) Bcex OTo6pa>KeHHH H3 
MeTpHHecKoro npocTpaHCTBa X b MeTpnnecKoe npocTpaHCTBO Y 7 ynpBjie- 
TBopaiomHx paBHOMepHOMy ycjiOBHio Tejibflepa c (pHKcnpoBaHHbiMH noita- 

3aTejieM H K03Cp(pHHHeHTOM, 5IBJI5ieTC5I nOJIHbIM (co6cTBeHHbiM) MeTpnne- 

ckhm npocTpaHCTBOM, ecjiH Y - - nojiHoe MeTpnnecKoe npocTpaHCTBO (X, 
Y — co6cTBeHHbie MeTpnnecKne npocTpaHCTBa) . VcTaHOB jieHO , hto ecjiH X 
- co6ctbghhog MeTpnnecKoe npocTpaHCTBO, to TonojioriiH npocTpaHCTBa 
(Hb(X, y, a), 5 P ) coBnaflaeT KaK c Tonojiorneii noTonenHon cxo^hmocth, 
Tax 11 c KOMnaKTHO-OTKpbiToii Tonojiorneii. B cneniiajibHOM MeTpnnecKOM 
npocTpaHCTBe BBe^eHbi ^Ba aHajiora cjia6oii cxo^hmocth nocjieflOBaTejib- 
HOCTii b BemecTBeHHOM riuib6epTOBOM npocTpaHCTBe n HCCjie^OBaHbi hx 
reoMerpirqecKiie CBoncTBa. 

9. ^OKa3aHO, hto: 

- ecjiii X, Y — nojiHbie (co6cTBeHHbie) MeTpiiHecKiie npocTpaHCTBa, to 
npocTpaHCTBO Sim(X,Y) U Const(X,Y) 7 cocToanjee H3 Bcex nofloSnn h 

BCeX nOCT05IHHbIX 0T06pa>KCHHH H3 X B y, C MeTpHKOH By3eMaHa 5 p 5IBJT5I- 

eTC5i nojiHbiM (coGcTBeHHbiivi) ; 

- ecjin X — co6cTBeHHoe MeTpnnecKoe npocTpaHCTBO, to Tonojioirra npo- 
cTpaHCTBa (Sim(X,Y) U Const(X,Y),5 p ) coBna^aeT k&k c Tonojiorneii 
noTonenHon cxo^hmocth, Tax n c KOMnaKTHO-OTKpbiTOH Tonojiorneii; 

- (Sim(X),5 p ) — TonojiorHnecKaa rpynna, fleiiCTByioinaH HenpepbiBHO 
Ha npocTpaHCTBe X; 

- rpynnbi nofloSnH Sim(X) h H30MeTpHii Iso(X) c mctphkoh KypaTOB- 
CKoro 5 5IBJI5HOTC5I TonojiornnecKHMH rpynnaMH, HenpepbiBHO fleiiCTByio- 
hi,hmh Ha npocTpaHCTBe X. HaiifleHO 3aMbiKaHne rpynnbi nofloGHH nojiHoro 
MeTpnnecKoro npocTpaHCTBa b o6T>eMjiioineM npocTpaHCTBe OTo6pa>KeHHH 
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<£>(X, X) c MeTpiiKOH By3eMaHa 8 P . 

MeTo^bi Hccjie^oBaHHa. Ochobhbimh MeTCflaMH nccjieflOBaraiH, npn- 

MeH5ieMbIMH B HaCT05HH,eH pa60Te, 5ffiJI5HOTC5i: 

- CHHTeTHHecKne, np^Mbie MeTCflbi By3eMaHa; 

- CTaH^apTHbie MeTO^bi H3 Teopiiii MeTpHHecKHx npocTpaHCTB; 

- MeTOflbi Teopiiii npii6jiii>KeHHH. 

^ocTOBepHOCTb nojiyneHHbix b ^HCcepTaHHH pe3yjibTaT0B o6ycjiOBjie- 
Ha TeM, hto: 

- npHMeHHiOTCH npoBepeHHbie, TOHHbie h CTporo o6ocHOBaHHbie MeTCflbi hc- 
cjieflOBaHH^; 

- MHorne pe3yjibTaTbi flHCcepTainiH 3bji5hotch o6o6meHHeM nojiyneHHbix 
paHee pe3yjibraT0B h coBna^aiOT c sthmh pe3yjibraTaMH b nacTHbix cjryna- 
5ix; 

- Bee ocHOBHbie pe3yjibTaTbi flnccepTauHH ^c-KasaHbi h ony6jiHKOBaHbi. 

Anpo6au,Ha. OcHOBHbie pe3yjibraTbi, H3Jio>KeHHbie b flHCcepTauriH, ony6- 
jiHKOBaHbi b 21 ny6jiHKau,HH. 
Pe3yjibTaTbi flOKjiaflbmajiHCb 

- ejKeroflHO Ha HaynHbix ceMHHapax Kacpe^pbi rec-MeTpHH Ka3aHCKoro ro- 
cyflapcTBeHHoro yHHBepcHTeTa b 1993-2009 r.r.; 

- Ha HToroBbix HayHHbix KOHcpepeHHH5ix Ka3aHCKoro ne^arorHHecKoro yHH- 
BepcHTeTa b 1994-2000 r.r.; 

- Ha HToroBbix HayHHbix KOHcpepeHHrmx Ka3aHCKoro rocyn,apcTBeHHoro 
yHHBepcHTeTa b 2001-2009 r.r.; 

- Ha HayHHbix ceMHHapax HHH MaTeMaTHKH h MexaHHKH hm. H. T. He6o- 
TapeBa (Ka3aHb, 2001-2007 r.r.); 

- Ha Me^K^yHapoflHOM reoMeTpHnecKOM ceMHHape hmchh H. II. Jlo6aneB- 
CKoro «CoBpeMeHHa5i reoMeTpna h Teopna cpH3HHecKHx nojieH» (Ka3aHb, 
4-6 cpeBpajra 1997 r.); 

- Ha Me^K^yHapoflHOH HayHHoii KOHcpepeHHHH «AKTyajibHbie npo6jieMbi Ma- 
TeMaTHKH h MexaHHKH » b HHH MaTeMaTHKH h MexaHHKH hm. H. T. He6o- 
TapeBa (Ka3aHb, 1-3 okth6p^ 2000 r.); 
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- Ha Me^KflytrapoflHOH HayHHoii KOHcpepeHHHH «Topology, Analysis and Rela- 
ted Topics», nocB^meHHoii HiecTHflecsiTHjieTHio A. C. MnmeHKO (Mockob- 
ckhh roc. yH-T, 29-31 aBrycTa 2001 r.); 

- Ha MejKflyHapoflHoii HaynHoii KOHcpepeHHHH «reoivieTpH5i «b irejiOM», to- 

nOJIOrHH H HX npHJIO>KeHH5I», nOCB5HireHHOH fleBHHOCTOJieTHK) CO flHfl po>K- 

fleHHH A. B. IloropejiOBa (XapBKOBCKHii Han,HOHajiBHBiH yH-T, 22-27 hiohh 
2009 r.); 

- Ha Bocbmoh HayHHoii niKOJie-KOH(pepeHH,HH «Jlo6aHeBCKne HTeHHH 2009» 
(Ka3aHB, 1-6 H05i6p5i 2009 r.); 

- Ha HayHHOM ceMHHape Kacpeflpbi /iricpcpepeHHHajrbHOH reoivieTpHH h npn- 
jio>KeHHH MocKOBCKoro rocyflapcTBeHHoro yHHBepcHTeTa (MocKBa, 14 ^e- 
K a6p* 2009 r.); 

- Ha reoivieTpHHecKOM ceMHHape hm. A. /J. AjieKcaH^poBa CaHKT-IleTep- 
6yprcKoro OT^ejieHHa MaTeiviaTHHecKoro HHCTHTyTa hm. B. A. CTeKjiOBa 
PAH (CaHKT-IleTep6ypr, 4 MapTa 2010 r.). 

KpaTKoe onncaHHe co^epxcaHHa pa6oTM no rjiaBaM. flnccepTa- 

HH5I COCTOHT H3 BBe^eHHH, TpeX RJiaB H CnHCKa HCnOJIb30BaHHOH jiHTepaTy- 

pbl. 

B nepBoii rjiaBe flHCcepTainiH nccjieflyiOTca reoMeTpHnecKHe CBoifcTBa 
BbinyKjibix h KOHenHbix MHO>KecTB b reo^esHHecKOM npocTpaHCTBe. 

B naparpacpe 1.1 p ac cm aTp hb aeTCfi BHyTpeHH5i5i MeTpHKa Xayc^opcpa. 
^OKa3aHO, hto MeTpHKa Xaycflopcpa Ha MHO>KecTBe Bcex HenycTbix 3aMKHy- 
tmx orpaHHneHHbix noflMHO^KecTB MeTpHnecKoro npocTpaHCTBa (X, p) hb- 
ji5ieTC5i BHyTpeHHeii MeTpHKoii Tor^a h TOJibKO Tor^a, Kor^a MeTpHKa p 

- BHyTpeHH5ra (TeopeMa 1.1.1). YcTaHOBjieHO, hto npocTpaHCTBO (X, p) 

- MeTpHnecKH BbinyKjio Tor^a h TOJibKO Tor^a, Kor^a fljra jno6bix flByx 
orpaHHHeHHbix MHO>KecTB cym,ecTBOBaHH5i npocTpaHCTBa X HaHfleTCH ce- 
pe^HHa 3thx MHO>KecTB OTHOCHTejibHO MeTpHKH Xayc^opcpa. YKa3aHO, KaK 
nocTpoHTb Taxyio cepe^HHy b MeTpnnecKH BbinyKjiOM npoerpaHCTBe (Teo- 
peMa 1.1.2). B MeTpHnecKOM npocTpaHCTBe c BHyTpeHHeii MeTpHKoii nojiy- 
neHa BepxH^a oueHKa fljra xayc^opcpOBa paccTOHHH^ MOK^y o6o6meHHbiMH 
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niapaMH (jieMMa 1.1.2). 

B naparpacpe 1.2 npn 3ajjaHH0M MeTpnnecKOM npocTpaHCTBe (X, p) pac- 
CMaTpHBaiOTCH MHO>KecTBO Bcex TV-ceTeii T,^(X) npocTpaHCTBa X, ero no/j,- 
MHO>KecTBO E^(X), sjieMeHTaMH KOToporo cjiy>KaT npon3BOjibHbie iV-cera 
moiii,hocth N, CHMMeTpH30BaHHa^ CTeneHB Xn nop^flKa N npocTpaHCTBa 
X, OTO^KflecTBjieHHaa c mhokcctbom Bcex iV-ceTeii c noBTopeHH5iMH, n ero 
no^MHO^ecTBO Xjf, paBHOMOiniioe MHC»KecTBy H* N (X). Mhokgctbo X^ Ha- 
flejiHM MeTpiiKoii a p : 

a p ([(x h . . . , x N )],[(y h . . . ,y N )]) = 

mm{p N , p ((x h . . . , x N ), (y a{ i), . . . , y a (N))) ■ <? G S(N)}, 
rpfi S(N) — rpynna Bcex noflCTaHOBOK MHO>KecTBa H3 N > 1 sjieMenroB, 

PN, P (( x h ■ ■ ■ , x N ), (y h . . . , yjv)) = (\xiyi\ p + . . . + |xiv2/7vn 1/p 

npn j9 G [1, oo) ii 

/Ojv,oo(Oi, • • -,xn), {yi, ■ ■ - , = max{|xi?/i|, . . . , |xjv2/jv|} 

npn j9 = oo. PaccMOTpiiM Ha MHO>KecTBe Xjy cjie/xyioinee OTHoniGHiie skbh- 
BajieHTHOCTii R: 

[(x h . . . , x N )]R[(y h . . . , y N )], ecjra {x b . . . , Xjv} = {j/i, . . . , y N }. 

MhOJKCCTBO Stv(X) OTOJK^eCTBHM c cpaKTop -npocTpaHCTBOM Xn/R ii Ha- 
flejiHM ero (paKTop-MeTpiiKoii oi Pi r hjih MeTpiiKoii Xayc^opcpa a. 

^OKa3aHO, hto npocTpaHCTBa (Xn, a p ) } (T,2(X),a) hbjihiotch npoerpaH- 

CTBaMII C BHyTpeHHeft MCTpiIKOII HJIH MeTpHHeCKH BbinyKJIBIMH (BbinyK- 

jibiMH no MeHrepy, co6cTBeHHbiMH, reojj,e3HnecKHMn) npocTpaHCTBaMH to- 
r/ja n TOJibKO Tor;j,a, Kor/ja coTBeTCTByioinHMH CBoiiCTBaMH o6jiajj,aeT npo- 
CTpaHCTBO (X,p) (Teopeivia 1.2.1, cjiej^CTBne 1.2.1). IlojiyneHbi jj,ocTaTon- 
Hbie ycjiOBna, npn KOTopbix npocTpaHCTBO (X^, a p ) 5iBji5ieTCsi reojj,e3n- 
necKHM npocTpaHCTBOM hjih yjj,OBjieTBop5ieT jiOKajibHOMy ycjiOBHio Heno- 
jio:>KHTejibHOCTH KpHBH3Hbi no By3eiviaHy (Teopeivia 1.2.2). ,HpKa3aH0, hto 
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npOCTpaHCTBO (£j\r(X), <%>,#) 3BJI5ieTC5I npOCTpaHCTBOM c BHyTpeHHeii MeT- 
PHKOH HJIH C06cTBeHHBIM (co6cTBeHHBIM MeTpiIHGCKH BBinyKJIBIM, Co6cTBeH- 

hbim BBinyKJIBIM no MeHrepy, co6ctbghhbim reojj,e3HHecKHM) npocTpaHCTBOM 
Torjj,a ii tojibko Tor/ja, Kor/ja cooTBeTCTByiomHMH CBoftcTBaMH o6jiajj,aeT 
npocTpaHCTBO (X, p) (TeopeMa 1.2.3). fljra co6cTBeHHoro reojj,e3HHecKoro 
npocTpaHCTBa (X, p) nojiyneHBi jj,ocTaTOHHBie ycjiOBHH, npn kotopbix npo- 

H3B0JIBHBie JJBe iV-CeTH npocTpaHCTBa (Hn(X), a) MOryT 6BITB COGflllHGHBI 

cerMeHTOM (cjie^CTBHe 1.2.4). B MeTpimecKii BBinyKjiOM npocTpaHCTBe, yn,o- 
BjieTBop5nom,eM rjio6ajiBHOMy ycjiOBHio Henojio>KHTejiBHOCTii kphbh3hbi no 
By3eMaHy, HaiifleHBi reoMeTpnnecKoe cbohctbo OTo6pa>KeHH5i, conocTaBjisi- 
K»mee npoH3BOJiBHOMy cemeHry ero cepe/jHHy (jieivuvia 1.2.1), h HeKOTopBie 
reoMeTpiinecKiie CBOHCTBa npocTpaHCTBa (E2(X),a), CB5i3aHHBie b ochob- 
hom co cbohctbom MeTpHnecKoft BBinyKjiocTH SToro npocTpaHCTBa (jieivuvia 
1.2.2). 

B naparpacpe 1.3 HCCjie/ryiOTCii reoMeTpiinecKiie CBoiiCTBa BBinyKjiBix 
MHO>KecTB b o6o6meHHOM xopflOBOM npocTpaHCTBe. BBejj,eHO noH5iTiie 0606- 
m,eHHoro xopflOBoro npocTpaHCTBa (o6o6meHHoro G-npoerpaHCTBa By3e- 
MaHa). IlojiyneHBi jjpcTaTOHHBie ycjiOBira BBinyKjiocTH 3aMBiKaHH5i (BHyr- 
peHHOCTii) BBinyKjioro [7-MH0>KecTBa o6o6meHHoro xop^OBoro npocTpaH- 
CTBa, a TaioKe coBnajj,eHH5i 3aMBiKaHH5i (BHyTpeHHOCTn) BBinyKjioro 

t/-MHO>KeCTBa C 3aMBIKaHHGM BHyTpeHHOCTH (BHyTpeHHOCTBK) 3aMBIKaHH5I 

BHyTpeHHOCTn) SToro MHO>KecTBa (Teopeivia 1.3.1). HaiifleHBi ycjiOBna, bkbh- 
BajieHTHBie ycjiOBHio BBinyKjiocTH Bcex 3aMKHyTBix niapoB b o6o6meHHOM 
xopflOBOM npocTpaHCTBe, HBjraioinHMCfl L^-MHO>KecTBOM, a Tax>Ke b 0606- 
m,eHHOM G-npocTpaHCTBe By3eMaHa (TeopeMBi 1.3.2, 1.3.3). YcTaHOBjieHBi 
jj,ocTaTOHHBie yaiiOBHsi, npn kotopbix o6o6meHHoe xop^OBoe npoerpaHCTBO 
5iBji5ieTC5i o6o6ni,eHHBiM G-npocTpaHCTBOM By3eMaHa (TeopeMa 1.3.4). Teo- 
MeTpHnecKH oxapaKTepH30BaHO mho^kcctbo Bcex tohck Ha Bcex onopHBix 
(nojiyKacaTejiBHBix) xop/jax b nporoBOJiBHOH rpaHHHHoii tohkc BBinyKjio- 
ro MHO>KecTBa H3 OTKpBiToro mapa o6o6m,eHHoro xop^OBoro npocTpaHCTBa 
(TeopeMa 1.3.5). IlojiyneHBi reoMeTpHnecKne xap aKTepncTHKH jj,ji5i TpaHC- 
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Bepcajieii npon3BOJibHon npHMoii o6o6ineHHoro np^Moro xopflOBoro npo- 
CTpaHCTBa, Bee OTKpbiTbie niapbi KOToporo BbinyKjibi (Teopeivia 1.3.6). 

B naparpacpe 1.4 HCCJieflyiOTca o^yjisipHbie CTpyKTypbi reoivieTpiiH rnjib- 
6epTa n np^Moro G-npocTpaHCTBa By3eMaHa. ilojiyneHbi ^ocTaTOHHbie yano- 
BH5i, npn KOTopbix o/rynsipHasi CTpyKTypa reo^esnnecKoro npocTpaHCTBa, 
nepe3 KajKflbie ppe pa3JinnHbie tohkh KOToporo mojkho npoBecTii e^HH- 
CTBeHHyio npaiviyio, 5iBji5ieTC5i TonojiornnecKon OflyjiapHon CTpyKrypoii (jieivi- 
Ma 1.4.1). YcTaHOBjieHO, hto oflynapHbie CTpyKTypbi npHMoro G-npocTpaHCTBa 
By3eMaHa n reoMeTpnn TiijibGepTa 5ibji5iiotc5i TonojiornnecKHMH oflyjiap- 
HbiMii CTpyKTypaiviii (Teopeivibi 1.4.1', 1.4.3). ^OKa3aHO, hto MeTpiiKa reo- 
MeTpnn rnjib6epTa b OTKpbiTOM niape B CTporo BbinyKjioro 6aHaxoBa npo- 

CTpaHCTBa TOnOJIOriIHGCKII SKBIIBajieHTHa HH^yi^HpOBaHHOH MeTpiIKG B B 

6aHaxoBa npocTpaHCTBa, a TaK>Ke, hto btii MeTpiiKii jinnninneBO skbh- 
BajieHTeHbi Ha Ka^KflOM 3aMKHyTOM niape, coflepjKamnivicn b B (TeopeMa 
1.4.2). IIojiyneH hbhbih bh^ fljin ochobhbix onepannii OflynnpHon CTpyKTy- 
pbi rGOMGTpiiii rnjib6epTa (jie-MMa 1.4.2). BbinncjieHbi HeKOTopbie npe^ejibi 

CpyHKUHH, CB5I3aHHbIX C OCHOBHblMII OnepaUHflMH OflyiinpHOH CTpyKTypbi 

reoMeTpiiH JIo6aneBCKoro (Teopeivia 1.4.4). 

OcHOBHbie pe3yjibTaTbi no nepenncjieHHbiivi Teiviaivi ony6jiHKOBaHbi b CTa- 
Tb5ix aBTopa [s3, s4, s6, sll, sl4, sl6, s20]. 

Bo BTopoii rjiaBe flnccepTannn nccjieflyiOTcn annpoKcniviaTHBHbie cboh- 
CTBa MHOiKecTB b reoflesnnecKOM npocTpaHCTBe. 

B naparpacpe 2.1 pacciviaTpHBaiOTcn OTHOcnTejibHbie ne6binieBCKnn neirrp, 
ne6binieBCKHH pa^iiyc n MHO>KecTBO Bcex fliiaivieTpajibHbrx ToneK orpaini- 
neHHoro MHO>KecTBa MeTpnnecKoro npocTpaHCTBa. IlojiyneHbi oneHKH H3- 
MeHeHH5i OTHOCHTejibHoro ne6binieBCKoro pa^nyca Rw{M) npn H3MeHeHHH 
HenycTbix orpaHnneHHbix mho^kcctb M, W MeTpnnecKoro npocTpaHCTBa 
(Teopeivia 2.1.1). ,HpKa3aHO, hto H3 bchkoh nocjieflOBaTejibHOCTii KOMnaKT- 
hmx MHO>KecTB MeTpiinecKoro npocTpaHCTBa, cxoflnmeiiCH OTHOCHTejibHO 
MeTpHKH Xayc^opcpa k HeKOTopoiviy KOMnaKTHOMy MHOJKecTBy M, mo>k- 
ho Bbi6paTb noflnocjieflOBaTejibHOCTb, ^jih KOTopoii nocjieflOBaTejibHOCTb 
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MHO>KeCTB BCeX OTHOCHTejIbHblX He6bIHieBCKHX u,eHTpoB (Bcex flHaMeTpajib- 

Hbix Tonex) ee sjieMenroB cxojjhtch OTHOCHTejibHO otkjiohghhh Xaycflopcpa 
k MHC»KecTBy Bcex OTHOCHTejibHbix He6binieBCKHx nenrpoB (Bcex flHaMeT- 
pajibHbix TOHex) MHO>KecTBa M (TeopeMa 2.1.2). 

B naparpacpe 2.2 Haft^eHbi 3aMbiKaHHe h BHyTpeHHOCTb MHOJKecTBa Bcex 
AT-ceTeft, ksjkr&k h3 KOTopbix o6jiajjaeT npHHa^jie^KarnHM eft e/iHHCTBeH- 
hmm OTHOCHTejibHbiM He6biHieBCKHM nenrpoM, b MHO>KecTBe Bcex A^-ceTeft 
cnennajibHoro reojj,e3HHecKoro npocTpaHCTBa OTHOCHTejibHO MeTpHKH Xay- 
c/xopcpa (Teopeivia 2.2.1). ,HpKa3aHO, hto OTHOcnrejibHO MeTpHKH Xayc/jpp- 
cpa npii N > 2 rpaHHua MHO>KecTBa Bcex A^-ceTeft, Ka^K^asi H3 KOTopbix 
o6jiajj,aeT He 6ojiee, neM N — 2 npnHajjjiejKaiHHMn eft OTHOCHTejibHbiMH ne- 
6binieBCKHMH H,eHTpaMH, coBnaflaeT c mho^kcctbom Bcex flnaMeTpajibHbix 
A^-ceTeft b MHO>KecTBe Bcex A^-ceTeft cnennajibHoro reojj,e3HnecKoro npo- 
CTpaHCTBa (cjieflCTBne 2.2.1). 

B naparpacpe 2.3 nojryneHbi jjpcTaTOHHbie ycjiOBM cymecTBOBaHH5i n 
ejj,HHCTBeHHOCTH ne6binieBCKoro ireHTpa HenycToro orpaHnneHHoro MHO>Ke- 
CTBa reojj,e3HHecKoro npocTpaHCTBa (TeopeMa 2.3.1, cjiejj,CTBne 2.3.1). 

B naparpacpe 2.4 TeopeMbi B. CeKecpajibBn - Ha/jb [23], TeopeMa 3.35], C. 
B. CTe^KHHa n H. B. EcpiiMOBa [37] TeopeMbi 1.1 h 1.2] 06 annpoKCHMaraB- 
hmx CBoftcTBax MHO»cecTB b paBHOMepHO BbinyKjiOM 6aHaxoBOM npocTpaH- 
CTBe o6o6ni,eHbi Ha cjiynaft cnennajibHoro reojj,e3HnecKoro npocTpaHCTBa 
(TeopeMbi 2.4.1, 2.4.2, 2.4.3). 

B naparpacpe 2.5 TeopeMbi Jl. II . BjiacoBa (3H] 137] n A. B. MapHHOBa 
[62] o HenpepbiBHOCTH h cbh3hocth MeTpnnecKoft ^-npoeKnnn b paBHOMepHO 
BbinyKjiOM 6aHaxoBOM npocTpaHCTBe o6o6meHbi Ha cjiynaft cnennajibHoro 
reojj,e3HHecKoro npocTpaHCTBa (TeopeMbi 2.5.1 - 2.5.4). Ojjhhm H3 npocTbix 
cjieflCTBHft TaKoro o6o6meHH5i 5reji5ieTC5i cnpaBejjjiHBOCTb aHajiornnHbix pe- 
3yjibTaTOB b npocTpaHCTBax JIo6aneBCKoro (BKjnonaa 6ecKOHenHOMepHbie) . 

B naparpacpe 2.6 JxpKasaHO, hto TeopeMbi A. B. MapnHOBa H3 (ED, E3] o 
HenpepbiBHOCTH MeTpnnecKoft <5-npoeKHHH Ha BbinyKjioe mho^kcctbo b jih- 
HeftHOM HopMnpoBaHHOM npocTpaHCTBe ocTaioTCii BepHbiMH b cneirnajibHOM 



16 



MeTpH^ecKOM npocTpaHCTBe (TeopeMbi 2.6.1, 2.6.2). 

B naparpacpe 2.7 b cnennajibHOM MeTpnnecKOM npocTpaHCTBe nojryne- 
Hbi o6o6meHH5i HeKOTopbix pe3yjibTaTOB II. K. Bejio6poBa [HJ CE2] n A. Jl. 
TapKaBH [30] o HaHjiynmnx A^-ceT^x HenycTbix orpaHHneHHbix 3aMKHyTbix 
BbinyKjibix MHO>KecTB b riijib6epTOBOM n b cnen,HajibHOM 6aHaxoBOM npo- 
CTpaHCTBax (TeopeMbi 2.7.1, cjie^CTBHe 2.7.2), a Taioice o npiiHa^jie^KHOCTH 
neSbinieBCKoro uenrpa 3aMbiKaHHK> BbinyKjioft o6ojiohkh ^aHHoro MHO>Ke- 
CTBa (jieMMa 2.7.2). 

B naparpacpe 2.8 ^OKasaHO, hto HexoTopbie pe3yjibTaTbi A. Jl. TapKa- 
bh [39, SO] h II. K. Bejio6poBa P21 E] HaHjiynmeH cera, HaHjiynmeM 
ceneHHH h ne6biineBCKOM neHTpe orpaHHneHHoro MHO>KecTBa b cnennajib- 
hom 6aHaxoBOM npocTpaHCTBe BepHbi n b 6ecKOHenHOMepHOM npocTpaHCTBe 
Jlo6aneBCKoro. A hmchho, fljia Ka^K^oro HenycToro orpaHnneHHoro mho- 
>KecTBa 6ecKOHenHOMepHoro npocTpaHCTBa Jlo6aneBCKoro ^OKasaHO cyme- 
CTBOBaHne Hanjiynmen A^-cera (Teopeivia 2.8.1) n Hanjiynmero A^-ceneHna 
(Teopeivia 2.8.2), a TaioKe ycTaHOBjieHa cnjibHaa ycTonnnBOCTb ne6bimeB- 
CKoro nenrpa (Teopeivia 2.8.3). 

B naparpacpe 2.9 paccMaTpnBaeTC5i Hanjiynmee npn6jin>KeHHe BbinyK- 
jioro KOMnaKTa reoflesnnecKoro npocTpaHCTBa niapoM. EtojiyneHa oueHKa 
CBepxy fljiH paccTOHHHH Xaycflopcpa ot HenycToro orpaHnneHHoro MHO>Ke- 
CTBa flo MHOxecTBa Bcex 3aMKHyTbix mapoB cnen,najibHoro reoflesnnecKO- 
ro npocTpaHCTBa X Henojio>KHTejibHOH KpnBH3Hbi no By3eiviaHy (Teopeivia 
2.9.1). ^OKasaHO, hto mho^kcctbo Bcex HenrpoB x{M) 3aMKHyTbix mapoB, 
HanjiynniHM o6pa30M npnGjim-Kaioinnx b MeTpHKe Xayc^opcpa BbinyKjibin 
KOMnaKT M C X, HenycToe n coflep^KHTCsi b M (Teopeivia 2.9.2). Hccjie^o- 
BaHbi reoMeTpnnecKHe CBoficTBa MHO>KecTBa x{M). TaKHM o6pa30M, Teo- 
peMbi C. VL. ^HyflOBa n H. B. 3jiaTopyHCKon [3SI ST] o6o6meHbi Ha cjiynan 
cnennajibHoro reoflesnnecKoro npocTpaHCTBa HenojiojKHTejibHon KpnBH3Hbi 
no By3eMaHy. 

B naparpacpe 2.10 nccjie/ryiOTCsi MeTpnnecKne CBoncTBa KacaTejibHoro 
npocTpaHCTBa fljisi MeTpnnecKoro npocTpaHCTBa 6ojiee o6mero, neM flncp- 
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(pepeHnnpyeMoe G-npocTpaHCTBO By3eMaHa. YcTaHOBjieHO, hto MeTpnica 
Ha KacaTejibHOM npocTpaHCTBe b npon3BOJibHOH Tonice npocTpaHCTBa Heno- 
jio>KHTejibHOH KpHBH3Hbi no By3eMaHy (flHcpcpepeHi^HpyeMoro no By3eiviaHy 
MeTpHnecKoro npocTpaHCTBa) BHyTpeHHsra. /JoKasaHO, hto KacaTejibHoe npo- 
CTpaHCTBO b npoH3BOJibHOH TOHKe jiOKajibHO nojiHoro flHcpcpepeHi^Hpyeivioro 
no By3eiviaHy MeTpnnecKoro npocTpaHCTBa 5reji5ieTC5i nojiHbiM npocTpaH- 
ctbom, a TaioKe, hto KacaTejibHoe npocTpaHCTBO b npon3BOJibHOH Tonxe 
JiOKajibHO KOMnaKTHoro npocTpaHCTBa Henojio^KHTejibHon KpnBH3Hbi no By- 
3eiviaHy 5iBji5ieTC5i co6cTBeHHbiM reo^esnnecKHM npocTpaHCTBOM (TeopeMbi 
2.10.1, 2.10.2). 

OcHOBHbie pe3yjibTaTbi no nepenncjieHHbiM TeMaM stoh rjiaBbi ony6jin- 
KOBaHbi b CTaTb^x aBTopa [s7, s8, s9, sl2, sl3, sl4, sl7, sl8, sl9, s21]. 

B TpeTbeii rjiaBe nccjie^yiOTCii cneunajibHbie OTo6pa>KeHH5i MeTpnnecKnx 
npocTpaHCTB. 

B naparpacpe 3.1 paccMaTpnBaeTca MeTpnnecKoe npocTpaHCTBO cjia6o 
orpaHnneHHbix OTo6pa>KeHHH MeTpnnecKHx npocTpaHCTB c MeTpHKoii Ky- 
paTOBCKoro 5. floKa3aHO, hto npocTpaHCTBO Bcex cjia6o orpaHnneHHbix ro- 
MeoMopcpH3MOB (HB(X),5), Ka^flbift H3 KOTopbix paBHOMepHO Henpepbi- 
BeH Ha npoH3BOJibHOM 3 aMKHyTOM niape c nenrpoM b cpHKcnpoBaHHon Tonxe 
MeTpnnecKoro npocTpaHCTBa X BMeere co cbohm o6paTHbiM roMeoMopcpro- 
mom, sreji5ieTC5i napaTonojiornnecKon rpynnoft, HenpepbiBHO fleftcTByioineH 
Ha npocTpaHCTBG X. YcTaHOBjieHO, hto (HB(X), 5) 5mji5ieTC5i Tonojiornne- 
ckoh rpynnon npn cbhshocth npon3BOJibHoro 3aMKHyToro mapa c nenrpoM 
b (pHKcnpoBaHHon TonKe MeTpnnecKoro npocTpaHCTBa X (Teopeivia 3.1.2). 

B naparpacpe 3.2 paccMaTpnBaiOTC5i reo^esnnecKne OTo6pa>KeHH5i cnenn- 
ajibHbix reo^esnnecKHx npocTpaHCTB. HccjieflOBaHbi HeKOTopbie reoMeTpn- 
necKne CBoncTBa Taxnx OTo6p a>KeHnn . TeopeMa BaHaxa 06 o6paTHOM one- 
paTope n npnHnnn paBHOCTeneHHon HenpepbiBHOCTH fljra F-npocTpaHCTB 
[711 c. 99, 104] o6o6m,eHbi Ha cjiynan cnennajibHbix reo^esnnecKHx OToGpa- 
>kghhh cnen,najibHbix reoflesnnecKnx npocTpaHCTB (TeopeMbi 3.2.1 - 3.2.5). 

B naparpacpe 3.3 MeTpnxa By3eMaHa 5 P pacnpocTpaH5ieTC5i Ha MHO>Ke- 
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ctbo <§>(X,Y) Bcex HenpepbiBHbix OTo6pa>KeHHH 

/:(X,p)->(y,d), 

yflOBjieTBopHiomHx cjie^yioineMy ycjiOBHio: fljia jiio6bix x, y £ X 

d(f(x)J(y))<B f e^, 

r^e Bf — HeoTpHii,aTejibHaH KOHCTaHTa. ^OKasaHO, hto npocTpaHCTBO 
(HB(X,Y,a),5 p ) Bcex OTo6pa>KeHHH H3 MeTpnnecKoro npocTpaHCTBa X b 
MeTpHnecKoe npocTpaHCTBO Y : yn,OBjieTBop5iioinHx paBHOMepHOMy ycjiOBHio 
Tejib^epa c (piiKciipoBaHHbiMii noKa3aTejieivi a £ (0, 1] h KoscpcpnuneHTOM 

B £ R+, 5IBJI5ieTC5I nOJIHbIM (co6cTBeHHbIM) MGTpiIHeCKHM IipOCTpaHCTBOM , 

ecjiH y — nojiHoe MeTpnnecKoe npocTpaHCTBO (X, Y — co6cTBGHHbie MeT- 
pnnecKne npocTpaHCTBa) (TeopeMbi 3.3.1, 3.3.3). YcTaHOBjieHO, hto ecjiH X 
- co6ctbghhog MeTpnnecKoe npocTpaHCTBO, to TonojiorHH npocTpaHCTBa 
(Hb(X, y, a), 8p) coBna^aeT KaK c Tonojiorneii iiotohghhoh cxo^hmocth, 
Tax n c KOMnaKTHO-OTKpbiToii Tonojiorneii (Teopeivia 3.3.2). 

B naparpacpe 3.4 paccMaTpiiBacTC5i MeTpnnecKoe npocTpaHCTBO Bcex no- 
ro6w (Sim(X, Y),S P ) H3 MeTpnnecKoro npocTpaHCTBa X Ha MeTpnnecKoe 
npocTpaHCTBO y c McrpHKoii By3eMaHa S p . ,HpKa3aHO, hto: 

- ecjin rpynna Bcex nofloSnii fleftcTByeT TpaH3HTHBHO Ha nojiHOM mct- 
pnnecKOM npocTpaHCTBe, to h rpynna H30ivieTpHH ^encTByeT Ha HeM TpaH- 
3HTHBHO (jieMMa 3.4.1); 

- ecjiH X, y — nojiHbie (co6cTBeHHbie) MeTpnnecKHe npocTpaHCTBa, to 
npocTpaHCTBO (Sim(X,Y) U Const(X,Y),5 p ) - - nojmoe (co6cTBeHHoe) , 
iyre Const(X, Y) — mhojkcctbo bccx nocTOHHHbix OTo6pa>KeHHH H3 X b Y 
(TeopeMbi 3.4.1, 3.4.3); 

- ecjin X — co6cTBeHHoe MeTpnnecKoe npocTpaHCTBO, to Tonojiorroi npo- 
cTpaHCTBa (Sim(X, Y)\JConst(X, Y),8 P ) coBna^aeT KaK c Tonojiornen no- 
TonenHOH cxo^hmocth, Tax h c KOMnaKmo-OTKpbiTOH Tonojiorneii (TeopeMa 
3.4.2); 

- (Sim(X),5p) — TonojiornnecKasi rpynna, fleiiCTByioinasi HenpepbiBHO 
Ha npocTpaHCTBe X (Teopeivia 3.4.4); 
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- rpynnbi nofloSnn Sim(X) n H30MeTpnn Iso(X) c MeTpiiKoii Kypa- 
TOBCKoro 5 aBji5iK)TC5i TonojiornnecKHMH rpynnaMH, HenpepbiBHO fleiiCTBy- 
K)m,HMH Ha npocTpaHCTBe X. 

HaiifleHO 3aMbiKaHne rpynnbi nofloSnn nojmoro MeTpnnecKoro npocTpaH- 
CTBa b npocTpaHCTBe (<&(X, X),5 P ) (TeopeMa 3.4.5). 

B naparpacpe 3.5 b cnennajibHOM MeTpnnecKOM npocTpaHCTBe BBe^e- 
hm flBa aHajiora cjia6oii cxo^hmocth nocjieflOBaTejibHOCTH b BemecTBeHHOM 
rnjib6epTOBOM npocTpaHCTBe n nccjieflOBaHbi nx reoMeTpnnecKne CBoncTBa 
(TeopeMbi 3.5.1 - 3.5.4). 

OcHOBHbie pe3yjibTaTbi no nepenncjieHHbiM Teiviaivi stoh rjiaBbi ony6jin- 
KOBaHbi b CTaTb^x aBTopa [si, s2, s5, sl5]. 

Bcio^y b flnccepTannn ncnojib3yeTCsi o6o3HaneHne \xy\ fljia paccT05iHH5i 
p(x, y) MejKfly TonKaivin MeTpnnecKoro npocTpaHCTBa (X, p). TeopeMa 1.2.3 
o6o3HanaeT Teopeiviy 3 H3 BToporo naparpacpa rjiaBbi 1. 
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EjiaBa 1 

BbinyKjibie h KOHe^Hbie MHO^cecTBa b 
reo^esHHecKOM npocTpaHCTBe 

B naparpacpe 1.1 pacciviaTpHBaeTC5i BHyTpeHH5i5i MeTpiiKa Xayc/jppcpa. flp- 
Ka3aHO, hto MeTpiiKa Xayc/jppcpa Ha MHOJKeerBe Bcex HenycTbix 3aMKHyTbix 
orpaHHHeHHbix noflMHOKecTB MCTpunecKoro npocTpaHCTBa (X, p) 5iBji5ieT- 
C5i BHyTpeHHeii MeTpiiKoft Tor^a h TOJibKO Tor/ja, Kor/ja MeTpiiKa p — BHyr- 

peHH5I5I. YcTaHOBJieHO, hto npocTpaHCTBO (X, p) - - MeTpiIHeCKII BbinyKJIO 

Tor^a ii TOJibKO Torjj,a, Korjja rjir jiio6bix /XByx orpaHHHeHHbix MHO>KecTB 
cym,ecTBOBaHH5i npocTpaHCTBa X HaiifleTCH cepe/jima stiix mhojkcctb otho- 
ciiTejibHO MeTpiiKii Xaycjjppcpa. YKa3aHO, KaK nocTpoiiTb TaKyio cepe/iHHy 
b MeTpiiHecKii BbinyKjiOM npocTpaHCTBe. B MeTpnnecKOM npocTpaHCTBe c 
BHyTpeHHeii MeTpHKoii nojiyneHa BepxH5i5i oueHKa fljra xayc/jppcpOBa pac- 
CT05IHH5I MeTKflJ o6o6ni,eHHbiMH HiapaMH. 

B naparpacpe 1.2 npn 3ajj,aHH0M MeTpnnecKOM npocTpaHCTBe (X, p) pac- 
CMaTpHBaiOTC5i MHO>KecTBO Bcex TV-ceTeii Y<n(X) npocTpaHCTBa X, ero nojj,- 
MHO)KecTBO E^(X), sjieMeHTaMH KOToporo cjiy>KaT npoH3BOJibHbie iV-cera 
mohi,hocth X, CHMMeTpH30BaHHa5i CTeneHb nopa/xita N npocTpaHCTBa X, 
OTOJK^ecTBjieHHasi c MHO>KecTBOM Bcex X-ceTeii c noBTopeHHHMH Xjst, h 
ero nojjMHOJKecTBO X^, paBHOMOinrioe MHO>KecTBy Y,* N (X). Mhokcctbo X^ 
Hajj,eji5ieTC5i mctphkoh a p , rjj,e p G [1, oo], a MHO>KecTBO Hn(X) HaflejraeT- 
ch (paKTop-MeTpHKoii a Pj R hjih mctphkoh Xayc/jppcpa a. Han^eHbi Heo6- 
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XOflHMbie H flOCTaTOHHbie yCJIOBHH, npH KOTOpblX npOCTpaHCTBa (Xjv, Ck! p ), 

(Y<2(X),a) 5ibji5iiotc5i npocTpaHCTBaMii c BHyTpeHHeii MeTpiiKoii, a Taioice 
MeTpiiHecKH BbinyKjibiMH (BbinyKjibiMH no MeHrepy, co6cTBeHHbiMH, reo^e- 
3HnecKHMH) npocTpaHCTBaMii. nojiyneHbi floeraTOHHbie ycjiOBH5i, npn ko- 
Topbix npocTpaHCTBO (X^i &p) 5iBji5ieTC5i reojj,e3HnecKHM npocTpaHCTBOM 

HJIH y^OBJieTBOpiieT JIOKajIbHOMy yCJIOBIIIO HenOJIOJKHTejIbHOCTH KpiIBII3HbI 

no By3eMaHy. HaiifleHbi Heo6xojj,HMbie n jjperaTOHHbie ycjiOBHa, npn koto- 
pbix npocTpaHCTBO (£tv(X), &p,r) 5iBji5ieTC5i npocTpaHCTBOM c BHyTpeHHeii 

MeTpHKOft, a TaK>Ke C06cTBeHHbIM (co6cTBeHHbIM MeTpHHeCKH BbinyKJIbIM, 

co6cTBeHHbiM BbinyKjibiM no MeHrepy, co6cTBeHHbiM reoflesnnecKHivi) npo- 
CTpaHCTBOM. fljra co6cTBeHHoro reojj,e3HHecKoro npocTpaHCTBa (X, p) no- 
jiyneHbi jj,ocTaTOHHbie ycjiOBHH, npn KOTopbix npoH3BOJibHbie JiBe N-ceTu 
npocTpaHCTBa (Sj\r(X), a) MoryT 6biTb coejjiiHeHbi cenvreHTOM. B MeTpnne- 
ckh BbinyKjiOM npocTpaHCTBe, yflOBjieTBop5Hom,eM rjio6ajibHOMy ycjiOBHio 
Henojio>KHTejibHOCTH KpHBH3Hbi no By3eiviaHy, Han^eHbi reoMeTpnnecKoe 
cbohctbo OTo6pa>KeHH5i, conocTaBji5Hom,ee npon3BOJibHOMy cemeHTy ero ce- 
peflHHy, h HeKOTopbie reoMeTpnnecKne CBOHCTBa npocTpaHCTBa (^{X), a), 

CB5I3aHHbie B OCHOBHOM CO CBOHCTBOM MCTpHHeCKOH BbinyKJIOCTH STOrO npO- 
CTpaHCTBa. 

B naparpacpe 1.3 nccjie/ryiOTCii reoMeTpnnecKne CBoiiCTBa BbinyKjibix 
MHO>KecTB b o6o6meHHOM xopflOBOM npocTpaHCTBe. BBe^eHO noH5iTne 0606- 
meHHoro xop/jpBoro npocTpaHCTBa (o6o6meHHoro G-npoerpaHCTBa By3e- 
MaHa). IlojiyneHbi jj,ocTaTOHHbie ycjiOBH5i BbinyKJIOCTH 3aMbiKaHH5i (BHyT- 
peHHOCTn) BbinyKjioro [7-MHO>KecTBa o6o6meHHoro xop^OBoro npocTpaH- 
CTBa, a TaiGKe coBnafleHHH 3aMbiKaHH5i (BHyTpeHHOCTn) BbinyKjioro 

[7-MHO>KeCTBa C 3aMbIKaHHeM BHyTpeHHOCTH (BHyTpeHHOCTbK) 3aMbIKaHH5I 

BHyTpeHHOCTn) SToro MHO>KecTBa. HaiifleHbi ycjiOBHH, SKBHBajieHTHbie ycjio- 
bhk) BbinyKJIOCTH Bcex 3aMKHyTbix niapoB b o6o6m,eHHOM xop/jpBOM npo- 
cTpaHCTBe, 5IBJI5IIOm,HMC5I £7-MHO>KeCTBOM, a TaK>Ke B o6o6lH,eHHOM 

G-npocTpaHCTBe By3eiviaHa. YcTaHOBjieHbi jjpcTaTOHHbie ycjiOBHH, npn ko- 
Topbix o6o6m,eHHoe xopflOBoe npocTpaHCTBO HBjisieTca o6o6meHHbiM 
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G-npocTpaHCTBOM By3eMaHa. rec-MCTpHHecKH oxap aKTep 113 ob aHO mhckkc- 
ctbo Bcex tohgk Ha Bcex onopHBix (nojiyKacaTejibHbix) xop^ax b nporo- 
BOJibHoii rpaHHHHoii TOHKe BbinyKjioro MHC»KecTBa H3 OTKpbiToro niapa 
o6o6m,eHHoro xopflOBoro npocTpaHCTBa. nojiyneHbi reoMCTpHHecKHe xapaK- 
TepncTHKH fljia TpaHCBepcajieii npoH3BOJibHOH np^MOH o6o6meHHoro np^- 
Moro xopflOBoro npocTpaHCTBa, Bee OTKpbiTbie niapbi KOToporo BbinyKjibi. 

B naparpacpe 1.4 HCCjie^yiOTCH opyjinpubie CTpyKTypbi reoMeTpiiii THjib- 
6epTa ii npsiMoro G-npocTpaHCTBa By3eMaiia. IIojiyHeHbi flocTaTOHHbie ycjio- 
BH5i, npii KOTopbix cyjyjiapHaa CTpyKTypa reoflesHHecKoro npocrpaHCTBa, 
nepe3 KajKflbie ppe pa3JiHHHbie tohkh KOToporo mojkho npoBGCTii eflHH- 
CTBeHHyio npaiviyio, 5iBji5ieTC5i TonojiorHHecKoii OflyjrapHOH CTpyrcrypoii. YcTa- 
HOBjieHO, hto oflyjiapHbie CTpyKTypbi np^Moro G-npocrpaHCTBa By3eMaHa 
ii reoMeTpiiii THjibSepTa 5ibji5iiotc5i TonojioriiHecKiiMii oflyjiapHbiMH CTpyK- 
TypaMii. ^0Ka3aH0, hto MGTpiiKa rGOMGTpiiii THjibGepTa b OTKpbiTOM in ape 
B CTporo BbinyKjioro 6aHaxoBa npocTpaHCTBa TonojioriiHecKii 3KBiiBajieHT- 
Ha HHflyi^HpoBaHHoii MeTpiiKe b B 6aHaxoBa npocTpaHCTBa, a TaioKe, hto 
3TH MeTpiiKii jiHnniHii,eBO 3KBiiBajieHTeHbi Ha Ka^flOM 3aMKHyTOM niape, 
co^epjKamHMCH b B. riojiyneH aBHbiii bh^ fljiH ocHOBHbix onepairHft o^y- 
ji5ipHOH CTpyKTypbi reoivieTpHH rnjib6epTa. BbinncjieHbi HeKOTopbie npefle- 

Jlbl (pyHKHHH, CB5I3aHHbIX C OCHOBHblMH OnepaHH5IMH OflyjiapHOH CTpyKTypbi 

rec-McrpHH JloSaneBCKoro. 

OcHOBHbie pe3yjibTaTbi no nepeHHCjieHHbiM TeMaM ony6jiHKOBaHbi b CTa- 
Tb5ix aBTopa [s3, s4, s6, sll, sl4, sl6, s20]. 

1.1 BHyTpeHHaa MeTpHKa Xayc^opc^a 

HanoMHHM HanGojiee o6mee onpeflejieHHe npocTpaHCTBa c BHyTpeHHeii MeT- 
pHKOii. MeTpHnecKoe npocTpaHCTBO (X, p) Ha3biBaeTC5i npocmpancmeoM c 
enympeHHeu Mempunou, ecjin ^jth jno6bix x, y 6 X, e > HaHfleTca ko- 
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HeHHaa nocjieflOBaTejibHOCTb ToneK 

z Q = x, zi, . . . , z k = y G X 
Taxaa, hto fljia Ka^K^oro i G {0, . . . , k — 1} 

\ziZ i+1 \ < e h l^il + . . . + \z k _iz k \ < \xy\ + £, 
r^e |a?2/| = p{x,y) flJifl x, y E X [29]. 

Il0Ka>KeM, HTO 3TO yCJIOBHe BHyTpeHHOCTH MeTpHKH /? paBHOCHJIbHO cjie- 

flyiomeMy ycjiOBHio (^4) [5T], c. 121]. 

(t4) A- 1151 Jiio6bix x, y G X, e > mhtokgctbo 

cj(x, y, e) = {z G X : 2 max{|xz|, |^?/|} < \xy\ + s} 

HenycToe. 

JleMMa 1 [sll]. MempunecKoe npocmpaHcmeo {X,p) siensiemcsi npo- 
cmpancmeoM c enympeHHeu MempuKou mosda u moAbKO mosda, Kozda eu- 
noAHnemcH ycjioeue (A). 

/JoKasaTejibCTBO JieMMbi 1. 

HeoGxoflHMOCTb. IlycTb fljia jiio6bix 

x, y G X, £ > 
HaftfleTCH KOHeHHaa noaiieflOBaTejibHOCTb Tonex 

O = x, zi, . . . , z k = y G X 

Taxaa, hto fljiH KajKfloro i G {0, . . . , k — 1} 

1 , 1 

\ZiZi+i\ < ^ H KO^il + • • • + Pfc-i^fcl < + 

Ecjih x = y y to flOKasaTejibCTBO oneBH^HO. EtycTb x ^ y. Kpoivie Toro, 

MO)KHO CHHTaTb, HTO TOHKH 

O = x, zi, . . . , z k = y 
24 



nonapHO pa3JiHHHbi. Tor^a HaiifleTCH Taxaa TOHKa Zi G X, hto 

!, , , , 1, 
Fo^il < 2^2/1' Po^+i| > -j\xy\. 

H3 ycjiOBHH jieMMbi 1 h HGpaBGHCTBa TpeyrojibHHKa nojiyHHM HepaBeHCTBa 

1 

Fo2*+i| + R+i^tl < \zoZ\\ + • • • + \Zk-iZk\ < \xy\ + -e. 

Torna 

1 1, 1 

< |arj/| + -e - \z z l+ i\ < -\xy\ + -e, 

1, 1 

po^+i| < Fo^il + R^+i| < -j\xy\ + 

CjieflOBaTejibHO, 2^+1 G cu(x : y : e). 

^OCTaTOHHOCTb. IlyCTb 

y G X, £ > 0. 

Tor^a HaHfleTCH HaTypajibHoe hhcjio n Taxoe, hto < e(2 n — 1). IIojio- 

>KHM 

5 = 2 n - 1 ' = X ' Z01 = 2/ ' 
Hcnojib3ya ycjiOBHe (A), Ha nepBOM niare Hait^eM tohkh: 

Zio = ^00, Z11 G w(^oo, 201, ^12 = zoi, 

r^e nepBbiii HOMep HH^eKca — HOMep niara, a BTopoii — HOMep tohkh Ha 
9tom niare. IIpoflOJDKaa npHMeiraTb ycjiOBHe (A), Ha niare c HOMepoM n 
nojiyHHM 2 n + 1 ToneK: 

^nO ^n— 1,0 5 • • • 5 Zn,2j ^n— lj? 
^n,2j+l G Uj{z n —\^i Z n —\j-\-\i ■ ■ ■ , Z n ^2m = Zn—l,mi 

r^e m = 2 n ~ 1 , < j < m. Tor^a 

1 1 

kn,2j^n,2j±l| < ^ l^n-1 j^n-1 ,j±l | +-£<•••< | ^2/ 1 2 n + (5(1 - 2 n ), 
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r A e < j < m, b cjiynae BepxHero 3HaKa b HH^eKce, h 1 < j < m, b 
cjiynae Hii>KHero 3HaKa b HH^eKce. CjieflOBaTejibHO, 

\z n0 z nl \ + . . . + \z n>2 m-iz n ,2m\ < 2 n (\xy\2- n + 5(1 - 2" 71 )) = \xy\ + e. 

TaKHM o6pa30M, jieMMa 1 floxasaHa. 

3aMenaHHe 1. B MempuuecKou zeoMempuu nacmo ucnoAt>3yemcA CAe- 
dywu^ee Meuee o6m j ee onpedeAenue npocmpaHcmea c enympeHHeu Mempu- 
Koil (cm., nanpuMep, [H], c. 6]). Mempuneenoe npoempanemeo (X,p) na- 
3ueaemcH npocmpaHcmeoM c enympeHHeu Mempunou, ecAU 3aa aw6ux x, 
y G X paccmonnue \xy\ paeno un^uMyMy 3auh npueux, coedunsmu^ux 
moHKU x, y. JJpysoe doKaaameAbcmeo anaAosa acmmu 1 3aa manozo onpe- 
deAenuA npocmpaHcmea c enympeHHeu MempuKoil modkho nailmu e pfTl 
theorem 1.8, c. 6]. 

ripiiMeM cjieflyiomHe o6o3HaHeHH5i. 

R + — MHO>KecTBO Bcex HeoTpHD,aTejibHbix Bein,ecTBeHHbix miceji. 

B[X] (B(X), Yi(X)) — MHC»KecTBO Bcex HenycTbix orpaHHHeHHbix h 3a- 
MKHyTbix (HenycTbix orpaHHneHHbix, HenycTbix) no^MHOKecTB npocTpaH- 
CTBa (X, p). 

B[x,r\ (B(x,r)) — 3aMKHyTbiH (oTKpbiTbift) map c HenrpoM b Tomte 
x G X, paflnyca r > 0. 

\MW\ = mi{\xy\ :xeM,yeW}, 

r fl e M,W G 

/3(M, W) = sup{|xiy| :xeM} 

- omKAOHenue MHOJKecTBa M G B(X) ot MHO>KecTBa W C X [571 c - 223]. 

a : B(X) x B(X) -> E+, a(M, W) = max{/3(M, W),P(W, M)} 

- nceedoMempuKa Xayedopcfia Ha MHC»KecTBe B(X) (orpammeHHe KOTopoft 
Ha MHO>KecTBO B[X] smjraeTcsi Mempunou Xaycdopcfia) [571 c - 223]. 

P : X x S(X) xR + 4 £(X), P(x, M, e) = M n |xM| + e] 
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- onepamop MempuuecKoso e-npoenmupoeaHun [onepamop MempunecKOdo 
npoeKmupoeanuH npii 

e = 0, M n B[x, \xM\) ^ 0) 
[52] hjih [37]. B flajibHefinieM BMecTO 

U P(*,M) 

6yn,eM nncaTb P(W, M), r^e 

W e P(x, M) = P(x, M, 0). 

P(x, M) — MHO>KecTBO Bcex ocnoeanuu tohkh x Ha MHO>KecTBe M [22, c. 
10]. MHO>KecTBO M <Z X Ha3bmaeTC5i MnootcecmeoM cyu^ecmeoeanu^ ecjin 
fljia KajKfloro x G X P(x, M) ^ [37]. 

Hcnojib3yeM jieMMy 1 fljra ^OKasaTejibCTBa cjie/ryioineH TeopeMbi, co- 
flep^Kameft HeoSxoflHMoe h ^ocTaTOHHoe ycjioBiie BHyTpeHHOCTii MeTpiiKii 
Xaycflopcpa Ha P[X]. 

TeopeMa 1 [sll]. MempuuecKoe npocmpaHcmeo (B[X],a) nejinemctt 
npocmpaHcmeoM c enympeHHeu MempuKoil mosda u moAbKO mozda, nozda 
(X, p) nejinemcn npocmpaHcmeoM c enympeHHeu MempuKou. 

^],OKa3aTejii>CTBO TeopeMbi 1. 

HeoSxoflHMOCTb TeopeMbi Henocpe^CTBeHHO cjie/ryeT H3 jieMMbi 1 h onpe- 
^ejieHHH MeTpiiKii Xayc^opcpa. 

^OCTaTOHHOCTb. PaCCMOTpilM MHO)KeCTBO 

u,£) : 

x e M, y eW, v e P(x, W, e), u e P{y, M, e)}, 

r^e e > 0. 

1. ^OKaJKeM, HTO 

2/5(M, Q(M, W,e))< (3(M, W) + 2e. 
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^jra KajKfloro 5 > HaiifleTCH TOHKa x G M Taxaa, hto 
/3(M,Sl(M,W,e)) < \xn(M,W,e)\ + 6. 

CjieflOBaTejibHO, fljia Ka^K^oro 5 > HaiifleTca TOHKa x G M Taicaa, 
fljia Ka^K^oro v G P(#, VK, er) BepHbi HepaBeHCTBa 

(3(M, Q(M, W, e)) < -\xv\ + -e + 5 < -\xW\ + £ + 5. 

2 2 2 

Tor^a fljia KajK^oro 5 > 

B CHJiy npOH3BOJIbHOCTH (5 > 

/3(M, Q(M, W, £)) < i/3(M, IV) + e. 
2. ^OKa>KeM Tenepb HepaBeHCTBO 

2(3{Q{M, W, e),M)< a(M, W) + 3e 
MeTO^OM ot npoTHBHoro. IlycTb HaiiflyTca MHO>KecTBa M, G P[X] 

KHG, HTO 

2/3(fi(M, jy, e), M) > a(M, W) + 3e. 
Tor^a HafiflyTCH tohkh 

2 G Q(M, iy, e), u G P(z, M, e/2) 

TaKIIG, HTO 

2|*u| > a(M,iy) + 3e. 
Tenepb B03MO>KHbi jinnib ^Ba cjiynaa. 
Cjiynaii 1. HaiiflyTCH tohkh 

i> G jy, p G P(v, M, £) 
TaKiie, hto 2 G u(v,g,e). Toiyja 

\vM\ > \vg\ - £> 2\zg\ - 2£ > 
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2\zM\ -2e> 2\zu\ - 3e > a(M, W). 
IlojiyHHjiH npoTHBopenne. 
Cjiynafi 2. HafiflyTCH tohkh 

teM, q G P(t, W, e) 

TaKHe, hto z G Lu(t, q, e). Tor^a 

\tW\ > \tq\ - e> 2\zt\ -2s> 

2\zM\ -2e> 2\zu\ - 3e > a(M, W). 
CHOBa nojiy^HjiH npoTHBopeHiie. TaKiiM o6pa30M, HepaBGHCTBO 

2P(Q(M, W, e),M)< a(M, W) + 3e 
ycTaHOBjieHO. Pfe nojiyneHHbix HepaBeHCTB cjie^yeT HepaBeHCTBO 

2a(£l(M, W, e),M)< a(M, W) + 4e. 
AHajiorHHHO flOKasbiBaeTca, hto 

2a(Q(M, W, e),W)< a(M, W) + 4e. 

M.3 nojiyHeHHbix HepaBeHCTB h jieMMbi 1 cjie^yeT cnpaBefljiiiBOCTb TeopeMbi 
1. 

PaccMOTpHM Tenepb 6ojiee ciuibHoe ycjiOBiie (Aq) Ha MeTpunecKoe npo- 
CTpaHCTBO (X, p). 

{Aq) fljM JIK)6bIX X, y G X MH0JK6CTB0 

u(x,y) = {z G X : 2max{\xz\, \zy\} < \xy\} 

HenycToe. 

HeTpy^HO 3aMeTHTb, hto sto ycjiOBiie mo>kho npe^CTaBHTb b cjieflyiomeii 
(popivie. 
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fl^jm jiio6bix zjGl HaiifleTCH Taxon sjieMenr z G X, hto 

, , 1, 
= \zy\ = — \xy\. 

MeTpnnecKoe npocTpaHCTBO, yzjOBjiCTBopsnomee ycjiOBHio (Aq), Ha3biBaeT- 
C5i MempuuecKU eunyKAUM npocmpaHcmeoM [20], [Ml c. 38]. HanoMHHM, 
hto MCTpnnecKoe npocTpaHCTBO X Ha3biBaeTca eunyKAUM no Memepy [25, 
c.43], ecjiH fljia jno6bix pa3JinnHbix ToneK x, y G X HanfleTCH OTjinnHan ot 

HHX TaKaH TOHKa zel, hto 

\xz\ + = 

OneBHflHO, HTO MGTpiIHeCKH BbinyKJIOe npOCTpaHCTBO 5IBJI5ieTC5I MeTpnne- 

ckhm npocTpaHCTBOM, BbinyKjibiM no MeHrepy. B cjie/ryioineH Teopeivie, b 
nacTHOCTH, yKa3aH0, KaK nocTponTb cepe/pray pjix flByx orpaHnneHHbix 
MHO>KecTB cymecTBOBaHHii b MeTpnnecKH BbinyKjiOM npocTpaHCTBe. 

TeopeMa 2 [sll]. npocmpaHcmeo (X, p) MempuuecKU eunyKAO mozda u 
moAbKO mozda, Kosda 3am Kaotcdux ospaHUHennux Mnoofcecme cyiyecmeo- 
eanuA M, W C X naudemcA MHOotcecmeo Q G B(X) manoe, umo 

a(M, fi) = a(Q, W) = -a{M, W). 
B Kauecmee MHOotcecmea £1 docmamouno 63Amb CAedywu^ee MHootcecmeo 

Q = |^J{o;(x, v) U u(y, u) : 
x G M, y eW, v G P(x, W), u G P(y, M)}. 

^],OKa3aTejii>CTBO TeopeMbi 2. 

^HocTaTonHOCTb TeopeMbi HenocpeflCTBeHHO cjie^yeT H3 onpeflejieHHH mct- 
pnKH Xaycflopcpa. 

HeoGxoflHMOCTb. ^OKa^KeM, hto fljra Bbi6paHHoro MHO>KecTBa Q HMeer 
MecTO HepaBecTBO 

2P(M,Q) < P(M, W). 
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^jra Ka^K^oro 5 > n&nppTCsi TOHKa x G M Taicaa, hto 

/3(M,fi) < +8. 

Cjie^OBaTejibHO, fljia Ka^floro £ > HaiifleTCH TOHKa x G M TaKaa, 
fljiH Ka^K^oro v G P(x, VK) BepHbi HepaBeHCTBa 

Tor^a fljiH Ka^K^oro (5 > BepHO HepaBeHCTBO 

/3(M, fi) < ±/3(M, + £ 

B CHJiy npOH3BOJIbHOCTH 5 > 0, 

/3(M,n)<i/3(M,W). 

^OKajKeM Tenepb HepaBeHCTBO 

2/3(fi, M) < a(M,VT) 

MeTOflOM ot npoTHBHoro. IlycTb HaiiflyTca orpaHHneHHbie MHC»KecTBa 
m,ecTBOBaHHH M, W <Z X TaKiie, hto 

2(3{Q,M) > a(M,W). 

Tor^a HaiiflyTca tohkh 

zen, ueP(z,M) 
TaKiie, hto BepHO HepaBeHCTBO 

2\zu\ > a(M,W). 
Tenepb B03MO>KHbi jimiib ^Ba cjiynaa. 

1. HaHflyTCH TOHKH 

vGiy, geP(v,M) 
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T&KHe, hto z G u(v,g). Toryja 

\vM\ = \vg\ > 2\zu\ > a(M,W). 

IlojiyHHjiH npoTHBopeHne. 
2. HaftflyTCH tohkh 

teM, q G P(t, 
TaKiie, hto z G uj(t,q). Toiyja 

= \tq\ > 2\zu\ > a(M,W). 
CHOBa nojiynnjiH npoTiiBopGHiie. TaKHM o6pa30M, HepaBeHCTBO 

2/3(fi,M) < a(M, W) 
ycTaHOBjieHO. H3 nojiyHeHHBix HepaBeHCTB cjie^yeT HepaBeHCTBO 

2a{Q,M) < a(M,W). 
AHajioriiHHO ^OKasBiBaeTCH, hto 

2a{Q,W) < a{M,W). 
CnpaBefljiHBOCTB yTBepjK^eHHsi cjie^yeT TenepB H3 HepaBeHCTBa TpeyrojiB- 

HHKa. 

Cjie^cTBHe 1 [sll]. Tlycmh npocmpancmeo (X, p) ydoGAemeopnem ycjio- 
euw (Aq). Ecjiu djisi Kaofcdux x, y G X MHowcecmeo ou(x,y) KoneuHoe, mo 
MempunecKoe npocmpaHcmeo (E^(X),a) ydoenemeopsiem ycjioeuw {Aq), 
dde — MHOJicecmeo ecex nenycmux KoneUHUX nodMHOOfcecme e X. 

ITycTB r > 0. 06o3HaHHM nepe3 

B[M,r] = {x G X : \xM\ < r} 

o6o6ui ) eHHuu 3aMKHymuu map ^jih HenycToro no^MHCKKecTBa M C X [57, 
c. 219]. B npocTpaHCTBe c BHyTpeHHeft MeTpiiKoii iiMeeT MecTO npocTaa 
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ou,eHKa CBepxy paccT05iHH5i b MeTpHKe Xayc^opcpa Me^^y npoii3BOJibHbiMii 
o6o6meHHbiMH 3aMKHyTbiMH niapaMH HenycTbix orpaHHneHHbix MHO>KecTB 
npocTpaHCTBa X. 

JleMMa 2 [sll]. nycrrib (X : p) - npocmpaHcmeo c enympeHHeu Mem- 
puKou. Tosda UMeem Mecmo nepaeencmeo: 

a(B[M, r],B[W, R}) < a{M, W) + \R - r\ 

3ah ecex 

M,W G B{X), R>0 : r > 0. 

^],OKa3aTejii>CTBO jieMMM 2. 

1. ^OKa^eM CHanajia, hto 

\xB[W,R]\ = m&x{\xW\ - R,0} 

fljia KajK^oro x £ I. H3 HepaBeHCTBa TpeyrojibHHKa fljra otkjiohghhsi f3 
cjie^yeT: 

\xW\-R< \xB[W,R]\ + P(B[W,R],W)-R< \xB[W,R]\ 

,n,ji5i Ka^Kfloro x G X h 3HaHHT, ^jih Ka^K^oro x G X BepHO HepaBeHCTBO 

\xB[W,R}\ > m&x{\xW\ - R,0}. 

Hcnojib3yeM MeTOfl flOKasaTejibCTBa ot npoTHBHoro. ^onycriiM, hto paBeH- 
CTBa hgt. Tor^a HaftfleTC^ TOHKa x G X\B[W, R] Taxaa, hto 

\xW\-R< \xB[W,R]\. 

Cjie^OBaTejibHO, HaftfleTcsi Taxoe 5 G (0, R), hto 

\xW\ + 5-R< \xB[W,R]\. 

Toiyja HaHfleTCH TOHKa y G W Taxaa, hto 

\xy\ + 5-R< \xB[W,R]\. 
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Pfe ycjiOBiisi BHyTpeHHOCTH MeTpiiKii cjieflyeT, hto fljia Ka^Kfloro e 6 (0, 6/2) 
HaiifleTca KOHeHHaH nocjieflOBaTejibHOCTb tohck 

z = x, zi, . . . , z k = y 

Taxaa, hto fljia Ka^K^oro i G {0, 1, . . . , k — 1} 

< £ h |^i| + . . . + |^fc-i^fc| < \xy\ + e. 

Tor^a HaiifleTCH TOHKa 

Zi e {zi, . . . , z k -i} 

Taxaa, hto 

ZieB[W,R], \ziy\>R-e. 

C jie^OBaTejibHO , 

\xzi\ < \xy\ - \z % y\ + e < 
\xy\-R + 2e< \xB[W, R}\ + 2e - S < \xB[W,R]\. 
IlojiyHHjiH npoTHBopenne. 

2. Hcnojib3ya ycTaHOBjieHHoe paBeHCTBO, nojiyHiiM 

a(B[M, r],B[W, R]) = max{ sup \zB[W, R]\; sup \wB[M,r}\} = 

zeB[M,r] ,r B[W,R] 

max{ sup max{|ziy| — R, 0}; sup max{|t(;M| — r, 0}} < 

zeB[M,r] ' weB[W,R] 

max{max{/3(5[M, r], W) - R, 0}; max{/3(B[W, R],M)- r, 0}} < 
max{max{/3(£[M, r] , M) + /3(M, VT) - i?, 0}; 
max{/3(£[W, R],W) + /3{W, M) - r, 0}} < 
max{max{/3(M, W)+r-R, 0}; m&x{f3{W, M) + R-r, 0}} < 

a(M, W) + \R-r\. 
TaKHM o6pa30M, jieMMa 2 flOKasaiia. 
H3 TeopeMbi 1 ii jieMMbi 2 cjie^yeT 
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Cjie^cTBHe 2 [si 1] . Ilycmh (X,p) - npocmpancmeo c enympeHHeu 
MempuKou. Tozda UMeem Mecmo Hepaeencmeo: 

a B (B B [M, r],B B [W, R]) < a(M, W) + \R - r\ 

djisi ecex 

M,WeB{X), R>0, r>0, 

sde a B ■ B[B{X)\ x B[B(X)] — > R + — Mempuna Xaycdopgja, B B [M,r] 
3aMKHymuu map c yenmpoM e moHKe M G B(X) npocmpancmea (B[B(X)],a B ). 

JleMMa 3 [sll]. IlycTb F — no^MHOJKecTBO npocTpaHCTBa (B[X],a) c 
HHflyi^HpoBaHHoii MeTpiiKoii. Tor^a HMeeT MecTO HepaBeHCTBo: 

a(H,Q) <a F (H,Q) 

pjin Bcex i7, Q G F, r^e 

a F : B{F) x B{F) R + 

- nceBfloivieTpHKa Xayc^opcpa. 
^!I,OKa3aTejii>CTBO JieMMbi 3. 

IlycTb x G H h E — 3HaK npiiHafljie^HOCTH sjieivieHTa b npocTpaHCTBe 
(F, a). Tor^a HaM^eTC^ ajieivieHT ZeH TaKoii, hto x G Z. Kpoivie Toro, 

\xQ\ < inf \xY\ < inf a(Z,y) < 

YeQ YeQ 



C jie^OBaTe jibHO , 



sup inf a(Z,Y) = p F (H,Q). 
Z&H Y ^Q 



(3(H,Q) = sup\xQ\ <(3 F (H,Q). 



HepaBeHCTBo 



(3(Q,H)<(3 F (Q,H) 
ycTaHaBjiHBaeTca aHajioriiHHO. 
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1.2 IlpocTpaHCTBO Bcex N-ceTem h CHMMeTpH30BaHHaa 
CTeneHb nopa^Ka N MeTpHHecKoro npocTpaHCTBa 



IlycTb p G [1, oo] ii S(N) — rpynna Bcex noflCTaHOBOK MHO>KecTBa H3 iV > 1 

SJieMeHTOB. PaCCMOTpHM Ha fleKapTOBOM npOH3BefleHHH X N 113 N 3K3eM- 

nji5ipoB MeTpiinecKoro npocTpaHCTBa (X, p) MeTpiiKy 

p N , p : X N x X N -> R+, 

pNj>(( x h x n), {Vl, • • • , 2/iv)) = (kl2/l| P + • • • + liWivH 1 ^ 

npii j9 G [1, oo) ii 

PN,oo((xh x n), (yi, • • • , Vn)) = max{|xi?/i|, . . . , \x N y N \} 
npii 2? = oo. Sa^afliiM Ha X N cjieflyiomee OTHonieHHe SKBHBajieHraocTH ~: 

(x h ... : x N )~ (y h . . .,y N ), 
ecjiH HaftfleTCH Taxoe a G S(N), hto 

2/1 = ^(ljj ■ • • i yN = ^cr(A0- 

nojiyneHHoe (paKTopnpocTpaHCTBO Xjv = X N /~ MHO>KecTBa no STOMy 
OTHonieHHio SKBHBajieHTHOCTH ecTb CHMMeTpH30BaHHa5i CTeneHb nopsiflKa 
X npocTpaHCTBa X 7 a sjieMeHTbi SToro MHO>KecTBa mojkho OTOK^ecTBHTb 

C 7V-CeT5IMH C nOBTOpeHH5IMH npOCTpaHCTBa X. PaCCMOTpHM Ha 3T0M MHO- 

>KecTBe MeTpnKy 

dp '. Xjsf x X]\[ — y 
a p ([(x h . . . , x N )}, [(2/1, . . . , 2/iv)]) = 
min{/?7v,p((^i, ■ • ■ , x N ), {y a{l) , . . . , 2/^))) : o € S{N)}, 
iyje G [1, oo] (npn = oo, cm. [HI])- OrpaHnneHHe stoh MeTpnKH Ha 

MHO>KeCTBO 

X* N = {[(x h . . . , zjv)] G X^ : card {x 1: . . . , £jv} = N}, 
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iyje card {x\, . . . , xn} - - MOiii,HOCTb MHCOKecTBa {xi, . . . , xn}, 6yfleM 060- 
3HaHaTb TeM >Ke chmbojiom a p . Otmcthm TaK}Ke, hto nceB^OMeTpHKa 

a* : X N x X N -)• R+, 

a*([(x h . . .,x N )], [(y h . . . ,y N )]) = a{{x h . . . : x N } : {y h . . .,y N }), 

HHflyi^npyeT Ha MHO>KecTBe MeTpiiKy. 

IlpejKfle, hqm HccjieflOBaTb HeKOTopbie CBoiicTBa MeTpiiKii a p , HanoMHHM 
cjie/ryioirffle onpeflejieHira. 

KpHBa^, coeflHH^ioinaH totkh y G X, fljiima KOTopoft paBHa pac- 

CT05IHHK) Me^Kfly 3THMH TOHKaMH, Ha3bIBaeTCH C&2M6HTYIOM [x, y] C KOHIiaMH 

x : y E X [25, c.42]. 

MeTpHnecKoe npocTpaHCTBO Ha3biBaeTC5i seode3uuecKUM npocmpaHcmeoM, 
ecjiH jiK»6bie flBe ero tohkh mcokho coe/mHHTb cerivieHTOM [22, c.4]. HanoM- 
hhm, hto nojiHoe MeTpH^ecKH BbinyKjioe npocTpaHCTBO 5iBji5ieTC5i reo^esH- 

HeCKHM npOCTpaHCTBOM [3D]. 

MeTpHnecKoe npocTpaHCTBO (X, p) Ha3bmaeTCH co6cmeeHHUM, ecjiH jik> 
6oh ero 3aMKHyTbift map KOMnaKTeH [221 c - 2]. 

fljM M,We B(X) o6o3HaHHM 

D(M, W) = svp{\xy\ :xeM,yeW}. D(M) = D(M, M) 

— flnaivieTp MHO>KecTBa M. 

TeopeMa 1 [s20]. Tlycmh p 6 [l,oo]. Tosda eepnu cjiedywv^ue ymeep- 

(i) X* N - - orriKpumoe Muootcecmeo npocmpancmea (XN,a p ). Ha mho- 
jfcecmee X^ uMeem Mecmo Hepaeencmeo a* < a p . Kpojue moso, npu 
N > 2 djin KdJtcdoso 

S = [(x h . . .,x N )} e X* N 



37 



UMeem Mecmo paeencmeo a*(Si, S2) = otoo(Si, S2), zde Si, S2 - - npou3- 
eoAbHue ajieMenmu U3 omnpumozo mapa B(S,e) C (Xjy,a*) paduyca 

e = ^mm{\xiXj\ i, j G {1,...,N}}, 

a npu N < 2 UMeem Mecmo paeencmeo a* = a^. 

(ii) (X, p) AeAAemcA co6cmeeHHUM npocmpancmeoM mozda u moAhno 
mozda, Kozda (Xn, a p ) - - co6cmeennoe npocmpancmeo. 

(Hi) (X, p) AeAAemcA npocmpancmeoM c enympenneu MempuKoil mo- 
zda u moAhno mozda, Kozda (X^,a p ), (X N ,a p ) — npocmpancmea c enym- 
penneu McmpuKou. KpoMe mozo, X* N ■ - ecwdy nAomnoe nodMnootcecmeo 
npocmpancmea (Xn, <%>) npu card (X) > 1. 

(iv) (X, p) AeAAcmcA zeodc3UHCCKUM (McmpuuecKU eunyKAUM, eunyn- 
aum no Menzepy) npocmpancmeoM mozda u moAhno mozda, nozda (Xn, <%,) 
■ zeode3uuecKoe (McmpuuecKU eunyKAoe, eunyKAoe no Menzepy) npo- 
cmpancmeo. 

,H,OKa3aTejibCTBO TeopeMbi 1. 

(i) HeTpy^HO npoBepirrb, hto ^jm KajK^oro 

S = [(x h . . .,x N )} e X* N 
OTKpbiTbiii map B(S,5) npocTpaHCTBa (X N ,a p ), r^e 

5 = ^mm{\xiXj\ : i ^ j; 1, j G {1,. . ., N}}, 

npHHa^jiejKHT MHO>KecTBy X N . Cjie^OBaTejibHO, X N — OTKpbiToe mhojkc- 
ctbo npocTpaHCTBa (X N ,a p ). ^OKa>KeM, hto a* < a p . fljia Ka^floro a G 
S(N) HMeeM, hto 

. . .,x N )]i [(2/1, • • • ,2/jv)]) = max{max{|x,{?/i, . . . ,y N }\ : 
1 < % < N}, mzx{\ yj {x h ...,x N }\:l<j<N}}< 

m&x{p N}P ((xi, ...,X N ), . . . , y<r(N))),PNj>{{yi, ■ ■ ■ , Vn), Oa(l), ■ ■ ■ , ^a(iV)))}- 
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OcTajiocb B35iTb MHHHMyM no bcgm a G S(N) b npaBoii Hacra HepaBeHCTBa 
ii iicnojib30BaTb onpe^ejieHHe MeTpiiKii a p . 
IlycTb 

N>2, S h S 2 eB(S,e)c(X N ,a*). 

Tor^a 

a*(S h S 2 ) < 2e. 
yHHTbiBaa onpeflejiemra nceBflOMeTpiiKii a* h er, nojiyHiiM, hto 

5i, 5*2 G X* N a*(Si, S 2 ) = ck; 0O (S'i, S'2). 

IlycTb Tenepb N = 2 (cjiy^aii, Kor^a N = 1, OHeBiifleii) h fljia onpe^ejieH- 

HOCTII IIOJIOJKI1M 

5 = [(a;, j/)], 5i = [(«,v)], M = D(S,S{j. 

Tor^a 

a* (5, 5i) = max{max{|xf |, \y{u, v}\}] max{\yu\, \v{x, y}\}}. 

PaccMOTpHM flBa cjiynaa. 

1. Ecjih \yu\ > \yv\, to 

a* (5, Si) = max{max{|xi;|, |yi>|}; = 

max{|xf |, = min{max{|xw|, \yv\}; max{\xv\, \yu\}} = a OQ (S, Si). 

2. Ecjih \yu\ < \yv\, to 

a*(S, Si) = max{max{|;ci>|, \yu\}; max{|yu|, |f {x, y}|}} = 

max{|:ru|, = min{max{|xw|, \yv\}; max{\xv\, \yu\}} = a 00 (*5', Si), 
(n) ^,OKa3aTejibCTBO jj,ocTaTOHHOCTH OHeBiiflHO. flpKawieM Heo6xojj,H- 

MOCTb. IlyCTb 

S = [(x h . . . , x N )} G Xjy 11 (S n = [(jf, . . . , j/J)]) 
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- orpaHHHeHHaa nocjieflOBaTejibHOCTb npocTpaHCTBa (Xn, a p ) : to ecTb Haft- 
fleTca Taxaa Bem,ecTBeHHa5i KOHCTaHTa c > 0, hto ajih Ka^floro n G N 
cnpaBe^jiHBO HepaBeHCTBo: 

5) < c. 

Tor^a fljia KajK^oro n G N HaftfleTCfl Taxoe cr n G S(N), hto 

Pn#((x\,...,x n ), (l/" n (i),...,2/S n (jv))) < c - 

CjieflOBaTejibHO, fljia Ka^^oro /c G {1,...,7V} HaiifleTCH noflnocjieflOBa- 
TejibHOCTb (y™ ^) nocjie^OBaTejibHOCTH (y™ ^), cxoflanjaacH k HeKOTopo- 
My Ufc G X npH m — > oo, nocKOJibKy npocTpaHCTBO X - co6cTBeHHoe. 

IIOJIOJKHM 

= [(«i, • • . ,U N )]. 

Tor^a 

O^m, #o) < PN,p(( U h ■ ■ ■ , U N ), (2/^(1), • • • , ySL(jv))) 

irpn m — > oo. TaKHM o6pa30M, (X/v,a p ) — co6cTBeHHoe npocTpaHCTBO. 
(m) ^OKa3aTejibCTBO flocTaTOHHOCTH fljra npocTpaHCTBa (X/v,a p ) OHe- 

BHflHO. ^OKaJKeM HeoSxOflHMOCTb. IlyCTb npOH3BOJIbHO Bbl6paHbI 

S = [Oi, . . . , Xiv)], 5i = [(2/1, . . . , yjv)] G X;v. 
Hcnojib3y5i jieMMy 1.1.1, ^jih Ka^^oro £ > Bbi6epeM 

S 2 = [(2i, . . .,Z N )], 

rpp Zi G cj(xi, ^(j), £i) fljia KajK^oro % G {1,...,7V}, = eN~ l l p npn 
J9 G [1, OO), E\ = E npH J9 = OO H (7 G 5(AT) Taxoe, hto 

PN#{{X\, X N ), (y<r(l), y<j(N))) = Oip(S, Si). 

Tor^a 

2max{o! p (S', S 2 ), a p (S 2 , Si)} < 
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2 max{pA^(Oi, . . . , x N ), (z h z N )), p N , P (( z h ■ ■ ■ , z N ), (y a{1) , y a ( N )))} < 

PN, P (( X 1> ■ ■ ■ > X n), (y<r(l), Va(N))) + £ = (*p(S, Si) + £. 

B CHjiy jieMMbi 1.1.1, (X^,a p ) — npocTpaHCTBO c BHyTpeHHeii MeTpiiKofi. 

C noMom,bio JieMMbi 1.1.1 HeTpyn,HO flOKasaTb, hto — Bcio^y njiOT- 
Hoe noflMHOKecTBO npocTpaHCTBa (Xn,oi p ) npn cardX > 1. H3 sthx flByx 
flOKasaHHbix yTBepjKfleHHH h JieMMbi 1.1.1 cjie^yeT Tenepb, hto (X^, a p ) - 
npocTpaHCTBO c BHyTpeHHeii MeTpHKoii. 

(iv) ^OKa3aTejibCTBO ^ocTaTOHHOCTH oneBHflHO. ^OKa>KeM HeoGxoflH- 

MOCTb. IlyCTb npOH3BOJIbHO Bbl6paHbI 

S = [Oi, . . . , x N )], Si = [(y h . . . , y N )} £ X N 
h nycTb g £ S(N) Taxoe, hto 

PNj>{( X 1> ■■■> x n), {y<r(l), • • • , Va(N))) = <*p{S, Si). 

Ka^Kfloro % £ {1, . . . , N} b CHjiy reo^esHHHOCTH npocTpaHCTBa X Haft- 
fleTca HeKOTopbiii cemeHT [xi, y a (i)]- Bbi6epeM ^jra KajK^oro % £ {1, . . . , N} 
h fljra Ka^K^oro A £ [0, 1] Taxyio TOHKy Zi(X) £ [xi,y a ^], hto 

\xiZi(X) \ = \\xiy a{i) \. 

fljra Ka^K^oro A £ [0, 1] nojio>KHM 

S(\) = [(z 1 (\),...,z N (\))]. 

Tor^a fljia Ka^K^oro A £ [0,1], Hcnojib3ya HepaBeHCTBO TpeyrojibHHKa, 
HeTpyflHO nojiy^HTb paBeHCTBO 

ol p (S, 5(A)) + CK P (5(A), 5i) = oip(S, Si). 

CjieflOBaTejibHO, S(X) npn H3MeHeHiiii napatvieTpa A Ha 0Tpe3Ke [0, 1] ecTb 
napaMeTpH3an,Ha HeKOToporo cenvreHTa c KOHiraMH S 1 , Si b npocTpaHCTBe 
(Xjy, otp), h 3to npocTpaHCTBO reo^esHHecKoe. YTBep^KfleHHsi SToro nyHKTa 
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TeopeMbi 1, npiiBefleHHbie b CKo6Kax, Tenepb HeTpynrio ^OKaaaTb, Hcnojib- 
3y5i aHajioriiio c flOKasaHHbiM cjiynaeM. TaKiiM o6pa30M, Teopetvia 1 flOKa- 
3aHa. 

06o3HaHHM nepe3 Y1* N (X) (nepe3 Y±n(X)) mhokgctbo Bcex (HenycTbix) 
no,n,MHO>KecTB b (X,p), coctohhjhx (He 6ojiee neivi) H3 N ToneK, c HH/ry- 
inipoBaHHoft MeTpHKoft Xaycflopcpa a. IIpHHeM o6o3HaHeHiie T,i(X) 6yn,eM 
3aivieH5iTb Ha X. 3jieMeHTbi MHOJKecTBa T,n(X) Ha3bmaK)TC5i AT-ceTSMH [39]. 

PaCCMOTpHM CK»pb>eKH,HK) 

/ : X N ->• Sjv(X), f([(x h . . . , x N )]) = {xi, . . . , x N }. 

OneBHflHO, hto npn N < 2 ciopb>eKHH5i / 5reji5ieTC5i H30MeTpneH npocTpaH- 
CTBa (X2,aoo) Ha npocTpaHCTBO (S2(X),a). Hcnojib3ya 3Ty H30MeTpHK», 
H3 TeopeMbi 1 nojiynaeM 

Cjie,a,CTBHe 1 [s20]. (X, p) — co6cmeeHHoe npocmpaHcmeo (npocmpan- 
cmeo c enympenneu MempuKou, 2eode3unecKoe npocmpaHcmeo, Mcmpu- 
hccku eunyKAoe npocmpancmeo, eunyKAoe no Memepy npocmpancmeo) 
modda u moAbKo mosda, Kosda (Yi2(X) : a) — co6cmecHHOc npocmpancmeo 
[npocmpancmeo c enympenneu MempuKou, zeode3unecKoe npocmpancmeo, 
MempunecKU eunyKAoe npocmpancmeo, eunyKAoe no Memepy npocmpan- 
cmeo) . 

J\r"a Toro, HTo6bi npn N > 2 npocTpaHCTBO (Xj^, a p ) 6bijio reo^esHHe- 
ckhm npocTpaHCTBOM, Ha npocTpaHCTBO (X, p) npHxoflHTCH HajiaraTb 6ojiee 

>KeCTKHe yCJIOBHH. 

TeopeMa 2 [s20]. Ilycmh p G [l,oo] u (X,p) - seode3unecKoe npo- 
cmpancmeo, ydoeAcmeopAwu^ee CAedywu^uM deyM ycAoeuAM {A\), (A2). 

(A\) Kaotcdue dee pa3Auunue mouKU npocmpancmea {X,p) mochcho 
coedunumh eduncmeennuM cezMenmoM. 

(A2) Ecau dea cezMenma UMewm o6vu i uu Koney u o6w j y , \o enympen- 
htok) mouKy, mo odun U3 smux cezMenmoe ecmh nodMHOJtcecmeo dpyzozo 



42 



cesMenma. 

Tozda (Xjq, dp) — zeode3unecKoe npocmpancmeo. 
Ecjiu KpoMe ycAoeuil (Ai), (A2) eunojineno cjiedywvu^ee 3Ao6aAbnoe ycAo- 
eue (A3) HenoAOJtcumeAbHocmu npueu3HU no By3tMany (cm. [251 c - 304]) 

(A 3 ) 2\u(z,x)u(z,y)\ < \xy\ 

djiR jik>6ux x, y, z G X, mo npu N > 1 3aa Kazicdoso 

S = [(x h . . . , x N )] e (Xx, otp) 

u djiH jik>6ux W, T, D G B(S,e), sde B(S,e) - omnpumuu map npo- 
cmpancmea (X^, ot p ) paduyca 

e = ^mm{\xiXj\ i, j G {1,...,N}}, 

eepno nepaeencmeo 

2a p (uj(W, D),uj(T, D)) < a p (W, T), 

mo ecmb npu N > 1 npocmpancmeo (X^, <%,) ydoejiemeopnem AonaAbno- 
My ycAoeww nenoAocncumeAbHocmu Kpueu3HU no By3tMany. 

^OKasaTejibCTBO TeopeMbi 2. 

ripii card (X) = 1 hjih N = 1 TeopeMa 2, ohcbhaho, BepHa. Upeflnojio- 
>khm, hto card (X) > 1 h N > 1. HycTb npoH3BOJibHO Bbi6paHbi pa3JiiiHHbie 

S = [(xi, . . . , x N )} , Si = [(yi, . . . , y N )} € X* N . 

PaccMOTpiiM CHanajia nacTHbift cjiynafi, Koryja Bee tohkh 

{xi, ...,x N ,y h .. .,y N } 

npHHa^jie^KaT o^HOMy cerMeHTy npG [1, 00). Be3 noTepii o6ihhocth motk- 
ho CHHTaTb, hto tohkh ynopsiflOHeHbi cjieflyioiiiHM o6pa30M: 

xi > . . . > x Nl yi > . . . > y N , xi> yi. 
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^OKaJKeM, HTO 

pN,p(( X h ■■■jXn), (yi, Vn)) = a P (S, Si), 

HH/ryKHiien no N. IlycTb N = 2. Ecjih x<i < 2/1, to HeTpyzrHO nojiynnrb 
HepaBeHCTBO 

P2,p(( X h X 2 ), (Vh V2)) < p2,p(( X h X 2 ), (2/2, 

H3 KOToporo cjie^yeT Tpe6yeivioe paBeHCTBO. EtycTb x% > 2/1 • 3atvieTHM, hto 
cpyHKUHH 

/(*) = (a + t)*-(6 + t)* 

r^e 6 < a, a, 6 G R+, Hey6biBaK>iH,aa. C yneTOM SToro, Tpe6yeMoe paBeHCTBO 
cjie/jyeT Tenepb H3 HGpaBGHCTB 

\xm\ p - \x2y1f < (\xiyi\ + \y1y2\y - (\x 2 yi\ + \y1y2\T = \xm\ p - \x2y 2 \ p - 

HTaK, npH N = 2 paccMaTpHBaeivioe paBeHCTBO ycTaHOB jieHO . ripe/inojio- 

>KHM, HTO 3TO paBeHCTBO BepHO JJJI5I BCeX iV < TJ - 1 H flOKa^eM erO flJIH 

N = n. IlycTb a G S(N). PaccMOTpHM jj,Ba cjiynaa. 
(i) Ecjih <j(1) = 1, to no npe^nojiOKeHHio HH/ryKiniH 

PN-lj>{( X * ■■■^n), (?/2, • • • , 2/Jv)) < PN-lj>({ X 2> ■■■^n), (y*(2), Vv{N))) 
HJIH 

PN-lj>(( X 2> ---^n), (2/2, • • • , 2/Ar)) < PN-l,p((y^ ■ ■ ■ J 0<7(2), • • • , ^a(iV)))- 

C jieflOBaTejibHO , 

PN#{{ X 1> ■■■^n), (2/1, • • • , 2/Jv)) < PN#{{ X 1> ■■■> x n), (2/^(1) j ■ ■ ■ j 2/<7(7V)))- 
HJIH 

PNj>(( X l> ■■■^n), (2/1 , ■ ■ ■ , 2/Jv)) < PNj>{(yi> - - ■ » 2/Jv) , ■ ■ ■ , ^a(iV)))- 
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(ii) Ecjih cr(l) > 1 h a(k) = 1, r^e k G {2, ...,7V}, to, Hcnojib- 
3y5i ycTaHOBjieHHbie HepaBeHCTBa nyHKTa (i) h npe^nojio^eHHe HHflyKHHH, 
HeTpy^HO nojiy^HTb HepaBeHCTBa: 

PN#(( x h---,x N ),(y h ...,y N )) < 

PN,p(( X h ■ ■ ■ j ^Jv), (2/a(fc)j • • • 5 Va{k-1), Va(l), Va(k+1), ■ ■ ■ , Va(N))) < 

pN, P (( x ii ■ ■ ■ > x iv)> (2/<7(i) 5 ■ ■ ■ 5 2/a(JV)))- 
CjieflOBaTejibHO, Tpe6yeMoe paBeHCTBO ^OKasaHO. 

Bbi6epeM ^jth KajK^oro AG [0, 1] h ^jih KajK^oro /c G {1, . . . , iV} Taxyio 

TOHKy Z fc (A) G [Xfc,^], HTO 

|^fc^fc(A)| = A|x fc ^|- 
Tor^a fljia KajK^oro A G [0, 1] cnpaBe/yiHBbi HepaBeHCTBa: 

Zl {\) > ... > Z N {\). 

IIojiojkhm fljia KajK^oro A G [0, 1] 

S(X) = [(z l (X),...,z N (X))}. 

Tax >Ke KaK h npn flOKasaTejibCTBe yTBepjKfleHHH (if) TeopeMbi 1, Hcnojib- 
3y5i flOKasaHHbie Bbinie HepaBeHCTBa, nojiynaeivi, hto S(X) npn H3MeHeHHH 
napaivreTpa A Ha OTpe3Ke [0, 1] ecTb napaMeTproauHH HeKcroporo cerMenra 
C KOHHaMH S\ b npocTpaHCTBe (X* N ,a p ). TaKHM o6pa30M, b nacTHOM 
cjiynae Teopeivia 2 BepHa. 

PaccMOTpHM o6ihhh cjiyHaii. IlycTb p G [1, oo] h 

S = {cr G S(N) : PN, P (i x h ■ ■ ■ , (j/a(i), • • • , 2/a(iV))) = Si)}- 

HHflyKi^Hen no N flOKa^eM BcnoMoraTejibHoe yTBepjK^eHHe (H). 

(H) HaiifleTca Taxoe a G S, hto fljia jno6bix pa3JiHHHbix z, j G 
{1,...,7V}, fljia KajKfloro A G [0,1] cnpaBe^jiHBO HepaBeHCTBO ^(A) 7^ 
z-, (A), r^e TOHKa 

Zfc(A) G 2/ CT(fc) ] 
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npii k G {i,j} Taxaa, hto 

\x k z k (X)\ = M x kVa(k)\, 
a cenvreHT [xk, 2/cr(fc)] cymecTByeT h 5iBji5ieTC5i eflHHCTBeHHbiM b cnjiy ycjiOBHH 

IlycTb N = 2. IlpeflnojiojKHM npoTHBHoe. Tor^a fljia Ka^K^oro a G S 
HaiifleTca TaKoe A G (0,1), hto 21(A) = 22(A). Hcnojib3ya onpeflejiemie 
tohgk 21(A), 22(A) h HepaBeHCTBO TpeyrojibHiiKa, nojiyniiM 

P2,p((^l,^2), (2/(7(2), 2/(7(1))) < P2,p((^l,^2), (2/(7(1) j 2/(7(2)))- 

Ecjih nojiyHeHHoe HepaBeHCTBO CTporoe, to b ciijiy onpe^ejieHiia MHO>KecTBa 

S H MeTpHKH CK p nOJiyHHJIH npOTHBOpGHHG. EcjIH HMeGT MeCTO paBeHCTBO, 
TO B CHJiy yCJIOBHH (A\), (A2) TOHKH 

xi, x 2 , 2/a(i) 5 2/a(2) 

npHHa^jiejKaT o/iHOMy cemeHTy hH = S{2). Tor/ja b CHJiy onpe^ejieHHH 
ToneK 21(A), 22(A) h MeTpHKH a p CHOBa nojiyHHjiH npoTHBopeHne. 

^onycTHM, hto yTBepjKfleHHe (H) BepHO fljia Bcex N < n — 1 n jj,OKa>KeM 
ero fljia N = n. Ilpeflnojio^HM npoTHBHoe. Tor^a fljra KajK/jpro a G S 
Haft/jyTCH Taxne pa3jiHHHbie z, j G {1,...,7V} h Taxoe A G (0,1), hto 
2j(A) = 2j(A). B 3tom cjiynae napy cenvreHTOB 

Ha30BeM OTMeHeHHoii. 

IlycTb a G S h j9 G [1, 00). B ceMeiicTBe cemeHTOB 

= ([^fc,2/a(ife)])fce{i,...,JV} 

3aMeHHM OTMeneHHyio napy 

{[xhVoii)], [xj,y<r(j)}} 
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Ha napy 

{[xiiVaij)}, [xj,y*(?)]}- 

3to npHBO^HT k hoboh noflCTaHOBKe 7T, nojryneHHoii nepecTaHOBKoii a{i) 
ii a(j) b no^CTaHOBKe <7, b nacTHOCTH, = cr(j), 7r(j) = u(i). Tor/oa, 
yHHTBiBaa ycTaHOBjieHHoe HGpaBGHCTBO npn N = 2, nojiynnivi 

PnM x u x n), (2/7r(i), • • • , 2/tt(jv))) < PnM x u x n), {y a (i), y*(N)))- 

Ecjih nojiyneHHoe HepaBeHCTBO CTporoe, to b cniiy onpejj,ejieHH5i MHO>KecTBa 
S ii MeTpiiKii a p nojiynnjin npoTHBopcHHe. Ecjih HMeeT MecTO paBeHCTBO, 

TO B CHJiy yCJIOBHH (Ai), (A2) TOHKH 

npHHajjjie>KaT o/THOMy cerMeHTy. Kpoivie Toro, 7rGSn napa 

{[x h y n{i) ], [xj,y n{j) ]} 

- HeoTMeHGHHaH . YHHTBiBaH npejj;nojio>KeHHe HH/ryKniin, mojkho cnnTaTb, 
hto, ecjin yflajiHTb H3 ceivieHCTBa cenvieHTOB 

Ai = ([xk,yir{k)])ke{i,...,N} 

cerivieHTbi 

to b ocTaBineMCH ceivieiiCTBe He 0CTaHeTC5i OTMeneHHbix nap cerMeHTOB. 

Ecjih b ceivieiiCTBe Ai hct OTMeneHHbix nap cerMeHTOB, to b cnjiy onpe- 
jj;ejieHH5i MHOJKecTBa S n MeTpnKH a p nojiynaeivi npoTHBopenne. Ilpeflnojio- 
)khm fljia onpejj,ejieHHOCTH, hto napa 

{[x^y*®], [xhy^i)]} 

- OTMeneHHaa. 3aMemiB ee b ceMeiiCTBe A Ha napy 

fe 5 2/7r(0l> [ x hyn(i)]}> 
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nojiy^HM HOBoe ceiviencTBO cerivieHTOB A2. AHajiornnHO npeflbi^yineiviy, bbo- 
pp. HOByio noflCTaHOBKy n noBTop5i5i paccy^KflemiH, mm jih6o cpa3y nojiyna- 
eM npoTHBope^He, jih6o nojiy^aeivi, hto tohkh 

%ii 1)11(1) 1 %ji y-K(j)i %h UttQ) 

npimafljie^KaT o^HOiviy cerMeHTy L. ynnTbiBasi flOKasaHHbiii nacrabiH cjiy- 
naii, mo>kho CHHTaTb, hto Ha cerivieHTe L hgt OTMeneHHbix nap cerivieHTOB. 
A no npeflnojiojKeHHio HH/ryKirHH mojkho cnnTaTb, hto hgt OTMeneHHbix nap 
cerivieHTOB h cpe^n cerivieHTOB ceMeiicTBa Ai, pacnojio>KeHHbix BHe cerivieH- 
Ta L. IlpoflOJi^afl Taxyio npoue/rypy 3aivieHbi OTivieneHHbix nap cerivieHTOB, 
Mbi nepe3 KOHenHoe hhcjio niaroB nojiynnivi npoTHBopenne, nocKOJibKy pjisi 
ToneK, pacnojio>KeHHbix Ha o^hom cerivieHTe, Teopeivia 2 ^OKasaHa h rpynna 

nOflCTaHOBOK — KOHeHHaH. 

IlycTb a 6 Snj9 = 00. B ceMeftcTBe cerivieHTOB D Bbi6epeivi cerivieHT 
[xi,y a (i)] fljiHHbi a p (S,Si). ynnTbiBaa npeflnojiOKeHne HH^yKUHH, mo>kho 
cnHTaTb, hto, ecjiH yzrajiHTb 3tot cerivieHT H3 ceMeiicTBa D 7 to b ocTaBineivi- 
C5i ceMeiicTBe He ocTaHeTCH OTMeneHHbix nap cerivieHTOB. IlycTb napa 

{[x h y a{i) }, [xj,y a{j) ]} 

OTMeneHHasi. Ecjih b D Taxoro cerivieHTa [xj, y a (j)} He cymecTByeT, to b cnjiy 
onpeflejieHHH MHO>KecTBa S n MeTpHKH a P: cpa3y nojiynaeivi npoTHBopenne. 
SaivieHHB b ceMeiicTBe D OTMeneHHyio napy 

{[x h y a{i) ], [xj,y a{j) }} 

Ha napy 

{[xi,y a (j)l [xj,y*(i)]}, 

nojiynnivi ceivieHCTBO cerivieHTOB D{1). 3to npHBO^HT k hoboh no^CTaHOB- 
Ke 7r, nojiyneHHon nepecTaHOBKoii o{i) n a(j) b no^CTaHOBKe a. ^jinHbi 
cerivieHTOB 
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CTporo MeHbine, neM a p (S, Si). B ceMeiiCTBe D(l) Bbi6epeM hobmh cerMeHT 
fljiHHbi a p (S,Si) n noBTopiiM paccyjKflemra. Hepe3 KOHenHoe nncjio niaroB 
nc-jiynnivi npoTHBopenne, nocKOJibKy rpynna nc-flCTaHOBOK - - KOHenHaa n 
Ha KajKflOM niare cemeHTbi H3 OTMeneHHbix nap 3aivieH5iiOTC5i Ha cerMeH- 
tm MeHbHieii fljiHHbi, neM a p (S,Si). TaKHM o6pa30M, yTBepjK^eHne (H) 

IlycTb (jgH TaKoe, KaK onncaHO b (H). /Jjis KajK^oro A G [0, 1] nojio- 

>KIIM 

S(\) = [(z 1 (\),...,z N (\))]. 

Tax >Ke, KaK h b ^OKasaTejibCTBe yTBep^fleHna (iv) TeopeMbi 1, nojiynaeM, 
hto 5(A) npn ii3MGHeHiiii napaivieTpa A Ha OTpe3Ke [0, 1] ecTb napaMeTpn- 
3anii5i HeKOToporo cenvreHTa c KOHnaMH 5, Si b npocTpaHCTBe (X^, a p ). 

^OKa^eM Tenepb nocjie^Hee yTBep^^eHne TeopeMbi. IlycTb S, W, T, D 
Bbi6paHbi b cooTBeTCTBiiii c ycjiOBHaMH TeopeMbi. Tor^a H3 HepaBeHCTBa 

a p {S, T) < e, 

HepaBeHCTBa TpeyrojibHHKa h onpeflejieHna e cjie^yeT, hto fljia KajK^oro 
t G f(T) HaiifleTca eflHHCTBeHHbin sjieMenr x{t) G f(S) TaKoii, hto 

\tx(t)\ < e, 

a TaK>Ke ^jra KajK^oro x G /(S) HanfleTca TaKoii sjieMenr u G /(T), hto 

< £\ 

YnTeM TaK>Ke, hto S G X^. Tor^a nojrynnM, nro fljia KajK^oro x G /(S) 
b niape B(x,e) coflepjKHTca tohho o^hh sjieMeHT t{x) G f(T). AHajiornn- 
Hoe paccy^fleHHe cnpaBe^jinBO h fljia W 7 D. CooTBeTCTByioinne sjieivieHTbi 
o6o3HaHHM w(x) G /(W), d(x) G f(D). Tor^a fljia KajK^oro x G /(S) 
HMeeM: 

2|a;(w;(x), d(x))u(t(x), d(x))\ < \w(x)t(x)\. 
Tenepb HeTpynrio npoBepnTb, hto 

2a p (u(W,D),u>(T, D)) < a p {W,T). 
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TaKHM o6pa30M, TeopeMa 2 ^OKasaHa. 

Hcnojib3y5i dop^eKiniio /, fljia Ka^K^oro p G [1, oo] nocTpoHM ciiMMeT- 
pHKy 

a p : H N (X) x Z N (X) -> R+, a p (5, Si) = a p (f-\S), f-\Si)). 
OrpaHHHeHne f\ dopteKUHn / Ha noflMHCKKecTBO A^v U X* N C Xn, r^e 
Aiv = {[Oi, • • • , x N )] e X N : xi = . . . = x N }, 

5IBJI5IGTC5I GlIGKI^IIGH Ha CBOH o6pa3 XUE^(X) C Ejv(X). CjieflOBaTejIbHO, 

orpamiHemie CHMMeTpiiKH a p Ha mhojkgctbo 

(IUS*(I))x(IUS*(I)) 

5IBJI5ieTC51 MeTpHKOH H 

- H30MeTpHH. OTMeTHM TaiOKe, HTO T,* N (X) 5IBJI5ieTC5I OTKpblTbIM nOfl- 

MHO>KecTBOM npocTpaHCTBa (Hn(X), a). ^eiicTBHTejibHO, nycTb N > 1 h 
5 G Tor^a OTKpbiTbiii map B(S, e) npocTpaHCTBa (Sjv(X), a), r^e 

£ = i minj>y| : x, y G S, x y}, 

npHHafljie^HT noflMHO^cecTBy H* N (X). Hcnojib3y5i rooMeTpiiio /i, nojiyna- 
eM cjie^CTBHe 2 TeopeMbi 1 h cjie^cTBHe 3 TeopeMbi 2. 

Cjie^cTBHe 2 [s20]. Ilycmbp G [1, oo]. Tozda eepnu cjiedywmue ymeep- 
wcdenusi 

(i) Ha MHowcecmee X U T,* N (X) uMeem Mecmo Hepaeencmeo a < a p . 
Kpojue moso, npu N > 2 djiR Kaoicdoso 

S = { Xl , . . . ,x N } e v* N (x) 

UMeem Mecmo paeencmeo 

a(S h S 2 ) = aooOSi, #2), 
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sde Si, S2 - npou360AbHue SAeMenmu U3 omnpumozo uiapa B(S,e) C 
(EjvPO, a) paduyca 

e = jmm{\xiXj\ : i^j; i, j G {l,...,iV}}, 
a npu N < 2 uMeem Mecmo paeencmeo a = a^. 

(m) (X, p) siejisiemcsi npocmpaHcmeoM c enympenneu MempuKou mo- 
zda u mojibKO mosda, Kosda (H* N (X) , a p ) — npocmpancmeo c enympeHHeu 
MempuKou. 

Cjie^cTBHe 3 [s20]. Ilycmh p G [l,oo] u (X,p) - - zeode3unecKoe npo- 
cmpaHcmeo, ydoeAemeop^wu^ee ycAoeuHM (Ai), (A2). Tosda (Yi* N (X),a p ) 
- seode3UHecKoe npocmpaHcmeo. Ecau, KpoMe ycAoeuil (Ai), (A2), eunoA- 
neno ycAoeue (A3), mo npu N > 1 3aa naoicdoeo 

S = {xi, . . . , x N } G (T? N (X),a p ) 

u 3aa ak>6ux W, T, D G B(S,e), sde B(S,£) - omnpumuu map npo- 
cmpancmeo, (Ti* N (X) , a p ) paduyca 

£ = ^mm{\x t Xj\ i, 3 G {1, . . .,N}}, 

UMeem Mecmo nepaeencmeo 

2a p (u(W, D),uj(T, D)) < a p (W, T), 

mo ecmh npu N > 1 npocmpancmeo (Y,* N (X), a p ) ydoeAemeopnem AOKaAh- 
HOMy ycAoeuw nenoAoofcumeAhnocmu npueu3nu no By3CMany. 

BBe^eM Ha MHO>KecTBe X^ cjieflyiomee OTHoniemiG 3KBHBajieHTH0CTH R: 

[(x h . . . ,x N )]R[(y h . . .,vn)], 

ecjin 

{xi, . . .,x N } = {y u . . .,Vn}- 
PaccMOTpHM fljia p G [l,oo] nceB,n,OMeTpHKy (cm. [28, c. 73]) 

®p,R '■ Xn x Xn — > R+, 
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chp,r(S, S) = M{a p (Si, Si) + . . . + a p (S k , S k )}, 

rp<3 iiHcpiiMyM 6epeTca no bcgm k G N h TaKinvi Ha6opaM {5^}, {Si}, 
1 < i < k, hto *Si = S, Sk = S ii TOHKa 5j -R-SKBiiBajieHTHa tohkg Si+i npii 
Bcex z = l,...,/c — 1. CTaH^apTHBiM o6pa30M conocTaBiiM nceBflOMeTpirae- 
CKOMy npocTpaHCTBy (X^v, MeTpiinecKoe npocTpaHCTBO (Xn/R, a Pi R), 

OTOJKfleCTBJIHH TOHKII, HaXOflflmHeCSI Ha HyjieBOM paCCTOHHHH II coxpaH^5i 

oSosHaneHHe fljisi nojiyneHHoii cpaKTop-MeTpiiKii. OTo6pa>KeHiie 
g : X N /R Stv(X), #([[(>i, . . . , = {x h . . . , x^} 

5IBJI5ieTC5I 6lieKII,Iieil, C nOMOmbK) KOTOpOH Mbl OTOJKfleCTBIIM (J)aKTOp-MHO>KeCTBO 

Xn/R c MHO>KecTBOM Bcex iV-ceTeii Y^n(X) npocTpaHCTBa X ii HaflejiiiM 

MHOJKeCTBO Y<n(X) (paKTOp-MeTpiIKOH Ol p ,R. 

TeopeMa 3 [s20]. IJycmb p G [l,oo]. Tozda eepnu cjiedywu^ue ymeep- 
DfcdenuA 

(i) Ha MHocHcecmee Y,n(X) cnpaeedAueo nepaeencmeo a < a Pi R. Kpo- 
Me mozo, npu N > 2 Oaa nawcdozo 

S = {x h ...,x N }eZ* N (x) 

UMeem Mecmo paeencmeo 

a(Si, S2) = olqq^Si, S2), 

sde Si, S2 - npou360AbHue ajieMenmu U3 omnpumozo mapa B(S,e) C 
(T,]sf(X),a) paduyca 

e= ^mm{\x t Xj\ i, j G {l,...,iV}}, 

a npu N < 2 eepno paeencmeo a = a^^R. 

(ii) (X, p) mARemcR codcmeennuM npocmpancmeoM mozda u moAbno 
mozda, Kozda (Y*n(X), cx Pi r) -- co6cmeennoe npocmpancmeo. 
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(Hi) (X, p) siejisiemcsi npocmpaHcmeoM c enympenneu MempuKou mo- 
zda u moAbKO mozda, Kozda (Hjy(X), ol p ,r), (Y? n (X) , ol p ,r) - npocmpan- 
cmea c enympeHHeu MempuKou. KpoMe mozo, Y,* N (X) - - ecwdy njiomnoe 
nodMnootcecmeo npocmpaHcmea (Y*n(X), ol p ,r) npu cardX > 1. 

(iv) (X, p) mjiaemcti zeode3uuecKUM (MempuuecKU eunynjiuM, eunyn- 
amm no Memepy) co6cmeennuM npocmpancmeoM mozda u moAbno mozda, 
Kozda (Y,N(X),a Pj R) - - zeode3uuecKoe (MempuuecKU eunyKAoe, eunyKAoe 
no Menzepy) co6cmeennoe npocmpancmeo. 

^OKasaTejibCTBO TeopeMbi 3. 

(i) HeTpyznio noH5rrb, hto ^jih ^OKasaTejibCTBa HepaBeHCTBa a < oi Pi r 
^ocTaTOHHO flOKasaTb HepaBeHCTBO a* < a p ^ ^jih nceBflOMeTpHK Ha mho- 
>KecTBe Xjy. Bbi6epeM npoH3BOJibHO e > 0. IlycTb S, S 6 X^. B cnjiy 
onpeflejieHHH nceBflOMeTpHKH a Pj R, HaiiflyTCH TaKne 

Si, ... , Sfc, Si, . . . , Sk £ Xn, 

hto Si = S, Sk = S, SiRSi + i npn Bcex i = 1, . . . ,k — 1 h 

ap(Si, 5i) + . . . + ap(5jfe, S fc ) < (x p ,r(S, 5) + e. 

Tor^a, Hcnojib3y5i HepaBeHCTBO TpeyrojibHHKa h yTBepjK^eHHe (i) TeopeMbi 
1, nojiyHHM 

a*(S, S) < a* (Si, Si) + a* (Si, S 2 ) + a*(S 2 , S 2 ) + . . . + a*(Sk-i, Sfc)+ 

a*(S k , S k ) = a* (Si, Si) + a*(S 2 , S 2 ) + . . . + a*(S fc , S fc ) < 

ap(Si, Si) + . . . + a p (S fc , S fc ) < a PjR (S, S) + e. 

Hcnojib3y5i npoH3BOJi b Bbi6ope e > 0, nojiyHHM Tpe6yeivioe HepaBeHCTBO. 
OcTaBHinecH paBeHCTBa cjie^yiOT H3 cooTBeTCTByioiHHx paBeHCTB yTBep- 
yKpfinw (i) cjieflCTBHH 2, ecjin ynecTb ^OKasaHHoe HepaBeHCTBO h cjie- 
flyiomee npocToe HepaBeHCTBO ^jra nceB^OMeTpHKH h mctphkh Ha X^\ 
a P ,R < a p ajih p e [l,oo]. 
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(U) ,H0Ka3aTejIbCTB0 flOCTaTOHHOCTH OHeBHflHO. fljM flOKaSaTejIbCTBa 

HeoSxoflHMOCTH flocTaTOHHO flOKasaTb, hto npoH3BOJibHbifi 3aMKHyTbiH map 
r] b npocTpaHCTBe (T,n(X), cx p ,r) KOMnaKTeH. PaccMOTpiiM nojiHbin 
npoo6pa3 

M = 7r- 1 (B[[S} R ,r}) 
SToro niapa OTHOCHTejibHO KaHOHnnecKon npoeKi^HH 

7T :X N ^Z N (X), tt(S) = [S} r . 

H3 HenpepbiBHOCTH KaHOHnnecKon npoeKi^HH cjie^yeT, hto mhokcctbo M 
3aMKHyTO. Kpoivie Toro, 

M C B[S, r\] C {Xn, oi p ), 

r^e 

S€[S\ R , n = (N)^(r + D(f(S))). 

^eficTBHTejibHO, Hcnojib3ya onpe^ejieHnsi MeTpiiK a 7 a pi cropT>eKHnn /, ,11,0- 
Ka3aHHoe yTBepjK^eHHe (i) h HepaBeHCTBO TpeyrojibHHKa, fljra KajK^oro 
5*gM nojiy^HM HepaBeHCTBa 

a p (S,S) < (N^a^Sj) < (N) 1 /P(a(f(S)J(S)) + D(f(S))) < 

(NY^Mmifm + DifiS^Kn. 

CjieflOBaTejibHO, mhojkcctbo M orpaHnneHO h 3aMKHyTO b npocTpaHCTBe 
(Xj\f,ctp). B CHjiy yTBepjKfleHHH (ii) TeopeMbi 1, M KOMnaKTHO b npo- 
cTpaHCTBe (XN,ctp). Tor^a ero o6pa3 tt(M) = r] OTHOCHTejibHO 
HenpepbiBHoro OTo6p a>KeHH5i tt hbjmctch KOMnaKTHbiM mhokcctbom b npo- 
cTpaHCTBe (H N (X),a PfR ). 

(Hi) ,ZIpKa3aTejibCTB0 flocTaTOHHOCTH fljra npocTpaHCTBa (Hn(X), a^i?) 

OHeBHflHO. ^,OKa>KeM HeoSxOflHMOCTb. IlyCTb np0H3B0JIbH0 Bbl6paHbI 

S = [(x 1 ,...,x N )], S = [(y h ...,y N )} 
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B IICeBflOMeTpHHeCKOM npOCTpaHCTBe (X/y, & P ,r)- fljM npOH3BOJIbHO Bbl- 

6paHHoro e > HaiiflyTCH TaKiie 

Si, ... , Sk, Si, . . . , Sk £ X/v, 

Si = S, Sk = 5*, SiRSi+i 
npii Bcex z = 1, . . . , /c — 1 h 

C = a p (Si, Si) + . . . + a p (S fc , S fc ) < a p ,i?(S, 5) + e. 

HaiifleM Taxoe j G {1, . . . , k — 1}, hto 

a p (S b Si) + . . . + a p (S v Sj) < C/2 

ii 

Op(Si, Si) + . . . + a p (Sj + i, Sj+i) > C/2. 

IlycTb 

ei = (*pA s > S) + e-C>0. 
Hcnojib3y5i yTBepjKflemie (m) TeopeMbi 1 h jieMMy 1.1.1, Bbi6epeM Taxoe 

S* = [(zi, . . .,z N )] e x N , 

2 max{a p (S'j + i, 5*), a p (S*, S J+1 )} < a p (S J+1 , S J+1 ) + si. 

Tor^a 

a p (Si, (Si) + . . . + a P (Sj, Sj) + a p (S j+ i, S*) + a p (S*, S j+ i)+ 

a P (Sj+2, S j+2 ) + • • • + a p (S k , S k ) < C + si = a PjR (S, S) + e. 
Tenepb HeTpyn,HO npoBepiiTb, hto 

2 max{ap jjR (S, S*), a P)jR (S*, S)} < a PiR {S, S) + e. 

CjieflOBaTejibHO, b cany jieMMbi 1.1.1, (Y,n(X), ol p ,r) - - npocTpaHCTBO c 
BHyTpeHHeii MeTpiiKoii. 
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C noMombio jieMMbi 1.1.1 HeTpy^HO flOKasaTb, hto Y,* n (X) - - Bcio^y 
njiOTHoe noflMHO^KecTBO npocTpaHCTBa (Y±n(X) : cx p ,r) npii cardX > 1. H3 
3thx flByx flOKasaHHbix yTBep^K^eHHii 11 JieMMbi 1.1.1 cjie^yeT Tenepb Bep- 
HOCTb yTBep»ceHH5i fljiH npocTpaHCTBa (Ej\rP0, <%>,#)• 

(zt>) ^OKaSaTejIbCTBO flOCTaTOHHOCTH OHeBHflHO, a HeoSxOflHMOCTb 5IB- 

ji5ieTC5i cjie^CTBiieM flOKasamioro yTBep^K^eHHsi (iii) h ii3BecTHoft TeopeMbi 
Xoncpa-PnHOBa h Kcm-OocceHa (cm. [28], c. 60). TaKHM o6pa30M, TeopeMa 
3 flOKasaHa. 

OTMeTHM fljra cpaBHeHHH, hto H3 npefljicwKemra 1 [82] cjie^yeT, hto b 
reo^esHHecKOM npocTpaHCTBe, yapBjieTBopHiomHM ycjiOBHHM (Ai), (A2), 
(A3), MHOJKecTBO Bcex HenycTbix orpamiHemibix 3aMKHyTbix BbinyKjibix 
MHO>KecTB c MeTpiiKoii Xayc^opcpa 5iBji5ieTC5i reoflesHnecKHM npocTpaHCTBOM, 
yn,OBjieTBop5iioineM rjio6ajibHOMy ycjiOBHio Henojio>KirrejibHOCTii KpiiBii3Hbi 
no By3eMaHy. B cne^yic-meM cjieflCTBiiii 4 Teopetvi 1, 3 ycTaHOBjieHbi nojie3- 
Hbie flocTaTOHHbie yoiiOBira, npii KOTopbix ^Be iV-ceTii MoryT 6biTb coe^H- 
HeHbi cerMeHTOM b npocTpaHCTBe (Ejv(Jf), a). 

Cjie^cTBHe 4 [s20]. Ilycmb (X,p) - - 2eode3uuecKoe npocmpaHcmeo. 



mo N-cemu Si, S2 Mogym 6umh coedunenu cezMenmoM e npocmpancmee 



(ii) Ecjiu (X,p) - - co6cmeeHHoe npocmpaHcmeo, Si, ^ € Y,n(X) u 



mo N-cemu Si, S2 Mozym 6umh coedunenu cezMenmoM e npocmpancmee 



(i) Ecjiu Si, 5*2 G YT N {X) u 




(X N (X),a). 




IlpHMepbi. 
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/. PaCCMOTpiiM B eBKJIHflOBOH njIOCKOCTH R 2 flBe 3-ceTH 

M = {(0; 0), (-a; -a), (-a; a)}, W = {(0; 0), (a; a), (a; -a)}, 
r^e a G R+. Tor^a HeTpyznio HaiiTH, hto 

a(M, IV) = v^a, ^(M, IV) = o^M, W) = 2a 

H MHCG-KeCTBO 

n = {(0; 0), (-a/2; -a/2), (-a/2; a/2), (a/2; a/2), (a/2; -a/2)} G E 5 (R 2 ) 
ii3 TGopeMBi 1.1.2. KpoMe Toro, 

2a(M, T) = 2a(iy, T) = a(M, VT), 
2a 00 (M, D) = 2d 0O (^, D) = ^(M, IV), 

rfle 

T = {(-a/2; -a/2), (-a/2; a/2), (a/2; a/2), (a/2; -a/2)} G S 4 (M 2 ), 

D = {(0;0),(0;a),(0;-a)}GS 3 (M 2 ). 
TenepB HeTpyn,HO ycTaHOBHTB hto, b jiio6oh OKpecTHOCTii 3-ceTH 

= {(0;0)}G(S 3 (M 2 ),a) 

cymecTByiOT ^Be 3-ceTH, HecoeflHHHMBie cerMeHTOM b npocTpaHCTBe 

(E 3 (R 2 ),a) h a ^ a. 

II. PaCCMOTpHM Ha np5IMOH R Tpn 3-ceTH 

M = {0, 2a, 3a + &}, = {a, 2a + 6, 4a + &}, T = {a,3a + 6}, 
r^e a, b G R+. B cjie^yiomHx Tpex cjiyna^x HeTpyn,HO ncflCHHTaTB paccTO- 

HHHH. 

1. Ecjih b < a, to 

a(M, IV) = a^M, W) = ^(M, IV) = a. 
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2. Ecjih a < b < 2a, to 

a(M, W) = a<b = a 00 (M,W) = a^ R {M, W). 

3. IlycTb 2a < b. Ecjih a = 0, to M = W = T. Ecjih a > 0, to 

a(M, = a < 2a = a(M, T) + a(T, = 

« 00 ,i 1 >(M,W)<6 = a 00 (M,W), 
h He cymecTByeT cerivieHTa c kohh&mh M, b npocTpaHCTBe (S3(R),a). 

CpaBHHBasi nojiyHeHHbie pe3yjibTaTbi, HeTpyznro 3aMCTHTb, hto npoerpaH- 
ctbo (Ejv(X), a) jiHiiib npii N = 2 oSjia^aeT /jperaTOHHO xoponiHMii reo- 

MCTpHHeCKHMH CBOHCTBaMII, 3aBHCHIH,HMH OT aHajIOrilHHblX CBOHCTB npO- 

CTpaHCTBa (X, p). IlosTOMy iiccjie/xyeM stot cjiynaii HeMHoro nojjpo6iiee. 

PaccMOTpHM MeTpiinecKoe npocTpaHCTBO (X, p) c BbiflejiemibiM ceMeft- 
ctbom cerMeHTOB S, ynpBjiCTBopsiiomee cjie/jyiomHM ycjiOBii5nvi. 

(Bi) Ka>Kjj,biH nojj,cerMeHT npoH3BOJibHoro cerivieHTa H3 S npHHajjjie- 

)KHT S. 

(B2) A- 1151 JiioGbix x, y G X cymecTByeT e/iHHCTBeHHbiH cenvieHT [x, y] G 

S. 

fljra A G [0, 1], x,y G X o6o3HaHHM nepe3 cu\(x,y) Tonicy cerivieHTa 
[x, y] G S Taxyio, hto 

\xu)\(x,y)\ = \\xy\. 

Kpoivie ycjiOBHH (Bi), (B2) 6yn,eivi Hcnojib30BaTb cjie/jyiomee rjio6ajibHoe 
ycjiOBHe Henojio>KHTejibHOCTH KpiiBii3Hbi no By3eiviaHy npocTpaHCTBa (X, p) 
[ZZl c. 63]. 

{B3) fljIH JIK)6bIX 

x, y, z e X, 2\u l / 2 (z,x)u l / 2 (z,y)\ < \xy\. 

JleMMa 1 [sl6]. Tlycmh MempuuecKoe npocmpaHcmeo X ydoejiemeopa- 
em ycjioeuHM (B{), (B2), (-63)- Tozda 
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omo6pacHceHue 

it : (S 2 (X), a) ->• (X, p), tt({x, y}) = u) 1/2 (x, y) 

o6jiadaem cjiedywuixiMU ceoucmeaMU. 

(i) fijia jik)6ux S, Si G T, 2 (X) cnpaeedjiueu Hepaeencmea: 

|7r(5)7r(5i)| <a(5,5i) < |7r(5)7r(5i)| + i(D(S) + D(Si)). 
(ii) /Jam ak>6ux x, y G X uMeem Mecmo paeencmeo: 

M{a(S,Si) : 5 G tT 1 ^), 5 X G tT 1 ^)} = \xy\. 

^OKa3aTejibCTBO JieMMbi 1. 

(i) IlycTb 

\xu\ = D(S, Si), S = {x,y}, Si = {u,v}. 

Tor^a B CHJiy yCJIOBHH (£>l), {B 2 ) : (-B3) H H30MeTpHHH0CTH npocTpaHCTB 

(X 2 ,aoo), (S 2 (X),a) nojiyHHM: 

\ir(S)ir(Si) \ = \bJi /2 (x,y)uJi/ 2 (u,v)\ < 

\uji /2 (x,y)uji /2 (y,v)\ + \uJi/ 2 (y,v)ui /2 (u,v)\ < ^M + ^IH < 
max{|x-u|, = min{max{|xu|, |yi>|}; max{|:ru|, = a(5, Si). 

C flpyroii CTopoHbi 

a(S, Si) = min{max{|xw|, |y^|}; max{|:ru|, = max{|xv|, \yu\} < 

max{|x7r(S)| + \it(S)it(Si)\ + \tt(Si)v\; |«tt(5i)| + \it{Si)it(S)\ + \ir(S)y\} = 

\7r(S)7r(S 1 )\ + 1 -(D(S) + D(Si)). 

^OKa3aTejibCTBO (ii) cpa3y cjie^yeT 113 (i). TaKiiM o6pa30M, jieMMa 1 ^OKa- 
3aHa. 
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BBe^eM cjie^yioiuHe o6o3HaHeHH^. 

A = {{x,y}eZ 2 (X):x = y}, 

t{S) = {S 1 G S 2 (X) : a{S, Si) = D{S, Si)}, 

r^e S G E 2 (X). fljia S = {#, y} G E 2 (X) iiojiojkhm S'(x) = x npii x = y 
h = y npii x y. 

IlycTb npocTpaHCTBO X yzjoBjieTBopaeT ycjiOBUHM (-Si), (-S 2 ), (-S3) H 
5, 5i G £ 2 (X). BBe^eM mhokgctbo 

n(S,Si) = {{uji /2 (x,Si(u)),uji /2 (S(x),u)} G E 2 (X) : 

x e S, 11 e Si, \xu\ = D(S, Si)} 
h paccMOTpHM ane^yiomee ycjiOBiie Ha MeTpiiHecKoe npocTpaHCTBO X. 

(.S4) fljIH JIK)6bIX pa3JIHHHbIX TOHGK X, y G X HafifleTCH e^HHCTBeHHaH 

TOHKa zEl Taxaa, hto y = cji/ 2 (x, z). 

JleMMa 2 [sl6]. IJycmh MempunecKoe npocmpancmeo X ydoejiemeopsi- 
em ycAoeujiM (-Si), (-S 2 ) ; (-63). Tozcto eepnu cjiedywu^ue ceoucmea. 

(i) Ecjiu Si G' t(S)\A, mo cymecmeyem eduHcmeeHHCLR 2-cemh 

n(S,Si) e E 2 (i). 

(**) 5 G S 2 (X)\A, 5i G r(5)\A 

mosda u mojihKO mosda, Kosda MHODicecmeo 

n(s, Si) c s 2 (x) 

cocmoum U3 deyx pa,3JiuuHUX 2-cemeu. 

(in) Ecjiu npocmpaHcmeo X ydoeAemeopjiem manoice ycjioeuw (-S4), 
mo <?ah naoicdozo x G A u <?ah naoicdozo 

S G S 2 (X)\{x} 
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cymecmeyem edimcmeeHHasi 2-cemt. Si G ^ 2 (X) mama, umo 

S = Q(x, Si). 

^OKa3aTejibCTBO JieMMM 2. 

(i) IlycTb 

S = {x, y}, Si = {u,v}, \xu\ = D(S, S\) > a(S, Si). 
Tor^a, B CHJiy H30MeTpHHH0CTH npocTpaHCTB (X 2 ,a OQ ) : (Y, 2 (X),a)i 

a(S, Si) = max{|xf |, \yu\}. 

C jieflOBaTejibHO , 

Q{S, Si) = {u 1/2 (x,v), ui/ 2 (y,u)}. 

(ii) IlycTb 

\xu\ = a(S, Si) = D(S,Si). 

Tor^a 

a(S, Si) = max{|xf |, \yu\}. 

C jieflOBaTejibHO , 

Q{S, Si) = {{ui/ 2 {x, v),uj 1/2 (y : u)}, {uji/ 2 (x, u),uj 1/2 (y, v)}}. 

(Hi) IlycTb S = {u, v}. B cnjiy ycjiOBiiii (£>i), (B 2 ), (B3), (B4), HaH^yTCfl 
efliiHCTBeHHasi TOHKa z G X h e^HHCTBeHHaa TOHKa w G X TaKiie, hto 

u = ui/ 2 (x, z), v = ui/ 2 (x,w). 

Cjie^OBaTejibHO, S = Q(x, Si), r^e 5*1 = {z, w}. TaKiiM o6pa30M, jieivuvia 2 
flOKasaHa. 

IlpHMepbi. 

III. IlycTb nojiynjiocKOCTb 

P = {(x;y) G M 2 : x > y} 
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Ha^ejieHa MeTpiiKoft: 

d : P x P — y R, d((x; y), (u; v)) = max{|x — u\, \y — v\}. 
Tor^a OTo6pa>KeHiiG 

/:(P,d)->(E 2 (R),a), f((x;y)) = {x,y] 
5iBji5ieTC5i n30MeTpneii, nocKOJibKy fljia Bcex [x] y), (u; v) G P 
min{max{|a; — u\, \y — v\}, max{|x — v\, \y — u\}} = max{|x — u\, \y — v\}. 
IlpH 3tom f^ 1 (^(S, Si)) H3o6pa>KaeTC5i cepe^HHoft OTpe3Ka 

ir 1 ^),/- 1 ^)], 

r fl e S, Si G S 2 (R). 

7V. ITycTb (X, p) — eBKjiH^OBO npocTpaHCTBO 11 S G 7t _1 (x). Tor^a 

a(5,7r _1 (2/)) = 

fljiH Bcex x, y € X. 

V. IlycTb b OTKpbiTOM niape 5(0, 1) BemecTBeHHoro rmibGepTOBoro npo- 
CTpaHCTBa sa^aHa MeTpHKa p cjieflyiomiiM o6pa30M: 

( l-(x,y) \ 
M ~ ^ V((1-^)(1-^))W ' 
iyje (x,y) - - CKajiapHoe npoHSBeflemie bgktopob x, y H3 5(0,1). TaKiiM 
o6pa30M, nojiy^HjiH GecKcmeHHOMepHbra BapiiaHT ii3BecTHOH iiHTepnpeTa- 
iiiiii BejibTpaMH-KjieiiHa reoMeTpiiii Jlo6aHeBCKoro [66, c. 48]. B npocTpaH- 
CTBe (5(0,1),/?) paccMOTpiiM TaKiiG HeBbipo^fleHHbie nepneimHKyjiapHbie 
OTpe3KH [x,y], [a, 6], hto x = u\/2(a : b). Tor^a, iicnojib3y5i coo6pa>KeHHH 
CHMMeTpiiH ii TpiiroHOMeTpiiio njiocKOCTH Jlo6aHeBCKoro, HeTpyn,HO nojiy- 

HIITb paBeHCTBO 

sh(a({a, &}, tt- 1 ^))) = ch sh(\xy\). 

CjieflOBaTejibHO, b stom cjiynae rnvieeT MecTO HepaBeHCTBo: 

a{{a,b}, 7r-\y)) > \xy\. 
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1.3 BbinyKjibie MHO^cecTBa b o6o6m,eHHOM xop^obom 
npocTpaHCTBe 

06o6m j eHHUM xopdoeuM npocmpancmeoM [s6] Ha30BeM MeTpiinecKoe npo- 
CTpaHCTBO (X, p) c BbiflejieHHbiM ceMeiicTBOM S cenvreHTOB, Ha3biBaeMbix 
xop^aiviH, yflOBjieTBopaiomee cjie^yiomiiM yanoBiTHM (C\ — Cg). 

(Ci) KajKflbifi noflcerivieHT npoii3BOJibHoii xop^bi 113 S HBjisieTC5i xop- 

AOH. 

(C2) J\ji^ jiio6bix x, y E X cymecTByeT xop^a T(x,y) E S c KOHnaMii 
x, y. 

(C3) Ecjiii b napaMeTpH3an,HH nponopifflOHajibHoft fljiiiHe flyrii c o6jia- 
CTbio onpeflejieHHH paBHoii OTpe3Ky [0, 1] nocjieflOBaTejibHOCTb xopfl iioto- 
neHHO cxoflHTCH k HeKOTopoMy cemeHTy, to stot cenvieHT srejisieTC^ xopfloii. 

(C4) fljra KajKfloii tohkii p E X cymecTByeT OTKpbiTbiii map B(p,r p ) 
(r p > 0) TaKoii, hto BCHKiie flBe pa3JiiiHHbie tohkii 113 3Toro niapa mo>kho 

COe/fflHHTb eflHHCTBeHHOH XOpflOH. 

(C5) fljia Ka^K^ofi: tohkii p E X BC^Kyio xop^y T(x, y) } coefliiiraioiiiyio 
pa3JiHHHbie tohkii H3 niapa B (p, r p ) , mojkho eflHHCTBeHHbiM o6pa30M npo- 
flOJi^HTb b o6e CTopoHbi flo 6ojibineii xop^bi, t. e. HaftfleTCH Taxaa xop^a 
T{u,v) C B{p,r p ) 1 hto 

T{x,y) C T(m,v)\{m,v} 

11 ecjiii npoH3BOJibHbie flBe xop^bi 113 niapa B(p,r p ) iiMeiOT o6nrnii KOHen, 
11 o6inyio BHyTpeHHioio TOHKy, to o^Ha 113 stiix xopfl ecTb noflMHO^ecTBO 
flpyroft xopflbi. 

HacTO BMecTO ycjiOBH5i (C5) 6yn,eM ncnojib30BaTb 6ojiee ciuibHoe ycjiOBiie 
(PG). 

(PG) BcaKyio xop^y mojkho efliiHCTBemibiM o6pa30M npoflOJDKHTb flo 
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t&koh reojj,e3HHecKoft jihhhh, y KOTopoft Ka>KJibift npHHafljiejKamHft eft cer- 
MeHT npocTpaHCTBa X 5iBjr5ieTC5i xopfloft. S^ecb h jj,ajiee o6jiacTb napaMeT- 
pH3au,HH reojj,e3HHecKoft jihhhh coBna/jaeT c R [251 c - 48], [23, c. 3]. 

,Hjifl KOMnaKTHoft 3anHCH cjie/jyioiHHx ycjiOBHft BBe^eivi HecKOJibKO 060- 
3HaneHHft. Ecjih BbinojiHeHO ycjiOBHe (PC), to K = R, b hhom cjiynae 
X = [0,1]. fljia npoH3BOJibHoro x E X W x - - mhokcctbo Bcex y G X 
TaKHx, hto cyru;ecTByeT eflHHCTBeHHaa xop/oa T(x,y). T\(x,y) - - TOHKa, 
KOTopaa HaxoflHTca H3 cjie/jyioiHHx ycjiOBHft: 

(i) ecjiH A G [0, 1], to 

T x {x,y) G T(x,y), \xT x {x,y)\ = X\xy\; 

(ii) ecjiH BbinojiHeHO ycjiOBHe (PG) h A > 1 (A < 0), to 

\xT\(x,y)\ = \X\\xy\ 

h TOHKa T\(x, y) npHHajjjie>KHT reojj,e3HHecKoft, coflepjKameft xop/jy T(x, y), 
TaKHM o6pa30M, HTo6bi TOHKa y (x) jie>Kajia Me^Kjjy TOHKoft x (y) h tohkoii 
T\{x : y). 

^jra Ka>Kjj,oro A G K nojio>KHM 

u\{x, y) = {T\(x, y) : T(x, y) G S} (1). 

(Cq) H3 yCJIOBHft 

x = lim x n , y = lim y n 

n— >oo n— >oo 

cjie/xyeT, hto Ka^K^oro A G K BepHO paBeHCTBO 

lim \u\(x m y n )u x (x,y)\ = 0. 

n— >oo 

(Cj) J\r^ Ka>Kjj,oro x G X h fljra Ka>Kjj,oro A G (0, 1) OTo6pa>KeHHe 
K ■ W x -> Ws, A^d/) = o;a(x, 2/), 
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OTo6pa>KaeT OTKpbiTbie MHO>KecTBa b X, npHHafljiejKamne MHO>KecTBy W x , 

B OTKpbiTbie MHC»KeCTBa B X. 

(Cg) fljra Ka^K^oro p E X cymecTByeT HenpepbiBHoe OTo6pa>KeHHe 

t p : B(p,r p ) B(p,r p ), 
yn,OBjieTBop5nomee ycjiOBHio 

P = wi/ 2 (x,t p (x)) 

fljia KajK^oro x G B(p, r p ) . 

HeTpyflHO npoBepHTb, hto ycjiOBHH {C\ — C%) BbinojiiraiOTCfl b xop^OBOM 
npocTpaHCTBe [2H c. 23], a ycjiOBHH (C7), (Cs) cjie^yiOT H3 ycjiOBHH {C\ — 
GO, (C fl ), (PC). 

06o6meHHoe xop^OBoe npocTpaHCTBO Ha30BeM o6o6w ) eHHUM 
G-npocmpaHcmeoM By3eMana, ecjiii oho ynpBjieTBopaeT ycjiOBHio (G). 

(G) CeMeftcTBO S coBna^aeT c ceMeftcTBOM Bcex cerMetrroB npocTpaH- 
CTBa X. 

HeTpyflHO npoBepiiTb, hto G-npocTpaHCTBO By3eMaHa [251 c - 54] hbjih- 
eTCH o6o6meHHbiM G-npocTpaHCTBOM By3eMatia. 

B flajibHeiinieM HaM noHafloGflTCH cjie^yioiuHe onpeflejieHHH. 

MHO>KecTBO M npocTpaHCTBa X 7 yzjOBjieTBopsiiomero ycjiOBH^M (Ci), 
(C2), Ha30BeM U-MHOotcecmeoM, ecjiH fljra Ka^^bix flByx pa3JiHHHbix to- 
neK H3 MHOJKecTBa M cymecTByeT eflHHCTBeHHan xop^a c KOHi^aiviH b sthx 
TOHKax. 9to aHajior ?7-MHO>KecTBa b xop^OBOM npocTpaHCTBe [23, c. 73]. 

06o6w j eHHUM npaMUM xopdoeuM npocmpaHcmeoM (o6o6m ) eHHMM npn- 
mum G-npocmpaHcmeoM By3eMana) Ha30BeM o6o6m,eHHoe xop^OBoe npo- 
CTpaHCTBO (o6o6m,eHHoe G-npoorpaHCTBO By3eiviaHa), KOTopoe aBjiHeTCH 
[7-MHO>KecTBOM h yflOBjieTBopaeT ycjiOBHio (PG). 3to aHajiorn np^Moro 
xop^OBoro npocTpaHCTBa h np^Moro G-npocTpaHCTBa By3eMaHa [27, c. 26]. 
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BaHaxoBO npocTpaHCTBO, b kotopom b Ka^ecTBe xop/i, BBi6paHBi np^MOJiH- 
HeftHBie cerMeHTBi, HBji5ieTC5i npiiMepoM o6o6ineHHoro np^Moro xop^OBoro 
npocTpaHCTBa. 

IIpttMOU B IipOCTpaHCTBG X, yflOBJieTBOp^IOIUHM yCJIOBHHM (Ci), (C2), 

Ha30BeM reoflesnnecKyio jihhhio, y KOTopoft Ka^K^bift npHHafljie^ainnft eft 
cerMeHT npocTpaHCTBa X HBjiHeTCH xop^oft. 

MHO>KecTBO M npocTpaHCTBa X, yzjoBjieTBopsnomero ycjiOBH^M (Ci), 
(C2), Ha30BeM eunyKAUM, ecjin ^jih Ka^^bix flByx pa3JiHHHbix ToneK H3 

M BCe XOpflbl C KOHUaMH B 3THX TOHKaX npHHa^JIOKaT MHO>KeCTBy M [27, 

c. 72]. 

Mhokcctbo M c HenycToft BHyTpeHHOCTbio o6o6meHHoro xopflOBoro npo- 
cTpaHCTBa Ha30BeM cmposo eunyKJiuM, ecjin mhokcctbo M hbjihctch U- 

MHO>KeCTBOM H flJIfl Ka^KflblX flByX pa3JIHHHbIX TOHCK x, y G M Ka^Kflaa 

TOHKa 2, yn,OBjieTBop5noina5i ycjiOBHio [xzy] 7 hbjihctcm BHyTpeHHeft tohkoii 
MHO>KecTBa M (cp. [251 c - 153]). 3/recb [xzy] 03HanaeT, hto tohkh x, y, z 
nonapHO pa3JiHHHbie n TOHKa z npHHa/yie^KHT e^HHCTBeHHoft xop^e c koh- 
iraMH x : y. 

IlycTb E — BbinyKjioe mhojkcctbo BemecTBeHHoft np^Moft R. <DyHKHH5i 

f : E^R 

Ha3bmaeTC5i 6e3eepmuHH0u J ecjin OHa HenpepbiBHa n 

f(y) < max{ f(x),f(z)} 
fljiH Bcex x 7 y : z E E Taxnx, hto x < y < z (23, c. 144]. 

OyHKHH5I 

f :X ^R 

Ha3biBaeTca cjia6o 6e3eepiuuHHOu 7 ecjin OHa HenpepbiBHa, npocTpaHCTBO X 
ya,OBjieTBop5ieT ycjiOBH^M (Ci), (C2) n 

/(y) < max{/(i),/(z)} 
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fljra Bcex x y y y z Taxiix, hto [xyz] , iyje [xyz] 03HaHaeT, hto tohkh x,y, z 
nonapHO pa3JiHHHbie h TOHKa 7/ npimafljiOKHT HeKOTopoii xop^e c KOimaMH 
i^PHc. 73, c. 149]. 

IlpHMyio Ax b o6o6meHHOM np^MOM xop^OBOM npocTpaHCTBe Ha30BeM 
nepnendunyAApoM k np^Moft A b tohkc ecjin {x} = A Pi Ai h Ka^^asi 
TOHKa npsiMOH Ai HMeeT cbohm ocHOBaHHeM Ha np^Moft A TOHKy x. IlpH 
9tom np^Maa A Ha3biBaeTca mpanceepcaAbK) k np^Moii Ai b tohkc x (cp. 
M c. 10], [251 c 158]). 

IlycTb M — BbinyKjioe mhcwkcctbo c HenycToft BHyTpeHHOCTbio o6o6m,eH- 
Horo xopflOBoro npocTpaHCTBa Taxoe, hto M C B(p, r p ). OiiKCiipyeM TOHKy 
q G dM. r^e dM — rpaHHii,a MHomecTBa M. Onopnou xopdou MHO>KecTBa 
M b TOHKe q Ha30BeM Taxyio xop^y T(x, y), hto 

o 

x, y e B(p,r p ), [xqy] h T(x,y)H M= 0. 

0603HaHHM MHO>KeCTBO BCeX TOHeK Ha BCeX OnOpHblX XOpflaX B TOHKe q 

nepe3 V q (cp. [2H c. 79]). BBe^eivi MHO>KecTBa (cp. [2H c - 79]) 

= {x e £(p,7>) : 3y (y GM, Ng])}, 
C g = {x G B(p, r>) : 3y (2/ GM, [zgj/])}, 

o 

r^e M — BHyTpeHHOCTb MHO>KecTBa M. 

noAyKacameAbHoil xopdou MHO>KecTBa M C X b tohkc g Ha30BeM xop^y 
T(q : x), yflOBjieTBopaioinyK) cjieflyioinHM ycjiOBHHM: 

(z) xopfla T(q,x) npiiHa^jiOKHT HeKOTopoii onopHOii xop^e MHO>KecTBa 
M b TOHKe q\ 

(ii) cym,ecTByeT nocjie^OBaTejibHOCTb tohck (z/ n )neN H3 A q Taicaa, hto 

lim y n = z, z G a;)\{g}. 

06o3HaHHM MHO>KecTBO Bcex tohck Ha Bcex nojiyKacaTejibHbix xop^ax mho- 
>KecTBa M b TOHKe q Hepe3 V q (cp. [271 c. 79]). 

67 



3aMeHaHHe 1. B o6o6ui > chhom npAMOM xopdoeoM npocmpancmee umc- 
wm cmuca nounmuA onopuux u nojiyKacamejibHux npnMUX, ccau e onpe- 
deAenuAX Muowcecme V q , A q , C q , V q 3aMeuumb omrcpumuu map B(p,r p ) 
na npocmpaHcmeo X. 

B cjieflyiomeH JieMMe 1 npHBe^eHbi HeKOTopbie sjieMeHTapHbie CBoftcTBa 
paccMOTpeHHbix noHHTHH. ^OKasaTejibCTBa sthx cbohctb Te >Ke, hto h ro- 
Ka3aTejibCTBa aHajiornnHbix cbohctb, npHBefleHHbie b [27], c. 10, 73], [251 c - 
156]. 

JleMMa 1 [s6]. 

(i) Henpepuenaa ajyuKi^un 

f :X -^R 

CAa6o 6e36epwunnaji mozda u moAKKO mozda, nozda 3aa nawcdozo r G R 
MHOMcecmeo 

{x e X : f(x) < r] 

eunyKAoe. 

(ii) Bee 3aMKHymue mapu npocmpaticmea X, ydoeAemeopjiwu^eso ycAO- 
6uhm (Ci), (C2), eunyKAue mosda u moAhKO mosda, KOdda 3aa nawedodo 
p G X qjyuKi^UR 

f:X^R, f(x) = \px\ 

— cAa6o 6e36epwuHHaH. 

(in) Ecau npocmpaHcmeo X, ydoeAcmeopsiem ycAoeu^M (C\), (C2), 
mouKa y neAnemcn ocnoeanueM mouKU p na Mfiootcecmee M u eunoA- 
ncmcA ycAoeue [pxy] w , mo mourn y AGAJiemcA ocnoeanueM monnu x na 
MHOJfcecmee M . Ecau, npoMe moso, npocmpancmeo X ydoeAemeopncm 
ycAoeufiM (C5), (G), mo mouKa y RGAnemcn eduHcmeeHHMM ocHoeanueM 
mouKU x na Mnootcecmee M . 

(iv) Ilycmb M neAMemcn cczMcumoM, AynoM uau zco3c3uhcckou au- 
nueu npocmpancmea X c npcdcmaeAcuucM x = x(t). Ecau 3aa u G [u\ : U2] 
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z = z(u) - - nenpepuenaA napaMempu3oeannaA KpueaA manan, umo mho- 
wcecmeo P(z(u), M) c6A3noc 3ah Kaofcdoso u E [1*1,^2] u 

xih) e P{z{ Ul ) : M) : x (t 2 ) e P{z{u 2 ) : M) : t 3 e [t h t 2 }, 

mo naudemcA hucao us G [1*1,^2] manoe, umo x(t%) G P(z(us), M). 

TeopeMa 1 [s6], [s4]. IJycmb M — eunyKAoe U -Mnowcecmeo npocmpan- 
cmea X, ydoeAemeopAwu^eso ycAoeuAM (C\ — C5). Tosda eepnu CAedyw- 
uiAie ymeepjfcdemiA. 

(i) Ecau eunoAHAemcA ycAoeue (C7) u 

0, 

o _ o 

mo M — eunyKAoe Mnootcecmeo u M = M- 

(ii) Ecau eunoAHAemcA ycAoeue (Cq) u M AeAnemcn U -MnootcecmeoM, 
mo M - eunyKAoe Mnowcecmeo (anaAosuunoe ymeepjtcdenue 3aa xopdo- 
6020 npocmpancmea cm. [271 c - 74]). 

(Hi) Ecau M AQAAcmcA U -MnowcecmeoM o6o6ui ) enno30 xopdoeoso npo- 
cmpancmea X, 

o _ 

x EM, x G M, 

mo 

o 

(T(x ,x)\{x}) CM, M=M . 
/^OKasaTejibCTBO TeopeMM 1. 

o 

(i) IlycTb x, y EM- Tor^a HaftfleTCsi OKpecTHOCTb 

Uy CM 

TOHKH y. B03bMeM npOH3BOJIbHyK) TOHKy Z, yflOBJieTBOpHIOIHyK) yCJIOBHK) 

[xzy\. Tor^a z E X x (U y ), r#e 

xz\ 
\xy\' 
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nocKOJibKy MC W x . H3 ycjiOBHH (C7) cjie^yeT, hto 

X x (U y ) CM . 

o 

IlosTOMy M — BbinyKjioe mhokcctbo. IlycTb 

x GM, x G M. 

Bo3bMeM npoH3BOJibHyio OKpecTHOCTb U x tohkh x. Tor^a cymecTByeT toh- 
Ka z G U x Pi M. Kpoivie Toro, H3 ycjiOBira (C7) cjie^yeT, hto 

{T(x ,z)\{z}) CM, 

nocKOJibKy 

x GM 

r z — TOHKa BbinyKjioro MHO>KecTBa M C Tenepb ohgbh^ho, hto 

{T(x ,z)\{z})nU x ?fr 

IlosTOMy 

c/^n m^ 0- 

TaKHM o6pa30M, 

x G M, M c M. 

06paTHoe BKjiioHeHiie OHeBiiflHO. 

(m) IlycTb x,y E M, 2 G T(x, y). Tor^a sth tohkh mo>kho npe^CTaBHTb 
b BH^e 

x = lim x n , y = lim y n , z = u x (x, y), 

n^oo n^oo 

ryje 

A G [0, 1], (x n ) neN , (y n )neN 

- nocjieflOBaTejibHOCTH H3 M. Kpoivie Toro, fljia KajK^oro HaTypajibHoro 
HHCJia n 

{u\(x n ,y n )} C M, 
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nocKOJibKy M — BbinyKjioe MHO>KecTBO. H3 ycjiOBM (Cq) cmpjeT Tenepb, 
hto z G M. TaKHM o6pa30M, MHO>KecTBO M BbinyKjioe. 

(Hi) Hcnojib3yeM MeTOfl ^OKasaTejibCTBa ot npoTHBHoro. IlycTb cym,e- 
CTByeT TOHKa y OTjiiiHHaa ot tohkh x Taicaa, mto 

y G T(x ,x)\ M . 

Bbi6epeM A G (0, 1) Taxoe, hto 

X y (x ) G B(y,r y ), \yX y (x Q )\ < \yx\. 

H3 ycjiOBHH HenpepbiBHOCTH OTo6pa>KeHii5i X y cjie^yeT, hto cymecTByeT 

OKpeCTHOCTb 

U X0 CM 

tohkh xo, oGjia^aiomaH cjieflyiomiiM cbohctbom. 

X y (U X0 ) C B(y,r y ). 
H3 ycjiOBHH (C7), (Cs) cjie^yeT, hto MHO>KecTBO 

OTKpblTOe H 

Ho H3 yTBep^K^eHHa (i) cjie/ryeT, hto 

M = M, 

a H3 yTBep^fleHH^ (n) cjie^yeT, hto 

T(y,x) G M. 

IlosTOMy cymecTByeT tohkb 

Z G Ty(Xy(U X0 ))n M • 

IlycTb 

*1 = Kj l { r y\ Z ))- 

71 



Tor^a 
iyje 



H3 ycjiOBHH (C7) 11 yTBepjKfleHHH (i) cjie^yeT Tenepb, hto ?/ GM- riojiyHiijiii 
npoTiiBopeHiie. IlycTb 

o 

x GM . 

Toiyja cymecTByiOT OKpecTHOCTb r), r^e < r < r x , h TOHKa 2 TaKiie, 

B(x,r) C M, z GM fl5(x, r). 
Hcnojib3y5i ycjiOBne (C5), npoflOJDKiiM xop^y r(2;,x) ,0,0 6ojibineii xop^bi 

T(z,2/) c B(x,r). 

Tor^a 113 nepBoii HacTii ^OKasaTejibCTBa cjie^yeT, hto 

x GM . 

C jieflOBaTejibHO , 

o 

MCM . 

06paTHoe BKjiioHeHiie OHeBiiflHO. TaKiiM o6pa30M, TeopeMa 1 ^OKasaHa. 

B cjieflyiomeii TeopeMe 2 coflep^KaTca yTBep^K^eHira, aiiajioriiHHbie yTBep- 
^KfleHHHM fljisi xopflOBoro npocTpaHCTBa (cm. [27, c. 74, 75]). Otmctiim TaK- 
>Ke, hto, k co>KajieHHio, b [27, c. 74, (4)] iiMeiOTC5i hgtohhocth b cpopMyjm- 
poBKe h b flOKasaTejibCTBe. 

TeopeMa 2 [s6]. 5 o6o6m i eHHOM xopdoeoM npocmpancmee X, abarw- 
vjfiMCH, U -MHOJfcecmeoM, CAedywu^ue ymeepofcdenuA dKeueaAenmHU. 

(i) Bee 3aMKHymue mapu eunyKAue. 
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(ii) JJaa nacHcdou moHKU p G X u Kacncdou xopdu T G S cfiynKyuA 

f(t) = \px(t)l 

sde x = x(t) - napaMempunecKoe npedcmaejienue xopdu T, A6AAemcA 
6e3eepmuHHou. 

(Hi) /^ah KdDicdou moHKU p G X u KdDicdou xopdu T G S MHOofcecmeo 

P(p, T) C6A3H06. 

KpoMe mozo, U3 smux ymeepofcdeHuu cjiedyem, umo nepeceuenue npo- 

U360AbH0U ClfiepU U np0U360AbH0U XOpdu A6AA6TTICA Au6o nyCWLUM MHO- 

ofcecmeoM, au6o xopdoil, au6o deyMA mouKaMU. 
,H,OKa3aTejii>CTBO TeopeMbi 2. 

(i) =>• (ii). Ecjih cjDyHKipia 

/:R->R, f(t) = \px(t)\ 

He aBjiaeTca 6e3BepniHHHoii, to Ha xop^e T cymecTByiOT TaKHe tohkh x 7 y, 
z, hto [xyz] h jih6o f(y) > max{/(x), f(z)}, Jih6o 

f( y ) = r = max{/(x), f(z)}, r = f(x) > f(z). 

nepBbiii cjiynaii npHBO^HT k npoTHBopemiK), nocKOJibKy 3aMKHyTbiii map 
B\p, r] BbinyKjibiii. Bo btopom cjiy^ae H3 yTBep^flemra (Hi) TeopeMbi 1 cjie- 
flyeT, hto y — BHyTpemraa TOHKa niapa B\p, r]. IlojiyHHjiH npoTHBopeniie, 
nocKOJibKy f(y) = r. 

(ii) =4> (Hi). 3to OHeBHflHO. 

(Hi) =4> (i). flonycTHM, hto 3aMKHyTbifi map B\p,r] HeBbinyKjibifi. To- 
r^a, Hcnojib3ya ycjiOBiie (C\) h HenpepbiBHOCTb napaMeTpimecKoro npe^- 
CTaBjieHHa xopflbi, mo>kho HaiiTH xop^y T(a, 6), yzjOBjieTBopaiomyio ycjio- 

BH3M 

\ap\ = \bp\ = r, \xp\ > r 
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flJIfl Ka^KflOH TOHKH X TaKOH, HTO [axb]. IIojryHHJIH IipOTHBOpGHIie C yCJIO- 

BiieM (Hi). 

^OKa^KeM nocjie/mee yTBep>KfleHHe. Ecjih r < \pT\, to 

B\p, r] nr = 0. 

Ecjih r = \pT\, to mho>kgctbo B[p : r] Pi T HBjiaeTCH xopfloft, nocKOJiBKy 
3aMKHyTBift map B\p,r] BBinyKjiBift. Ecjih r > \pT\, to H3 yTBep>Kjj,eHH5i 
(Hi) TeopeMBi 1 cjie/jyeT, hto mhojkcctbo B[p, r]f)T coctoht He 6ojiee HeM 
H3 flByx ToneK. TaKHM o6pa30M, Teopeivia 2 jj,OKa3aHa. 

B cjie/ryiomeH TeopeMe 3 cojj,ep>KaTC5i yTBep^K^eHHH, aHajiornnHBie yTBep- 
>Kjj,eHH5iM fljia G-npocTpaHCTBa (cm. [23, c. 157, (20.9)]). 

TeopeMa 3 [s6], [s4]. Tlycmh B(p,r p ) - ajuKcupoeannuu omKpumuu 
map U3 ycAoeuA (C4) o6o6m f ennoso G-npocmpaHcmea By3eMaHa X . Tosda 
cjiedywmue ymeepatcdenuA dKeueaAenmnu. 

(i) Bee 3a,MKHymue mapu, npunadAeotcamiie mapy B(p,r p ), eunyK- 
Aue. 

(ii) Bee 3aMKHymue mapu, npunadjieoicam^ue mapy B(p,r p ), cmpodo 
eunyKAue. 

(Hi) KaotcdaA moHKa x G B(p, r p ) ujueem eduncmeennoe ocnoeanue na 
KaotcdoM cezMenme T , ydoeAemeopAwmeM ycAoeuw 

\xT\ < r p — \px\. 

KpoMe mozo, U3 (i), (ii), (Hi) CAedyem ymeepotcdenue 

(iv) npou360AhHUU cesMenm u npou360AbnaA cfyepa, npunadAtwcamflA 
mapy B(p,r p ), nepeceKawmcA ne 6oAee, ueM e deyx moHKax. 

B ceoTO onepedb, U3 (iv) CAedyem 

(v) KawcdaA moHKa x G B(p,r p ) uMeem eduncmeeHHoe ocnoeanue na 
motcdoM cezMenme T , ydoBAemeopAWU^eM ycAoeuw 

max{|;n/| : y G T} < r p — \px\. 
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^OKasaTejibCTBO TeopeMbi 3. 

(i) =4> (ii). flonycTHM, hto 3aMKHyTbiii map B[x, r\\ C B(p,r p ) He 
5iBji5ieTCH CTporo BbinyKjibiM. Tor^a cymecTByic-T tohkh y, z : q, ynpBjieTBO- 

p5HOfflHe yCJIOBHHM 

\xy\ = = \xq\ = ri, [yzg]. 
Hcnojib3ya ycjiOBiie (C5), npc-flOJDKiiM cenvreHT ao Taxoro cemeHTa 

[Z, It], HTO 

ri + < r p — \up\. 

Tor^a 

r2 = max{|m/|, \uq\} < \ux\ + T\ = \uz\ 

h TOHKa 2 He npHHa^jiejKHT 3 aMKHyTOMy niapy r2]. B cmry ycjiOBira 
(i) nojiy^aeM npoTHBopeHiie. 

(ii) => (Hi), (iv). 3to OHeBH/mo. 

(Hi) =4> (i). flonycTHM, hto HaiifleTca HeBbinyKjibiii 3aMKHyTbiii map 

B[x,n] C B(p,r p ). 

Tor^a cymecTByiOT tohkh a, 6, ynpBjieTBop^ioirffle ycjiOBiisiM 

\xa\ = |x6| = 7*1, [a, 6] D ri] = {a, 6}. 

Ho cxrcicfla cjie^yeT, hto TOHKa x HMeeT mm ocHOBaHiia Ha cerMetrre [a, b]. 
IlojiyHHjiH npoTHBopeHHe. 

(iv) =4> (v). ^onycTHM, hto TOHKa x G B(p : r p ) HMeeT msa ocHOBamrH 
Ha cerivieHTe [a, 6]. IIpemiojiojKeHHe o tom, hto TaKHx ocHOBamiH 6ojibnie 
flByx cpa3y npuBO/mT k npoTHBopeHmo b cnjiy ycjiOBHH (iv). IlycTb TOHKa 
z yflOBjieTBopaeT ycjiOBHio 

\xz\ = m&x{\xq\ : g £ [a, b}}. 
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HenpepbiBHO yMeHbinaa A (A < 1), Haft^eM nepByio TOHKy z\ % OTjiHHHyio 
ot tohkh z y KOTopaa npHHa/yiejKHT nepece^eHHio ccpepbi 

S(\ z (x), X\zx\) 

c cerMeHTOM [a, b]. Ecjih TaKirx ToneK 6ojibine OflHoii, to nojrynaeM npo- 
TiiBopGHiie b CHjiy ycjiOBHH (iv). EtycTb fljra onpeflejieHHOCTH Z\ £ [a,z]. 
OneBH^HO, hto HaftfleTca ccpepa S(\ z (x),ri), pa^iiyc KOTopoft yn,OBjieTBO- 
paeT HepaBeHCTBaM 

max{min{|A z (a:)g'| : q £ [z, &]}, min{|A z (x)g| : q £ [z\, z}}} < r\ < \\xz\. 

3Ta ccpepa nepecexaeT cerMeHT [a, 6], no MeHbineft Mepe, b Tpex TOHKax. 
B CHJiy ycjiOBHH (iv) nojiyniijiH npoTHBopeHiie. TaKiiM o6pa30M, TeopeMa 3 
flOKasaHa. 

CjieflyioinaH TeopeMa 4 aHajioriiHHa TeopeMe 4 /yra xop^OBoro npocTpaH- 
CTBa ii3 [271 c - 65] h HMeeT Taxoe >Ke ^OKasaTejibCTBO, ecjin ynecTb TeopeMy 
I. 

TeopeMa 4 [s6]. Ilycmb djia Kaotcdou itiohku p o6o6m j cnnozo xopdoeodo 
npocmpaHcmea X cyu^ecmeyem omnpumuu map B(p,ri(p)) manoil, nmo 
ece omKpumue mapu U3 amozo mapa cmposo eunyKJiue u r\(p) < r p . 
Tosda npocmpancmeo X jieAfiemcji o6o6ui j eHHUM G-npocmpaHcmeoM By- 
3eMana. 

Cjie^yiomaa TeopeMa 5 aHajiornHHa npe/yio^KeHiraM (20.3), (20.4) H3 [25, 
c. 154] h npefljio^KeHHK) (1) H3 [271 c. 79]. 

TeopeMa 5 [s6], [s4]. Ilycmb o6o6m ) eHHoe xopdoeoe npocmpancmeo X 
ne uMccm pa3Mepnocmu 1, q — zpanunnan monna eunynjiozo Mnootcecmea 
M C X manozo, nmo 

M^0, McB{p,r p ). 

Tosda 

B(p,r p ) = V q UA q UC q 
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u MHODicecmeo V q (V q ) omdeAJiem e uiape B(p,r p ) MHODtcecmeo A q om 
MHODicecmea C q . 

^],OKa3aTejii,CTBO TeopeMbi 5. 

H3 onpeflejieHHH mhokcctb A qi C q: V q h TeopeMbi 1 cjie^yeT, hto 
A q f]C q = 0, B(p, r p ) = V q U A q U C q . 

EtycTb 

x = x(t), t e [0, 1], 

- HenpepbiBHbifi nyTb TaKoft, hto x(0) G A qi x(l) G C q . 06o3HaHHM nepe3 
t = sup{t : t G [0, 1], 3y t (y t 6M, [x(t)y t q])}. 

OneBHflHO, HTO to > 0. ^OnyCTHM, HTO x(to) G ^4 g . H3 yCJIOBH5I (Cq) 

cjie^yeT, hto OTo6pa>KeHHe A g HenpepbiBHO b niape B (p, r p ) fljiH kqjkj\o- 
ro A 6 (0, 1). Cjie^OBaTejibHO, fljra Majioro t — to > cymecTByeT TOHKa 

Vt GM, 

yflOBjieTBopaiomaH ycjiOBHio [#(t)?/t<?]. B cnjiy onpe^ejieHiisi to, nojiynnjiH 
npoTHBopeniie. flonycTHM, hto x(to) G C q . OTo6pa>KeHH5i 

r q : r q ) r g ), A g : r g ) A g (£(g, rj) 

HenpepbiBHbi fljra Ka^K^oro A G (0, 1). OTOio^a HeTpyznio nojiyniiTb, hto 
fljiH Majioro to ~~ t > cymecTByeT tohkb 

27*i eM, 

yzjOBjieTBopaiomaa ycjiOBHio [x(t\)y tl q\. Tor^a npn 

< t - h < t - t 

o 

BbinojiHeHO ycjiOBiie [y^qyti]- Ho no TeopeMe 1 M — BbinyKjioe MHO>KecTBO. 

o 

3HanHT, q EM- CHOBa nojiynnjiH npoTHBopenne. CjieflOBaTejibHO, x(to) G 
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V q . Tenepb HeTpynbio 3aivieTHTb, hto x(to) G V q . TaKiiM o6pa30M, Teopeivia 
5 flOKasaHa. 

Cjie^yiomaa Teopeivia 6 aHajioriiHHa npe/yio^KeHiriiM (20.11), (20.12) H3 
[251 c - 160] h npefljiOKeHHHM (2), (3) H3 [2H c - 80-82]. OHa HMeeT Taxoe >Ke 
flOKasaTejibCTBO, ecjin y^ecTb Teopeivibi 2, 5. 

TeopeMa 6 [s6], [s4]. Ilycmb o6o6iu ) eHHoe npAMoe xopdoeoe npocmpan- 
cmeo X ne ujueem pa3MepHocmu 1 u ece omnpumue wapu e neM eunyn- 
auc Tosda eepnu cjiedywu^ue ymeepofcdenun. 

(i) JJaa KdQfcdou moHKU x G X u 3aa Kawcdou npjiMou A C X cyu^e- 
cmeyem nepnenduKyjisip k npsiMOu A, codepotcaiuxLU moHKy x. Odzedune- 
nue ecex nepnenduKyAApoe k npsiMoil A, codepotcawiix mouny x, nepece- 
Kaem npsiMyw A no xopde. YlpuntM, ecAU ocHoeanue tjiohku x na npsiMou 
A eduncmeeHHo, mo uepe3 moHKy x npoxodum edimcmeeHHUu nepnendu- 
KyAAp K npAMOU A. 

(ii) TpanceepcaAU k daHHoil npsiMou A C X e dauHou moHKe q G 
A coenadawm c onopnuMU npsiMUMU e spanuHHOu moHKe q 3aa mapa c 
yenmpoM e npou360AbHou moHKe x E A, otjiauhhou om tjiohku q, paduyca 
\xq\ . 

(iii) MHOOfcecmeo moueK, pacnoAOOtcenHux na ecex mpanceepcaAAX k 
dannou npAMoil A C X e daHHoil moHKe q G A ; pa36ueaem npocmpaHcmeo 
X na dea auhcuho C6A3HUX MHOCHcecmea. 

1.4 O^yjiapHbie CTpyKTypbi reoMeTpira TnjibSepTa h 
npaMoro G-npocTpaHCTBa By3eMaHa 

PaccMOTpHM reo^esHHecKoe npocTpaHCTBO (X, p), Hepe3 Ka^^bie ^Be pa3- 
jiHHHbie tohkh KOToporo mo>kho npoBecTH e^HHCTBeHHyio np^Myio, t. e. 

KpiIByK), H30MeTpHHHyK) HHCJIOBOH npHMOH CO CTaH^apTHOH MeTpHKOH. C 

noMODXbio cpopiviyjibi (1.3.1) onpe^ejieHO oflHonapaivieTpHHecKoe ceivieHCTBO 
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(cja)ag]r 6iiHapHbix onepauHft 



uj x : X x X -> X (AgR). 
Kpoivie Toro, fljia (pHKCiipoBaHHbix A G R, p G X onpe^ejieHa yHapHaa 



onepan,HH 

A p : X -> X, Ap(x) = cja(p, »)■ 

HeTpyflHO npoBepHTb, hto npn A / 1 TOHKa X x (y) flejiHT opiieHTiipoBaH- 
Hbift cerMeHT [x,y] c HanajiOM b tohkg x h kohuom b TOHKe y b OTHoniGHiiii 
A : (1 — A). OTMeTHM HeKOTopbie sjieMeHTapHbie CBoficTBa BBe^eHHbix one- 
painift. 

1. fljia Bcex p, y G X, A, /i G R iimc-iot MecTO paBeHCTBa 



Axfe) = (1 - X) y (x), \X p (x)/ip(x)\ = |A - ii\\px\. 
2. fljia Bcex x, y G X, A G R\{ — 1}, \i G R HMeeT MecTO paBeHCTBO 



flejiHT opiieHTiipoBaHHbiii cemeHT [x, y] b OTHonieHiiii A. 

OiiKCiipyeM TOHKy j)GXh onpeflejiHM eme OflHy 6iiHapHyio onepauHio 



c HeHTpajibHbiM sjieivieHTOM p G X 5mjraeTC5i o^yjieivi (onpeflejieHHsi cm. [73, 
c. 801]). 06o3HaHHM 3tot opjjib nepe-3 X p . 

CeMeftcTBO o/jyjieft {X p } pe x onpe^ejisieT Ha reo^esiiHecKOM npocTpaH- 
CTBe (X, p) oflyji^pHyio CTpyKTypy W. H3 onpeflejieHHH onepan,HH cjie^yeT, 



r^e TOHKa 





HeTpyznio npoBepHTb, hto ajire6pa 



(X, +p, p, {A p }a £ k) 
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HTO KaJKflafl H30MeTpiI5I npOCTpaHCTBa X Ha Ce6^ 5IBJI5ieTC5I aBTOMOpCpII3- 

mom o^yjisipHoro npocTpaHCTBa (X, VK). Haii^eM flocTaTOHHBie ycjiOBHa, 
npii kotopbix oflyjiapHaa cpyKTypa W srejisieTCsi TonojioriraecKOH, T.e. /yra 

KaJKflOH TOHKII J) G I 0T06pa>K6HII5I 

w p : R x I 4 I, u p (\ x) = Ap(ar); 
L p :Ixl4l, L p (x,y) = x + p y, 

5IBJI5HOTC5I HenpepBIBHBIMII. 

JleMMa 1 [s3]. OdyAApnaA cmpyKmypa W zeode3unecKozo npocmpati- 
cmea X, uepe3 naotcdue dee pa3AUHHue wlohku nomopozo mochcho npoee- 
cmu eduHcmeeHHyw npAMyw, AdAAemcA monoAOduuecKou odyAApnou cmpyK- 
mypou, ecAU donoAHumeAhHO eunoAHeno, no Kpauneu Mepe, odno U3 CAe- 
dywu^ux ycAoeuil {%), (ii). 

(i) JJaa Kaoicdou moHKU p G X u 3aa naoicdozo AeR omo6pajiceHUA 

u 1/2 :Ixl4l, u p : X -> X, u p x {x) = X p {x) 

Henpepuenu. 

(ii) JJaa nawcdozo AeR omodpaotcetiue 

u) X : X x X -> X 

nenpepueno. 

^OKasaTejibCTBO JieMMbi 1. 

^OKa3aTejiBCTBO cpa3y cjie^yeT H3 HepaBeHCTB 

\u p {\,x)u p {fi,y)\ < \fi p (x)fi p (y) \ + \X p (x)/j, p (x)\ = 
\u^(p,x)u^(p,y)\ + | A - fi\\px\ 

II TOJKfleCTBa 

If(x,y)=ufi(2,u, 1/2 (x,y)). 
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3aMenaHHe 1. Hempydno npoeepumt, umo zeode3uuecKoe npocmpan- 
cmeo X, uepe3 naotcdue dee pa,3AUUHue itiouku nomopozo mochcho npoee- 
cmu eduHcmeeHHyw npAMyw, ydoGAemeopAtou^ee ycjioewo (ii) acmmu 1, 
A6AAemcA o6o6vd i enHUM npsiMUM G-npocmpaHcmeoM By3eMana. 

Cjie^yiomaH Teopeivia 1 nposiciraeT cirryai^Hio b o^hom Ba>KHOM HacTHOM 
cjiy^ae, Kor^a reo^esiiHecKoe npocTpaHCTBO X co6cTBeHHoe. 

TeopeMa 1 [s3]. Odyjisipnasi cmpynmypa W co6cmeeHHOso seode3ime- 
ckozo npocmpancmea X, uepe3 nazncdue dee pa3AUHHue itiouku Komopo- 
20 mochcho npoeecmu eduHcmeeHHyw npAMyw, AeAAemcA monoAozunecKou 
odyAApnou cmpynmypou. 

,H,OKa3aTejit>CTBO TeopeMbi 1. 

IIpoBGpiiM fljM Ka^K^oro AeM HenpepBiBHOCTB OTo6pa>KeHH5i u\. IlycTb 

x = lim x n , y = lim y n 

n— >oo n— >oo 

IlocjieflOBaTejiBHOCTB (u\(x n , y n ))neN orpaHH^eHa, nocKOJiBKy orpamiHeira 
npaBaa HacTb HepaBeHCTBa: 

\xu\(x n ,y n )\ < \xx n \ + \x n u\{x n ,y n )\ = \xx n \ + |A||x n ?/ n |. 

IlpocTpaHCTBO X co6cTBeHHoe, nosTOMy nocjieflOBaTejibHoerb (u\(x n , y n ))neN 
HMeeT cxo^HinyiocH no^nocjieflOBaTejibHOCTb, npe^eji KOTopoii o6o3HaHHM 
Hepe3 z. Tor^a TOHKa z yzjOBjieTBopaeT o^HOMy H3 cjie^yiomHx cooTHOine- 

HHH. 

1. \xz\ + \zy\ = \xy\, ecjin < A < 1. 

2. \xy\ + \yz\ = \xz\, ecjin A > 1. 

3. \xz\ + \xy\ = \yz\, ecjra A < 0. 

Ho TOHKa u\(x, y) yflOBjieTBopae-T TOMy >Ke cooTHOineHHio, hto h TOHKa 
z, nosTOMy, b cnjiy ycjiOBHH TeopeMbi 1, sth tohkh coBnaflaiOT. Tenepb hcho 
Taioice, hto npe^eji bchkoh cxcfl^meiicfl noflnocjieflOBaTejibHOCTH nocjieflo- 
BaTejibHOCTH (u\(x n , y n ))neN coBnaflaeT c tohkoh cu\(x, y). Cjie^OBaTejibHO, 
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,n,ji5i Ka^K^oro A 6 R OTo6pa>KeHHe u\ HenpepbiBHO, h TeopeMa 1 BepHa b 
CHjiy jieMMBi 1. 

3aMenaHHe 2. Hempydno npoeepumb, umo zeode3unecKoe npocmpan- 
cmeo, uepe3 Kaotcdue dee pa3AUHHue itiohku Komoposo momcho npoeecmu 
eduHcmeeHHyw npsiMyw, neAJiemcH co6cmeeHHUM mosda u mojihKO mosda, 
Kosda oho RGAnemcn npoMUM G-npocmpaHcmeoM Ey3eMana. 

B CHjiy 3aMeHaHHH 2 TeopeMy 1 mojkho ccpopMyraipoBaTB cjieflyioinHM 
o6pa30M. 

TeopeMa V . OdyjmpHan cmpynmypa W npjiMoso G-npocmpaHcmea 
Ey3eMana X nGJinemctt monoAoeuuecKOu odyjittpnou cmpyKmypou. 

PaccMOTpiiM OTKpBiTBiii map X = 5(0, r) c i^eirrpoM b Hyjie pa/myca 
r > b CTporo BBinyKjiOM 6aHaxoBOM npocTpaHCTBe c HopMoii ||.||. Ha- 
noMHHM (cm. [131 rjL 5, ynp. 7]), hto 6aHaxoBO npocTpaHCTBO Ha3BmaeTC5i 
cmposo eunyKJiuM, ecjin H3 paBeHCTBa \\x + y\\ = \\x\\ + ||y|| cjie,nyeT, 
^to BeKTopBi x, y 6aHaxoBa npocTpaHCTBa jihhchho 3aBHCHMti. B CTporo 
BBinyKjiOM 6aHaxoBOM npocTpaHCTBe ccpepBi He coflepjKaT HeBBipcoKfleHHBix 
OTpe3KOB. BBe^eM o6o3HaHeHiie 

R(x, y, y X: x y ) = 
r^e 

x, y e 5(0, r), x y (y x ) 

- TOHKa nepeceneHHa jiy^a c HanajiOM b tohkc y (x), ccflep^amero TOHKy 
x (y), co ccpepoH 5(0, r). SaflaflHM b niape 5(0, r) MeTpiiKy reoMeTpiiH 
TajiBGepTa (cm. [251 c - 140]) 

k 

\xy\ = p(x, y) = - In R(x, y, y x , x y ) 

fljia Bcex y G 5(0, r), r^e /c > — KOHCTaHTa. Bbmchhm, KaK CB5i3aHa 
MCTpiiKa reoMeTpHH TajiBGepTa p c mc-tphkoh 6aHaxoBa npocTpaHCTBa d, 
rj\e d(x, y) = | \x — y\\ j\rh Bcex x, y G 5(0, r). 

82 



1 \ x 


- VxW 


\\y - x y\\ 


\\x 


~ x y\\ 


\\y - VxW 



TeopeMa 2 [s3]. MempuKU pud monojiozunecKU dKQUQajienmnu e om- 
KpumoM uiape 5(0, r) u Jiunuiuu^eeo aKeueajienmHU na KacucdoM 3aMKHy- 
moM uiape B[0, r\\ npu r\ < r. IJpu amoM eepnu cjiedywu^ue Hepaeencmea 

k(r — ri)\\x -2/H < - | ^ kr\\x — y\\ 
(r + ri) 2 ~~ ~ (r — r\) 2 

Oaji ecex x, y E B[0, r\\ u paeencmeo 

T 

lim — \xy\ = llx — y\\. 



^},OKa3aTejii,CTBO TeopeMbi 2. 

CHa^ajia nojiyniiM OD;eHKii CBepxy ii CHii3y fljia cjieflyiomero Bbipa>KeHii5i 

\ i . / 1 1 \\x — y\\ \ 

R{x,y,y x ,Xy) = l+\\x-y\\ [- u + ^ + 



\ x ~ x y\\ \\y-Vx\\ \\x ~ x y \\\\y - y a 

C nOMOin,bK) HGpaBGHCTB 

r - \ \x\ \ < \\x-x v \l r - \ \y\\ < \\y - y x \\ 

fljiH Bcex x, y E 5(0, r) nojiyHiiM on,eHKy CBepxy 

_ . x -, i ( 1 1 \\ x — y\\ 

R{x,y,y x ,Xy) < l+\\x-y\\ ( - — — + - — — + 



r— \\x\\ r — \\y\\ (r — — 

A C nOMOLU,bK) HGpaBGHCTB 

\\x - x y \\ < r + ||x||, \\y - y x \\ < r + 
fljia Bcex x, y E 5(0, r) nojiyniiM on,eHKy CHii3y 

R(x,y,y x ,x y ) > l+\\x-y\\ ( ■ \. .. + ■ ^ .. + 





\\x - y\ 




(r + || 


x\\)(r + \\y\\) 



H3 cbohctb jiorapiKpMHHecKoii cpyHKi^iiii ii nojiyHemibix oii,eHOK cjie^yeT 
TonojiorHHecKaii 3KBiiBajieHTHOCTb MeTpiiK pud. ^onycriiM Tenepb, hto 
x, y E 5[0, r\\. Toiyja, iicnojib3y5i nojiyHemiyio oii,eHKy CBepxy nojiyHiiM 
ou;eHKy CBepxy j\r^ paccTOsmira \xy\. 

k 

\xy\ = -\nR(x,y,y x ,x y ) < 
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A- ,/ 1 1 

2 \r — \\x\\ r — 





\\x - y\ 




(r — | 


x\\)(r- 




\y\\) 



k.. . / 2 2ri \ /crllx — w| 

oil* -3/11 + 



2 \r — ri (r — ri) 2 y (r — ri) 2 

Hcnojib3yn nojryneHHyio on;eHKy CHH3y, nojiyniiM on,eHKy CHH3y fljin fljin 
paCCTOHHHH |in/|. 

k , ( 2\\x — y\\\ 
|.n/| > -In 1 + 



2 \ r + r\ J 
Tenepb ncnojib3yeM cjie^yiomee HepaBeHCTBO fljin jiorapncpMnnecKon (pyHK- 

D,HH 

Mi + *)>*-f = *(i-|) 

fljin £ 6 M + ii ynreivi, nro ||x — ?/|| < 2ri. 

\ xy \ > ~ ^11 A _ Ik ~ > k( r ~ r i)\\x - y\\ 



r + T\ \ r + r\ J (r + r\) 2 

Pfe nojiynemibix ou,eHOK cjie^yeT jinninnijeBa SKBiiBajieHTHOCTb mgtpiik p 
ii d Ha KajK^OM 3 aMKHy tom niape £>[0, 7*1] npn 7*1 < r. ,HpKa3aTejibCTB0 
nocjie^Hero paBeHCTBa Tenepb HeTpyznTO nc-jiynnrb cjie^yioiniiM o6pa30M. 
Hcnojib3yn nojiyneHHbie oireHKH fljin BbipajKeHnn R(x,y,y x ,Xy), on;eHHTb 
CBepxy n CHH3y BbipajKeHne — \xy\ n Bbinncjinrb npe^ejibi b npaBon n jieBon 
nacTnx nojiynemibix HepaBeHCTB no npaBnjiy ilonnrajin. TaKHM o6pa30M, 
Teopeivia 2 ^OKasaHa. 

JleMMa 2 [s3]. 

(i) Henan $opMyjia Oaji onepayuu 

\ p :B(0,r)^B(0,r) 
djiR A 6 1, p G 5(0,r) UMeem eud 



\\p-x p \ 


|A| 


\x~Px\ 


\ X ~ \ \P~Px\ 


|A| 


\x 


Xp | 


1* ^ 


1 0-p) 


\\p-x p \ 


|A- 


-11 


\x -p x \ 


| A + lb - Pari 


|A- 


-11 


| tV | 


|A J 




|x — p|| 



Ap(ar) =p + 
(ii) Omo6pa9fceHue 

\ p :B(0,r)^B(0,r) 
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npu A <G (0, 1), p 6 5(0, r) yMenhiuaem paccmosmuji, mo ecmh djisi jiw6ux 
x, y <E 5(0, r) 

|Ap(x)A p (y)| < \xy\. 

^OKa3aTejibCTBO JieMMbi 2. 

(i) Pfe onpeflejieHHH A p cjie^yeT paBGHCTBO 

R(p,X p (x),x p ,p x ) = R x (p,x,x p ,p x ). 
\\X p (x)—p\ \ = sign(X) 



\\p- x p\ 


1 A 1 


k -p x \ 


\ X ~ lb -Pari 


|A| 


\x 


Xp\ 


|A 


\\p-x p \ 


A- 


-11 


\x~Px\ 


| A + \ \P~Px\ 


A- 


-11 


\ ry* ry* 


A 



Ik - &II 


Ik - ^11 


Ik - 


Ik - Qz\\ 



OTCiOfla HeTpyznro nojiyHiiTb HCKOMyio cpopMyny. 
(ii) IlycTb 

z = X p (x), q = X p (x), u = \p, x y ] n [z q , q z ], v= [p, y x ] [z q , q z ]. 
Tor^a 

R(z,q,q z ,z q ) = 



< 



= R(z, q, v, u) = R(x, y, y x , x y ). 

OcTajiocb npiiMGHHTb HaTypajibHbiii jiorapiicpM, yMHOJKeHHbiH Ha /c/2, k 
jieBofi h npaBoii HacT5iM nojiyHeHHoro HepaBeHCTBa. JleMMa 2 ^OKasaHa. 

■YHHTbiBaH cpopiviyjibi 

x r+||x|| , . , /|k||\ , , / p(0,x)\ 

p(0,x) = -ln ^ = fcArth , \\x\\ = rth 1 1 



(\\*-q\ 


1 + II 


q-Qz\\)i 


:\\q-*\ 


1 + 1 


k-^ll) 




Ik - Qz\\\ 


k - Zq\ 





(\\z-q\ 


1 + 1 


q-v\\)\ 




1 + 1 


\z-u\\) 




Ik — ^11 


\z — u\\ 





2 r — \\x\\ \ r J ' \ k 

H3 jieMMbi 2 HeTpyznio nojiyniiTb 
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Gne^cTBHe 1 [s3]. Cepeduna cesMenma [x,y] C 5(0, r) Mowcem 6umb 
naudena no tfiopMyAe 

zde 

'\oc-y a 



a = 



qr* rp 



\\y - y x \\\\y - x y \[ 
Kpojue moso, npu p = eepnu paeencmea 

Ao( ,) = xth (iM) cth . 



^jra HCCjieflOBaHHH oflyjiapHoii CTpyKTypbi reoMeTpiiii TiijibSepTa HaM 
noHafloSHTC^ em,e o^Ha jieMMa 3. 

JleMMa 3 [s3]. Omo6paoiceHue 

<p : (5(0, r) x 5(0, r))\D -> 5(0, r), v?(x, y) = ^, 

gcte 5 — duadOHajih e denapmoeoM npou3eedeHuu 5(0, r) x 5(0, r), nenpe- 
pueno omHocumejihHO monojiozuil, UHdyyupoeannux monojiozueu npou3- 
eedenuH 6anaxoeux npocmpancme u monojiozueu 6anaxoea npocmpancmea. 

^},OKa3aTejit>CTBO JieMMbi 3. 

IlycTb 

x = lim x n , y = lim y n , ip(x n , y n ) = x n + t n (y n - x n ), 

n^oo n^oo 

r^e 

nGN, (x„;y„), (x\y) G (5(0, r) x 5(0,r))\5, t n G R, *„ > 1. 



IlocjieflOBaTejibHOCTb (t n ) ne ^ orpamneHa. 3to cjie^yeT H3 Toro, hto no- 
cjie^OBaTejibHOCTH (x n ) ne ^, {y n )neN cxofl^TCH k pa3HbiM npe^ejiaM, h H3 
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HepaBeHCTBa 



I , I __ 1 1 Vi-^nj Un) %n \ \ ^ T \ \ %n\ 
\t n \ — - - < - 



WlJn %n\\ WlJn %n\\ 

CjieflOBaTejibHO, nocjieflOBaTejibHOCTb (t n ) n€ fq oSjia^aeT cxoflflmeiiCH nofl- 
nocjieflOBaTejibHOCTbio, npe^eji KOTopoii o6o3HaHHM nepe3 t G R. Ilpeflno- 
jio>khm, hto cym,ecTByeT em,e o^Ha noflnocjie^OBaTejibHOCTb, cxo^masicsi 
k flpyroiviy npe^ejiy t\. Tor^a H3 HenpepbiBHOCTH onepan,HH b 6aHaxoBOM 
npocTpaHCTBe nojiyHHM, hto jiyH {x + X(y — x) : A > 0} c Ha^ajiOM bo 
BHyTpeHHeii TOHKe x G 5(0, r) nepece^eT ccpepy 5(0, r) b ^Byx TOHKax 
npn A = t h A = t\. IlojiyHHjiH npoTiiBopeHiie. CjieflOBaTejibHO, 

lim <p(x n , y n ) = x + t{y - x) = <p(x, y). 

n^oo 

JleMMa 3 flOKasaHa. 

TeopeMa 3 [s3]. Odyjisipnasi cmpyKmypa W seojuempuu rujih6epma m- 
Asiemcji monojiozunecKou. 

^OKa3aTejibCTBO TeopeMbi 3. 

J\jlK KdJKJ\OVl TOHKH J) E I H flJIH KSJKJ\OYO A 6 R OTo6pa>KeHHG 

u\ : X -> X 

HenpepbiBHO b TOHKe p, nocKOJibKy 

\u p x {p)co p x {x) \ = \X\\px\ 

fljiH KajKfloro x G X. HenpepbiBHOCTb OTo6pa>KGHii5i uj p x Ha MHO>KecTBe 
X\{p} cjie^yeT H3 TeopeMbi 2 h jieMM 2, 3. HenpepbiBHOCTb OTo6pa>Ke- 
Hii5i ui/2 b TOHKax fliiaroiiajiii D MHO>KecTBa 5(0, r) x 5(0, r) cjie/ryeT H3 
cjie^CTBHH 1, TeopeMbi 2 h HepaBeHCTBa 

I ki/2(^, 2/) -ui/ 2 (z,z)\\ = \\x-z + — ^—{y-x)\\ < \\x - z\\ + \\y - z\\, 
r^e 

Or; ?/) G 5(0, r) x 5(0, r), (2; z) G 5. 
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HenpepbiBHOCTb OTo6p a>KGHH5i uJ\/2 na mhtokcctbg (5(0, r) x 5(0, r))\5 
cjie^yeT H3 cjieflCTBHa 1, Teopetvibi 2 h jieMMbi 3. Teopeivia 3 cjie^yeT Tenepb 

H3 JieMMbi 1. 

ilycTb OTKpbiTbiii map 5(0, r) pacnojic»KeH b riijib6epTOBOM npocTpaH- 
CTBe. B 3tom cjiy^ae nojiy^aeM H3BecTHyio MO^ejib BejibTpaMH-KjiefiHa reo- 
MeTpiiii Jlo6aHeBCKoro b niape 5(0, r). Me-TpiiKy p HeTpyzmo npe^CTaBHTb 
b cjieflyiomeii cpopivie 

, k. A + VA 2 -B 
M-^A-y/At-B' 

r^e 

A = r 2 -(x,y), B = (r 2 - (x,x))(r 2 - (y,y)), (x,y) 

- CKaji5ipHoe nporoBefleHiie bgktopob x, y 6 5(0, r), hjih b SKBiiBajiGHTHoft 
cpopivie 

\xy\ = A: Arch 

3aMeTHM, HTO 



A 



B 



5 = r 4 ch- 2 (^Tj ch- 2 (E^ 
a (popiviyjibi H3 cjieflCTBHH 1 npeo6pa3yiOTCH k Bii/ry 

>(o,y)\ 



r 2 — (x, x) " \y k 



ch 



a = 



r 2 - (y, y) ^ ^(0, x) ^ ' 

B cjie-flyiomeH Teopeivie BbinncjieHbi HeKOTopbie 3aivieHaTejibHbie npe^ejibi 
fljia o^yira 5o(0,r) MO^ejin BejibrpaMH-KjieiiHa reoivieTpiiH Jlo6aHeBCKoro. 
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TeopeMa 4 [s3]. fljin odyjisi Bo(0,r) Modejiu EejihmpaMU-KjieuHa zeo- 
Mempuu JIo6aueecKoso UMewm Mecmo cjiedywu^ue (fiopMyjiu. 

(i) Jim = p(0, x) + p(0, y) 

A^oo A 

3ah ecex x, y G 5(0, r). 

Um ^ = || «_/(0^) ll _ 



A^0+ A ||x|| 
yV (0, x) + ^(0, ^ - 2/0(0, x)/)(0, ?/) cosa, 
2(^e x, y £ B(0,r)\{0}, a — eejiununa ysjia MecHcdy eenmopaMU x, y. 

r ...x r /P(0,o; 1/2 (Ao(a;),Ao(y))) _ X , , /?(0,?/) /o(0, s) „ _ 

[lU) A- 1 >o+ A "2 II?/ I It/1 1 +X Nxll 11 " 



^p 2 (0,x) + p 2 (0,y) + 2p(0,x)p(0,y) cos a, 

2cte x, !/€ £>(0,r)\{0} ; a — eejiuHuna yzjia Mecucdy eenmopaMU x, y. 

( . x 1. |A (^+o 2/)(Ao(ar) +0 A (y))| 

(ziM lim = 

a^o+ A 

I, , p(o,y) p(o,^) M 

*^ 11 11 I y ii 11 
\\x\\ 



zde 

x, yG5(0,r)\{0}, a; ^ -j/, ^=(-J (y). 



,II,OKa3aTejii,CTBO TeopeMbi 4. 

^OKasaTejibCTBO coctoht b npiiMeHeHiiii npaBiuia JIoniiTajisi 11 sjieivieH- 
TapHbix npeo6pa30BaHHH c iicnojib30BaHiieM (popiviyji H3 cjie^CTBHa 1 hex 
npeo6pa30BaHHbix (popM ^jra Mo^ejiH BejibTpaMH-KjieiiHa reoMe-TpiiH JIo- 
6aneBCKoro. 
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DiaBa 2 

AnnpoKCHMaTHBHbie CBoiicTBa 
MHO^cecTB b reo^eanHecKOM 
npocTpaHCTBe 

B naparpacpe 2.1 paccMaTpHBaioroi OTHOCHTejibHbie He6biHieBCKHH Hemp, 
He6binieBCKHH pa/anyc h mhojkcctbo Bcex jjiiaMeTpajibHbix tohck orpaHH- 
neHHoro MHO>KecTBa MeTpHHecKoro npocTpaHCTBa. nojiyneHbi ohchkh H3- 
MeHeHHH OTHOCHTejibHoro He6binieBCKoro pa/xiiyca Rw{M) npii H3MeHe- 
Hiiii HenycTbix orpaHHHeHHbix mho^kcctb M, W MCTpHHecKoro npocTpaH- 
CTBa. ^OKa3aHO, hto H3 bchkoh nocjieflOBaTejibHOCTH KOMnaKTHbix mho- 

>KeCTB MeTpHHeCKOrO npOCTpaHCTBa, CXOflHHjeHCa OTHOCHTejIbHO MGTpiIKII 

Xayc/jppcpa k HeKOTopoiviy KOMnaKTHOMy MHO>KecTBy M, mo>kho Bbi6paTb 
noflnocjieflOBaTejibHOCTb, fljia KOTopoii nocjieflOBaTejibHOCTb mho>kgctb Bcex 
OTHOCHTejibHbix He6biHieBCKHx HenrpoB (Bcex jjHaivieTpajibHbix Tonex) ee 

SJieMeHTOB CXOflHTCH OTHOCHTejIbHO OTKJIOHeHHH XayCflOpCpa K MHO)KeCTBy 

Bcex OTHOCHTejibHbix He6binieBCKHx ueHTpoB (Bcex flHaMeTpajibHbix tohck) 

MHO>KeCTBa M. 

B naparpacpe 2.2 HaiifleHbi 3atvibiKaHHe h BHyTpeHHOCTb MHO>KecTBa Bcex 
TV-ceTeii, Ka>Kjj,a5i H3 KOTopbix o6jiajjaeT npHHafljiejKamHM eii e/^HHCTBeH- 
hmm OTHOCHTejibHbiM He6biHieBCKHM itchtpom, b MHO>KecTBe Bcex TV-ceTeii 
cneuHajibHoro reojj,e3HHecKoro npocTpaHCTBa OTHOCHTejIbHO mctphkh Xay- 
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c/jopcpa. IlpH N > 2 HaftfleHa rpamina MHOJKecTBa Bcex A^-ceTeft, Ka>K- 
flaa H3 KOTopbix oSjia^aeT He 6ojiee, ^eM N — 2 npHHa^jie^KainnMn eft 
OTHOCHTejibHbiMH ne6biineBCKHMn nenrpaMn, b MHO>KecTBe Bcex iV-ceTeft 
cnen,HajibHoro reoflesnnecKoro npocTpaHCTBa OTHOCHTejibHO MeTpiiKii Xa- 
yc^opcpa. Hccjie^OBaHbi reoMeTpnnecKne CBoftcTBa OTHOcnTejibHbix ne6bi- 
nieBCKHx nenrpoB KOHenHoro MHO>KecTBa cnennajibHoro reoflesnnecKoro npo- 
CTpaHCTBa, npHHa^jie^KainHx STOMy MHOxecTBy. 

B naparpacpe 2.3 nojiyneHbi flocTaTOHHbie ycjiOBH5i cymecTBOBaHH5i n 
eflHHCTBeHHOCTH ne6binieBCKoro neHTpa HenycToro orpaHnneHHoro MHO>Ke- 
CTBa cnennajibHoro reoflesnnecKoro npocTpaHCTBa. 

B naparpacpe 2.4 TeopeMbi B. CeKecpajibBn - Ha^b [23], Teopeivia 3.35], C. 
B. CTe^KHHa h H. B. EcpnMOBa [371 TeopeMbi 1.1 n 1.2] 06 annpoKCHMaraB- 
hmx CBoftcTBax MHO>KecTB b paBHOMepHO BbinyKjioM 6aHaxoBOM npocTpaH- 
CTBe o6o6m,eHbi Ha cjiynaft cnennajibHoro reoflesnnecKoro npocTpaHCTBa. 

B naparpacpe 2.5 TeopeMbi JI. II. BjiacoBa [33, 137] h A. B. MapHHOBa 
[62J o HenpepbiBHOCTii h cb5I3hocth MeTpnnecKoft (5-npoeKnnn b paBHOMep- 
ho BbinyKjioM 6aHaxoBOM npocTpaHCTBe o6o6meHbi Ha cjiynaft cnennajib- 
Horo reojj,e3HnecKoro npocTpaHCTBa. Ojjhhm h3 npocTbix cjiejj,CTBnft TaKoro 
o6o6m,eHH5i 5iBji5ieTC5i cnpaBefljiHBOCTb aHajiornnHbix pe3yjibTaTOB b npo- 
CTpaHCTBax JIo6aneBCKoro (BKjnonasi 6ecKOHenHOMepHbie) . 

B naparpacpe 2.6 JxpKa3aHO, hto TeopeMbi A. B. MapiiHOBa H3 (EH ES] o 
HenpepbiBHOCTii MeTpnnecKoft (5-npoeKnnn Ha BbinyKjioe MHO>KecTBO b jih- 

HeftHOM HOpMHpOBaHHOM npOCTpaHCTBe OCTaiOTCH BepHblMH B CneH,HajIbHOM 

MeTpHHeCKOM npocTpaHCTBe. 

B naparpacpe 2.7 b cnennajibHOM MeTpnnecKOM npocTpaHCTBe nojiyne- 
hm o6o6m,eHHH HexoTopbix pe3yjibraTOB n. K. Bejio6poBa [HJ Q2] n A. JI. 
TapKaBH [3D] o Hanjiynmnx A^-ceT5ix HenycTbix orpaHnneHHbix 3 aMKHyTbix 
BbinyKjibix MHO>KecTB b rnjib6epTOBOM n b cnennajibHOM 6aHaxoBOM npo- 
CTpaHCTBax, a TaiQKe o npnHafljie^HOCTH ne6binieBCKoro neHTpa 3aMbiKa- 
hhk) BbinyKjioft o6ojiohkh /jaHHoro MHO>KecTBa. 

B naparpacpe 2.8 /xoKasaHO, hto HeKOTopbie pe3yjibTaTbi A. JI. TapKa- 
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W\ h n. K. Bejio6poBa [121 E] Hanjiynnien cem, HanjiynnieM 



ceneHnn h He6binieBCKOM neHTpe orpaHnneHHoro MHOxecTBa b cnennajib- 
hom 6aHaxoBOM npocTpaHCTBe BepHbi n b 6ecKOHenHOMepHOM npocTpaHCTBe 
JIo6aneBCKoro. A hmchho, fljin Ka^c,a;oro HenycToro orpaHnneHHoro mho- 
>KecTBa 6ecKOHeHHOMepHoro npocTpaHCTBa JIo6aneBCKoro ^OKasaHO cyme- 
CTBOBaHiie Hanjiynnien A^-cera h Hanjiynmero N-cenenw^ a TaK>Ke ycTa- 
HOBjieHa CHJibHaa ycTonnnBOCTb He6binieBCKoro nenrpa. 

B naparpacpe 2.9 paccMaTpnBaeTC5i Hanjiynniee npn6jin;>KeHHe BbinyK- 
jioro KOMnaKTa reoflesnnecKoro npocTpaHCTBa niapoM. riojiyneHa oneHKa 
CBepxy fljia paccT05iHH5i Xaycflopcpa ot HenycToro orpaHnneHHoro mho- 
>KecTBa flo MHO>KecTBa Bcex 3aMKHyTbix niapoB cnennajibHoro reoflesnne- 
CKoro npocTpaHCTBa X Henojio^KHTejibHon KpHBH3Hbi no By3eMaHy. flp- 
Ka3aHO, hto MHO>KecTBO Bcex neHTpoB x{M) 3aMKHyTbix niapoB, Hanjiyn- 
uihm o6pa30M npn6jiH>KaK)inHx b MeTpnKe Xayc^opcpa BbinyKjibift KOMnaKT 
M C X, HenycToe n npHHa/yieo-KHT M. Hccjie^OBaHbi reoMeTpnnecKne 
CBoiicTBa MHO>KecTBa x{M). TaKHM o6pa30M, TeopeMbi C. H. ^ynpBa n 
H. B. 3jiaTopyHCKon HZ] o6o6meHbi Ha cjiynan cnennajibHoro reoflesn- 
necKoro npocTpaHCTBa Henojio^KHTejibHoii KpnBH3Hbi no By3eMaHy. 

B naparpacpe 2.10 HCCJieflyKyrca MeTpnnecKne CBoftcTBa KacaTejibHoro 
npocTpaHCTBa fljia MCTpnnecKoro npocTpaHCTBa 6ojiee o6m;ero, neM flncp- 
cpepeHnnpyeMoe G-npocTpaHCTBO By3eMaHa. YcTaHOBjieHO, hto MeTpnKa 
Ha K&caTejibHOM npocTpaHCTBe b npon3BOJibHon tohkc npocTpaHCTBa Heno- 
jio>KHTejibHon KpHBH3Hbi no By3eMaHy (flncpcpepeHL^npyeMoro no By3eiviaHy 
MCTpHnecKoro npocTpaHCTBa) BHyTpeHH5ra. ^OKasaHO, hto KacaTejibHoe npo- 
CTpaHCTBO b npoH3BOJibHoii TOHKe jioxajibHO nojiHoro flncpcpepeHL^npyeMoro 
no By3eMaHy MeTpnnecKoro npocTpaHCTBa HBjiaeTCH nojiHbiM npocTpaH- 

CTBOM, a TaK>Ke, HTO KaCaTOJIbHOe npOCTpaHCTBO B npOH3BOJIbHOH TOHKe 

jioxajibHO KOMnaKTHoro npocTpaHCTBa Henojio>KHTejibHOH KpnBH3Hbi no By- 
3eiviaHy 5iBji5ieTC5i co6cTBeHHbiM reoflesnnecKHM npocTpaHCTBOM. 

OcHOBHbie pe3yjibTaTbi no nepenncjieHHbiM TeMaM stoh rjiaBbi ony6jin- 
KOBaHbi b CTaTb^x aBTopa [s7, s8, s9, sl2, sl3, sl4, sl7, sl8, sl9, s21]. 
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2.1 OTHOCHTejibHbie He6biineBCKHH u;eHTp h He6biineB- 
ckhh pa^Hyc orpaHHHeHHoro MHO^cecTBa MeTpHHe- 
CKoro npocTpaHCTBa 

HanoMHHM HecKOJibKO onpeflejieHHH. 

IlycTb b MeTpHHecKOM npocTpaHCTBe (X, p) (pnKcnpoBaHO HeKOTopoe ce- 
MeiicTBO MHO>KecTB E c Yt(X). MiK»KecTBO S* G £ Ha3biBaeTca naujiyu- 
uium annpoKcuMupywiu^uM MHoomecmeoM H3 ceMeiicTBa E fljia MHO>KecTBa 
M G B(X) [771 c 15], ecjiH 

P(M,S*) = Re(M), r fl e fl s (M) = inf{/3(M, S) : S G £}. 

OmHOCumejibHUM ue6uiueecKUM paduycoM MHOwcecmea M G B(X) no 

OTHOniGHIIKD K MHO>KeCTBy G Ha3bIBaeTC5I HHCJIO [79] 

R W (M) = inf{/3(M,x) : a; G W}, 

a MHO>KeCTBO 

Z W (M) = {xeW : f3(M, x) = R W (M)} 

Ha3bmaeTC5i MHOotcecmeoM ecex omHocume/ibnux ue6uiueecKux yenmpoe 
MHOJfcecmea M no OTHOineHHio k MHO>KecTBy W G [3]. 

R(M) = Rx{M) (Z(M) = Zx{M)) — ne6umeecKuu paduyc (mhowcc- 
cmeo ecex ue6umeecKux yenmpoe) MHO>KecTBa M G B(X). 

H(M) = {xeM : /3(M, x) = D(M)} 

- MH09fcecmeo ecex duaMempaAbHux moncK MHOwcecmea M G B(X) [53]. 
Kpoivie Toro, ncnojib3yeM o6o3HaneHH5i 

R (M) = R M (M), Z q (M) = Z M (M), 

Qo(M) = {xeM: p(Z (M),x) = R (M)}. 
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K(X) — MHO>KecTBO Bcex KOMnaKTHbix noflMHCWKecTB npocTpaHCTBa X. 

Pa3JIHHHbie CBOHCTBa OTHOCHTejIbHblX HeGblHICBCKHX U,eHTpOB H OTHO- 

CHTejibHoro He6binieBCKoro pa/jnyca, CB5i3aHHbie, b ochobhom, c 3a,n,aHa- 

MH TeOpiIH npil6jIH>KeHIIH HCCJieflOBajIHCb MHOrilMH aBTOpaMH flJIH MHO- 

>KecTB 6aHaxoBa npocTpaHCTBa (cm., HanpiiMep, CTaTbii [79], [3] h jiiiTe- 
paTypy, yKa3aHHyio b hhx). B MeTpiinecKOM npocTpaHCTBe Mbi nojiyniiM 
on,eHKH H3MeHeHH^ OTHOCHTejibHoro He6binieBCKoro pajjnyca Ryy(M) npii 
H3MeHeHHH MHO>KecTB M, W G (B(X),a). Kpoivie Toro, BbracHHM noBe- 
^emie nocjieflOBaTejibHOCTH mhokcctb OTHOCHTejibHbix He6biiiieBCKiix neH- 

TpOB (Zo(M n )) nG N (MHOJKeCTB JJHaMCTpajIbHblX TOHeK (H(M n )) ne ^ : MHO- 

»cecTB {Qo{M n )) ne f^) 7 Kor/ja nocjie/jpBaTejibHOCTb KOMnaKTOB (M n ) ne ^ cxo- 
jxhtcsi k KOMnaKTy M npii n — > oo OTHOCHTejibHO MeTpiiKii Xaycflopcpa. 
CHaHajia nepeniicjiiiM HeKOTopbie npocTbie CBoftcTBa 11 B3aiiMOCBsi3ii pac- 

CMOTpeHHblX nOHHTHH B MCTpilHeCKOM IipOCTpaHCTBG X 7 JJ,OKa3aTejIbCTBa 

nepBbix HeTbipex H3 KOTopbix Henocpe^CTBeHHO cjie/iyiOT H3 hx onpe^ejie- 
hhh. 

1. Ecjih M G B(X), to ycjiOBiie i) H(M) = M paBHOcmibHO ycjio- 
bhk» H) Zo(M) = M. H3 3thx ycjiOBHH one-flyer, hto Qo(M) = M ii Hi) 
Ro(M) = D(M). Ecjih M G K(X), to ycjiOBiisi i), ii), Hi) paBHOCHjibHbi. 

2. IlycTb M G B{X). Ecjih M n Z(M) ^ 0, to 

Z {M) = MH Z(M), R {M) = R(M). 

3. nycTb M,W : T G Tor^a fl w (M) < R T (M) + i?^(T) h 
6 : B(X) x -> R+, 0(M, = max{ J2 W (M), W} 

- (pyHKH,H5i, yflOBjieTBopsiiOH^aa HepaBeHCTBy TpeyrojibHHKa, a TaK>Ke Hepa- 

BeHCTBaM 

a(M, W) < 0(M, W) < D(M, W). 

4. fljrH jno6bix M,W G MHO>KecTBO Z W (M) (H(M) 7 Q {M)) 

3aMKHyTO B MHO>KeCTBe W (M) C HHJiyHHpOBaHHOH MeTpHKOH. 
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5. Ecjih M,W G B(X), to 

\D(M) - D(W)\ < 2a{M, W). 

ripHBefleM flOKasaTejibCTBO SToro yTBepjK^eHHfl (nocKOJibKy HaiiTH ony6- 
jiHKOBaHHoe flOKasaTejibCTBO HenpocTo) . fljia jno6oro e > Bbi6epeM TaKiie 
sjieMeHTbi x, y G M, u, v £ W, hto 

< |:n/| + e, < \xW\ + e, |^| < \yW\ + e. 

Tor^a 

D(W) > \uv\ > \xy\ — \xu\ — \yv\ > \xy\ — \xW\ — \yW\ — 2e > 

D(M) — 2a(M : W) — 3e. 
Hcnojib3y5i npoH3BOJibHOCTb Bbi6opa e > 0, nojiyHHM 

D(M) — D(W) < 2a(M, W). 

OcTajiocb Hcnojib30BaTb nporoBOJibHOCTb Bbi6opa M, W G B(X). 

HaiifleM on,eHKy roMeHeHira OTHOCHTejibHoro HeGbinieBCKoro pafliiyca Rw{M) 
npH H3MeHeHHH MHO>KeCTB M, W G (B(X), a). 

TeopeMa 1 [si 9], [sl4]. Ilycmb X - McmpunccKoc npocmpaHcmeo, 
M, W, A, B G B(X). Tosda eepnu cjicdywu^uc ymeepofcdenuM. 

(i) \R W (M) - R B (A)\ <m&x{P(M,A) + {3(B,W),P(A,M) + f3(W,B)}. 

(ii) Rw{M) < R{M) + \Z{M)W\ 

npu Z(M) 7^ 0. B nacmnoM cjiynac, Kosda X - 6anaxoeo npocmpaHcmeo, 
amo Hcpaecncmeo u3eecmno [79]. 

(Hi) Rw(M) < R (M) + \Z (M)W\ 

npu Z {M) ^ 0. 

(iv) \Rx{M) - Rx{W)\ <a{M,W). 
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Pfe TeopeMbi 1, onpe^ejieHHH MeTpiiKH Xayc^opcpa h (pyHKi^iiii 6 nojiyHHM 

Cjie^cTBHe 1 [sl9]. IJycmb X - MempuuecKoe npocmpancmeo, 
M, W, A, B E B(X). Tosda UMewm Mecmo Hepaeencmea 

\R W (M) - R B (A)\ < a(M, A) + a(W, B)- 

\Ro(M) - Rq(A)\ < P(M,A) + P(A,M) < 2a(M, A); 
0(M, W) < max{ J R(M) + \Z(M)W\, R{W) + \Z(W)M\}, 
npu Z(M) ^ 0, Z(W) ^ 0; 

0(M, W) < m&x{R {M) + \Z (M)W\,Ro(W) + \Z {W)M\} 

npu Z (M) ^ 0, Z (W) ± 0. 

^OKasaTejibCTBO TeopeMbi 1. 

(i) fljia jiio6bix x G W, y E B cnpaBe^jiHBO HepaBeHCTBO 

P(M,x)<P(M,y) + \yx\. 

Toryja 

R W (M) < /3(M, ?/) + < /3(M, y) + /3(5, IV). 
C jieflOBaTejibHO , 

R W (M) < R B (M)+P(B,W). 
Kpoivie Toro, fljia jno6oro x G B iiMceT MecTO HepaBeHCTBO 

P(M,x) <P(M,A)+P(A,x). 

Toryia 

R B (M)<(3{M,A) + R B (A). 
yHHTbmaa 3th HepaBeHCTBa, nojiy^HM 

Rw(M) - R B {A) < R W {M) - R B {M) + R B {M) - R B {A) < 

(3(B,W) + (3(M,A). 
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Pfe nojiyneHHoro HepaBeHCTBa cjie^yeT Tpe6yeivioe Hep&BGHCTBO. 
(ii) J\r^ jik»6bix y G Z(M), x EW BepHO HepaBeHCTBO 

P(M,x)<0(M,y) + \yx\. 

Tor^a H3 3Toro HepaBeHCTBa h onpeflejieHHH i?(M), Z{M) cjie^yeT, hto 

Rw(M) < /3(M,y) + \yW\ = R(M) + \Z(M)W\. 

(Hi) fljra jik»6bix y G Zq(M) : x G W BepHO HepaBeHCTBO 

P(M,x)<P{M,y) + \yx\. 

Tor^a H3 SToro HepaBeHCTBa h onpeflejieHHH Rq(M), Zq(M) cjie^yeT, hto 

R W {M) < /3(M, y) + \yW\ = Rq(M) + |^o(M)^|. 

(ii>) IlycTB x G M h r > 0. Tor^a HaiifleTCsi TOHKa z E W TaKaa, hto 

< \xW\ + r. 

Kpoivie Toro, nojiynnM HepaBeHCTBa 

\xS\ < \xz\ + \zS\ < \xW\ + \zS\ + r < 

sup |xiy| + sup \zS\ + r < a(M, W) + sup \zS\ + r 

xeM zeW zeW 

fljia 5 G OTCiofla cjie^yeT, hto 

inf sup \xS\ < a(M, W) + sup \zS\ + r. 

IlepexoflH k tohhoh hhjkhch rpaHH b npaBoii nacTH h HcnojiB3ya nporo- 
BOJibHOCTB Bbi6opa T > 0, nojiyHHM 

Rz(M)= inf sup 1x51 < a(M,jy)+ inf sup = a(M, W)+Rv(W). 

SeZ(x) xeM SeZ(x) zeW 

HepaBeHCTBO 

Rn(W) < a(M, W) + fl E (M) 
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nojiynaeTCsi aHajioriiHHO. TaKiiM o6pa30M, Teopeivia 1 ^OKasaHa. 

TeopeMa 2 [sl9]. Ilycmh X - MempuuecKoe npocmpancmeo u djin 
KdDfcdoso n G N 

M n G K{X) u lim a(M n , M) = 0. 

n^oo 

Tozda naudemcji maKaa nodnocjiedoeamejihHocmh (Mk)ken nocjiedoeamejih- 
Hocmu (M n ) ne jq, umo eepnu paeencmea. 

(i) | lim/3(Zo(M fc ),Z (M)) = 0. 

fc^oo 

(ii) lim /3(H(M k ), H(M)) = 0. 

fc^oo 

(m) lim p(Q (M k ),Q (M)) = 0. 

fc^oo 

^},OKa3aTejii>CTBO TeopeMbi 2. 

H3 CBoiicTBa 5 h KOMnaKTHOCTii MHO>KecTB M, M n (n G N) cjie^yeT, HTO 
fljia Ka^K^oro n G N HaiifleTCH TaKoii sjigmght 

z n G Z (M n ) (z n G tf(M„), z n G Qo(M„)), 

|z n Z (M)| = /3(Z (M n ),Z (M)) (|z n #(M)| = 0(H(M n ), H(M)), 

\znQ (M)\= P(Qo(M n ),Q (M))). 
(i) Tor^a ^jih Ka^Kfloro n G N 

a(M n , z n ) = /3(M n , z n ) = R {M n ). 

Hcnojib3ya ycjiOBM TeopeMbi 2, Haii^eM TaKiie no^nocjieflOBaTejibHOCTb 
(^fc)fceN nocjieflOBaTejibHOCTH (z n ) nG ^ h sjieMeHT z G M, hto 

lim = 0. 
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Tor^a b CHjiy cjiepfiTBw 1 h HenpepbiBHOCTH MeTpiiKii a nojiyniiM 

/3(M, z) = a(M,z) = Rq(M). 
CjieflOBaTejibHO, z G Zq(M) h 

lim (3(Z (M k ), Z (M)) = \z k Z (M)\ = 0. 

fc^oo 

(ii) Tor^a fljia Ka^K^oro n G N 

a(M„, z n ) = /3(M n , z n ) = D(M n ). 

Hcnojib3ya ycjiOBira TeopeMbi 2, Han^eM TaKiie no^nocjieflOBaTejibHOCTb 
{zk)ken nocjieflOBaTejibHOCTH (z n ) n eN h sjieivreHT 2 G M, hto 

lim = 0. 

Tor^a b CHjiy CBOHCTBa 5 h HenpepbiBHOCTH MeTpiiKH a nojiy^nM 

(3{M,z) = a{M, z)=D(M). 
CjieflOBaTejibHO, z G H(M) h 

lim /3(H(M k ),H(M)) = lim |^#(M)| = 0. 

k^oo k^oo 

(Hi) Tor^a ^jih KajK^oro n G N 

/3(Z (M n ),^) = i2o(M n ). 

Hcnojib3y5i ycjiOBHH TeopeMbi 2 h ^OKasaHHoe yTBepjKfleHiie (i), HaiifleM Ta- 
Kiie noflnocjieflOBaTejibHOCTH (z/ c )/ ce ^, (Zo(Mfc))/ ce ^ nocjieflOBaTejibHOCTeft 

(^n)neN, (^o(^n)))neN COOTBeTCTBeHHO H SJieMeHT 2 G M, HTO 

lim |^| = 0, lim p(Z (M k ), Z (M)) = 0. 

fc^oo k^-oo 

Ho fljia KajK^oro /c G N BepHO HepaBeHCTBO 

|/3(Z (M*),**) -/3(Z (M),*)| < /3(Z (M jb ),Z (M)) + M- 
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Tor^a b CHjiy cjie^CTBHH 1 nojiy^HM paBGHCTBO 

P(Z Q (M),z) = R Q (M). 
CjieflOBaTejibHO, z G Qq(M) h 

lim /3(Q (M fc ),Qo(M)) = lim |* fc Q (M)| = 0. 

fc^oo fc^oo 

TaKHM o6pa30M, TeopeMa 2 ^OKasaHa. 
IlpHMep 1. 

PaccMOTpHM fljra KajK^oro n G {2,3,...} b eBKjiiiflOBoii iuiockocth IR 2 
3-ceTH 

S = {O(0; 0), A(l/2; V3/2), £(-1/2; V3/2)}, 

S n = {C n (0; 1/n), A(l/2; V3/2), £(-1/2; V3/2)}. 

Tor^a HeTpyzmo npoBepiiTb, hto ^jih Ka^K^oro nG {2,3,...} HMeiOT MecTO 
paBGHCTBa; 

a(S n , S) = 1/n, Z (5) = H(S) = Q (S) = S, 

Zo(S n ) = {C n }, H(S n ) = Q (S n ) = {A, B}, a(Z (S n ), Z (S)) = \BC n 
a(H(S n ), H(S)) = a(Q (S n ), Qo(S)) = 1. 

TaKHM o6pa30M, b Teopeivie 2, b o6m,eM cjiy^ae, Hejib35i 3aivieHHTb OTKjioHe- 
hhg (3 Ha MeTpHKy Xayc^opcpa. 

2.2 OTHOCHTejIbHblH He6bILQeBCKHH u,eHTp KOHeHHOrO 

MHO^cecTBa reo,z],e3HHecKoro npocTpaHCTBa 

PaccMOTpHM MeTpHHecKoe npocTpaHCTBO (X, p) h npHMeM cjie^yiomHe 060- 

3HaHeHHH. 

B a (S, r) — OTKpbiTbiH map c ueirrpoM b tohkg S G (Y1* n (X), a), pa^nyca 
r > 0. 
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IlycTb S G S_/v(X), x G 5. Ecjih 5 7^ {x}, to S'(x) = 5\{#}. Ecjih 
S = {x}, to S(x) = X. 

m(S) = min{|xy| : x, y G S, x ^ y}. 

mi(S) = max{|x<5'(a:)| : x G S}. 
h(S) = {xeS : = m(S)}. 

= {lG5: = 7711(5)}. 

do(N) = {Se Z* N (X) : = R (S)} 

- MHO>KGCTBO JJIiaMeTpajIbHblX N-c&reft. b H* N (X). 
nycTb 1 < k < N. 

Z KN = {S G : card (Z (S)) < k}. 

Z* ktN = {Se H* N (X) ■■ card (Z (S)) = k}. 

md(N) = {S G : D(S) = m(S)}. 

mr (N) = {Se : m(S) = R (S)}. 

d mi {N) = {S E Z* N (X) : D(S) = 7711(5)}. 

mm^N) = {S E T,* N (X) : m(S) = rm(S)}. 

mMN) = {Se Z* N (X) : mi(5) = /2o(5)}. 

B flajibHeiinieM mm 6yn,eM pacciviaTpiiBaTb reojj,e3HHecKoe npocTpaHCTBO X, 
yflOBjieTBopaiomee cjie/jyioiHeMy ycjiOBHio (CA). 

(CA) fljra JiK>6oro cenvreHTa [x, y] C X h jik>6oh tohkh zEl BepHO 
HepaBeHCTBO 

2\zuj 1/2 (x,y)\ < \zx\ + 

IIpiiHGM, ecjiH tohkh x, y, z He npHHajjjie>KaT oflHOMy cerivieHTy, to Hepa- 
BeHCTBO CTporoe. 

H3 ycjiOBira (CA) HeTpynrio nojiyHHTb cjie/jyiomee cbohctbo (CB) b 
reoflesHnecKOM npocTpaHCTBe X. 
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(CB) J\jir jiK»6oro cerivieHTa [x,y] C X, jik>6oh tohkh z G X h 
jiio6oro HHCJia £ G (0, 1) BepHO HepaBeHCTBO 

|zcj £ (x, y)| < (1 — e)\zx\ + £:|^2/|. 

ripHHeM, ecjiH tohkh x, y, 2 He npiiHafljie^KaT oflHOMy cerivieHTy, to Hepa- 
BeHCTBO CTporoe. 

ripHBefleM HeKOTopBie npocTBie CBoiicTBa h B3aiiMOCB5i3H paccMOTpeH- 

HBIX IIOH5ITHH B MeTpiiHeCKOM npocTpaHCTBe X, flOKaSaTejIbCTBa nepBBix 

flByx H3 kotopbix HenocpeflCTBeHHO cjie^yiOT H3 hx onpe^ejieHHH. 

1. IlycTB N > 2. Toiyra 

Z N-l,N = 0' ^JV,JV = S^r(X), Zj^jy = d (X) = £^(X)\Zjv-2,JV- 

2. IlycTB S G S*y(X). Tor^a cjieflyiomne ycjiOBHH paBHOCiuibHbi: 

(i) h(S) = S; (ii) hi(S) = S; (in) m(S) = rrn(S). 

3. B reoflesHnecKOM npocTpaHCTBe X, yzjoBjieTBopaiomeM ycjioBiiio (CA) , 
fljia jno6bix TO^eK x, y cymecTByeT eflHHCTBeHHbifi cemeHT [x,y]. 

^eiicTBHTejibHO, b npoTHBHOM cjiy^ae HaiiflyTCH TaKiie ^Ba cerivieHTa 
[x,y], [x,y]' c KOHi^aMii b TOHKax x, y G X h pa3JiHHHbiMH cepeflimaMH 
m = CJ1/2 n v = u[^ 2 (x,y) cooTBeTCTBeHHO. Tor^a H3 ycjiOBira (CA) 
nojiyHHM 

|xw 1/2 (w,f)| + |j^i/ 2 («,v)| < M- 
IlojiyHHjiH npoTHBopeHiie. 

4. IlycTb X reoflesHHecKoe npocTpaHCTBO, yn,OBjieTBop5iiomee ycjiOBHio 
(CA), M G K(X), tohkh x, y G Z (M) pa3jiHHHbi h £ G (0, 1). Tor^a 

^ M. 

^OKa^eM 3to cbohctbo. IIpeflnojio^HM nporaBHoe, T.e. uj £ (x,y) G M. 
Toiyra b cnjry ycjiOBiiii Haniero yTBepjKflemisi h CBoiicTBa (CB) HaiifleTCsi 
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Taxaa TOHKa z G M, hto 

/3(M,u e (x,y)) = \zu e (x,y)\ < m&x{\zx\, \zy\} < Rq(M). 
IlojiyHHjiH npoTHBopeniie. 

B cjie^yiomHx jieMMe 1, Teopeivie 1 h cjieflCTBHH 1 ycTaHOBjieHbi hckoto- 
pbie reoMeTpHnecKHe CBoiiCTBa paccMOTpeHHbix KjiaccoB (piiryp npocTpaH- 
CTBa (E^(X),a) h hx OTHOCHTejibHbix He6binieBCKHx ijeirrpoB. 

JleMMa 1 [sl9]. IJycmh X MempunecKoe npocmpaHcmeo, 
5, S G (S^(X),a). Tosda 

(0 

mr (N) = mmi(N) n mir (iV), md{N) = mm\{N) n mir (N) n do(iV), 

dmi(N) = m^oiN) n d (iV) = 
{/S G do(N) : cymecmeyjom pasAUHHue tuohku 
xi, . . . , xtv G 5 (l^ia^l = • • • = |^i^at| = -D(S'))}; 

(n) |mi(5) -mi(5)| < 20(S,5). 

,II,OKa3aTejibCTBO JieMMbi 1. 

(i) ^OKa>KeM CHa^ajia, hto fljra jno6oro 5 G E^-(X) BepHO HepaBeHCTBo: 

mi(5) < /2o(5). 

Bbi6epeM TaKoii sjieMeirr x £ 5, hto mi(S) = \xS(x)\. Tor^a ^jih Ka^K^oro 
y G cnpaBe^jiMBbi HGpaBGHCTBa: 

< \xy\<P(S,y). 

Kpoivie Toro, 

< (3(S, x). 

C jie^OBaTejibHO , 

mi {S) < mm{(3(S,z) : z G S} = R {S). 
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Hcnojib3y5i nojiyneHHoe HepaBeHCTBO, a TaioKe oneBH^Hbie HepaBeHCTBa 

m(S) < rrn(S), R (S) < D(S) 
fljia S E Sjv(X), nojiy^HM 

mr (N) = mmi(N) D mir (iV), dm^N) = mir (N) n doW, 

md(iV) = mmi(N) n mir (N) n d W- 

KpoMe Toro, H3 nojiyneHHoro npeflCTaBjieHHH MHC»KecTBa dm\(N) h ero 
onpeflejieHHH cjie/ryeT paBGHCTBO 

dmi(N) = {S E do(N) : cym,ecTByiOT pa3JiHHHbie tohkh 

xi, . . . ,xn € S (\x\X2\ = . . . = |xixtv| = D(5))}. 

(m) 3aivieTHM, hto ^jm jno6bix x E S, y E S cnpaBe^jiHBbi HepaBeH- 
CTBa: 

- |^(y)| < 1x^/1 + |^(x)| < 2/3(5,2/). 

C jieflOBaTejibHO , 

rrn(S) - rrn(S) < 2R § (S) < 29(S, S). 

OcTajiocb Hcnojib30BaTb npoH3BOJibHOCTb Bbi6opa S, S E Y,* N (X). JleMMa 
1 flOKasaHa. 

TeopeMa 1 [sl9]. Ilycmh N > 2, X - seode3UuecKoe npocmpaticmeo, 
ydo6Jiem6opsiM)ut,ee ycjioewo (CA). Tozda e npocmpancmee (Y,* N (X),a) 
UMewm Mecmo cjiedywu^ue coomHomeHUR. 

(i) JJaji ecex k E {1, . . . , N} 

o 

Zk,N= Z kjN . 
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(m) Z hN = {Se H* N (X) : D(Z (S)) < R (S)}U 

{S G V* N (X) :3x,yeS (\xy\ = R (S), D({x, y}, S\{x, y}) = Ro(S))}- 

(iv) dmi(N)Ud QiN ^ C Z^ndo(N), 

zde 

do,N-i = {S G do(N) : cyu^ecmeywm pa,3JiuuHue wlohku 

xi, . . . , Xjv-i G 5 (|xiX2| = . . . = |xiXat_i| = D(S))}. 

IJpuueM, npu N G {3, 4} uMeem Mecmo paeencmeo. 

3aMenaHHe 1. Aemop nepeoHanajihuo dona3aji ymeepotcdenue (i) meo- 
peMM 1 Oaa CAyuaji k = 1. Ha eepnocmb ymeepcHcdenuA (i) meopeMU 1 
djia CAyuaji k > 1 aemopy yna3aA pev^eHsenm cmambu [sl9]. 

,H,OKa3aTejii>CTBO TeopeMM 1. 

(i) B CHjiy CBoiicTBa 1 flocTaTOHHO paccMOTpeTb cjiynaft, Kor^a k < 
N - 2. IlycTb S G Z kiN h 

£ = i min{i? (S'\Z ( ( S')) - ^(5), m(5)/2}. 
o 

PaccMOTpHM npoH3BOJibHyio iV-ceTb 5 G B a (S,e). Tor^a HeTpynpo npoBe- 

pHTb, HTO 

Z (5) = 5 n B(Z (S), e) 
h 5 G ^at. CjieflOBaTejibHO, 

o 

5 GZfc,iv 

TaKHM o6pa30M, 

o 

Zk,N= Z kiN . 

(ii) yHHTbiBaa cbohctbo 1, flocTaTOHHO paccMOTpeTb cjiy^aii, Kor^a 
Zq(S) = S n HaiiTH b npoH3BOJibHoii okpgcthocth iV-cera S N-ceTb S G 
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Zn-2,n- Bbi6epeM e = m(5)/4. IlycTb HaH^yTCsi TaKiie nonapHO pa3jiHH- 
Hbie ajieMeHTbi x, y, z G S , hto 

Rq(S) = = 

riojio>KHM 

y = u E /2(y,z), S = {y}US(y). 
Tor^a b CHjiy cboiicTba (C-B) nojiyniiM 

z, « g Z (S). 

C jieflObaTejibHO , 

5 G Zjsr-2,N H -S a (5, £:). 

OTMeTHM, hto fljiH TV = 3 Hanie yTbepjK^eHHe ^OKasaHO. PaccMOTpHM cjiy- 
naft, Kor^a TV > 3 h Taxnx sjieMeHTOb HeT. Tor^a Haft,ayTC5i TaKiiG sjieivieHTbi 
x, y, u, v <E S, hto 

Ro(S) = = |m>| 

H U, V {X : y}. ri0JI0>KHM 

x = u e / 2 (x,y), S = {x} U S(x). 
B CHjiy CboiicTba (CB) nojiyniiM 

u, v Z (S). 

TaKHM o6pa30M, 

S G Z n _2,n H -B a (5, e:). 

(m) IlycTb 

5 G {5 G E* N (X) : D(Z (5)) < i?o(^)}U 
{S G : 3x, y € S (\xy\ = R (S), D({x, y}, S\{x, y}) = Rq(S))} 



h 5 ^ ^i,at. ^OKajKeivi, hto 5 G ^i,iv- Bbi6epeM e = m(5)/4 h paccMOTpHM 
flba cjiyHaa. 
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1. IlycTb 

D(Z (S)) < R (S), u, v G Z (S) 

H U 7^ V. IIOJIOJKHM 

u = co £ (u, v), S = {u} U S(u). 
Tor^a b CHjiy CBoiiCTBa (CB) nojryHHM 

u g Z (S) 

ii Rq(S) < Rq(S). Ecjih z G Zq(5), to HaiifleTCH TaKoii sjieMe-HT £ G 
S\Z (S), ™ 

1^1 = # (S). 

Ecjih z G S\Zq(S), to Haii/jeTCii TaKoii sjieMerrr £ G S(u), hto 

M > #o(S)- 

Cjie^OBaTejibHO, {u} = Zq(S). 

2. IlycTb HaHjj,yTC5i TaKiiG x, y E S 7 hto 

\xy\ = R (S) h y}, ?/}) = /2o(5). 

rZIjra onpeflejieHHOCTH c^HTaeM, hto 

D(a;,5\{a;,j/}) = J Ro(5). 
Ecjih fljia Ka>Kjj,oro z G ?/} HMeeT MecTO HepaBeHCTBO 

/3(5\{j/},«) > R (S), 

to Bbi6epeM 

y = u £ / 2 {y,x), S={y}US(y). 
Torjra b cnjiy CBOHCTBa (CB) nojiyHHM 

{y} = z (S). 
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Ecjih HaHfleTca z G S\{x, y] TaKoft, hto 

(3(S\{y},z)<R (S), 
to \zy\ = Ro(S). Bbi6epeM 

z = u e / 2 (z,x), S = {z}US{z). 
Toiyra b cnjiy CBOHCTBa (CB) nojiyniiM 

{z} = Z (S). 
TaKHM o6pa30M, b o6ohx cjiy^aiix 

S € Z ltN n B a (S, e). 



IlycTb S G Z\^. Tor^a jih6o 

D(Z (S)) < i2o(5), 
jih6o HaiiflyTCH TaKiie x, y G Zq(S) : hto 

B nepBOM cjiynae iV-ceTb S npimafljie^KHT MHO>KecTBy b npaBoii HacTH 
ycTaHaBjiHBaeMoro paBeHCTBa. Bo btopom cjiy^ae npeflnojiojKHM, hto 

D({x,y},S\{x,y})<R (S) 

h Bbi6epeM 

.5 = i min{it> (S) - j/}, j,}), m(5)/2}. 

Tor^a fljia jik)6oh iV-cera 5 G B a (S, 5) HaH^yTCH TaKiie 
{«} = Sfl (5), H = 5fl 5(2/, J), 
hto u 7^ v h w, i> G Zq(S). Cjie^OBaTejibHO, 
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ii Hanie npeflnojiojKemie npiiBOfliiT k npoTiiBopGHiiio c TeM, hto 

S G Zi iN . 

TaKHM o6pa30M, bo btopom cjiy^ae 

D({x,y},S\{x,y}) = R (S) 

ii A^-ceTB S TaK>KG npHHa^jie^HT MHO>KecTBy b npaBoii HacTii ycTaHaBjin- 
BaeMoro paBeHCTBa. CjieflOBaTejiBHO, yTBep^flemie (Hi) ^OKasaHO. 

(iv) H3 paBGHCTB (i) JIGMMBI 1 nojiy^HM 

dmi(N) = {S G do(N) : cymecTByiOT pa3JiiiHHBie tohkii 

xi, . . . , xn G S (|xiX2| = . . . = |a?i£/v| = D(S))}. 
CjieflOBaTejiBHO, fljiH npoH3BOJiBHoro S G dm\(N) HaiiflyTCH TaKiie x = 

Xl, y = X2 G 5, HTO 

1x^/1 = D(5) = i? (^) h ?/}) = D(5) = i? (S)- 

Toiyja, yHHTBmasi ^OKasaHHoe yTBepjKflemie (m), nojiyniiM 

dmi(N) c ~Z^C\d Q (N). 

IlyCTB 

5 = {xi, . . . , x^v} g do,jv-i 11 ki^l = . . . = |xiXat-i| = D(S). 

HcnojiB3y5i onpe^ejieiiira mhokcctb do(N) 7 c?o,at-i, HaiifleM TaKoii sjieMeirr 
x G S(xn), hto |#£/v| = D(S). Tor^a 

= D(S) = Rq(S), D{{x, Xl },S\{x, Xl }) = D{S) = R {S). 

YHHTBiBa^ flOKasaHHoe yTBepjKflemie (m), nojiyniiM 
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flpKameM o6paTHoe BKjiiOHeHiie irpn N G {3,4}. Hcnojib3ya ^OKasaHHoe 
yTBep^K^eHHe (m), cbohctbo 1 h onpe^ejieHiie mho>kgctb cIq(N), do,Ar-i, 
nojiy^HM 

{5 G do(JV) : 3x, y E S (\xy\ = D(S), D({x : y}, y}) = D(5))} = 

{5 G doW : 3x, y, 2 G S (\xy\ = \xz\ = D(S))} = do,JV-i C dmi(iV)Udo,iv-i- 

TaKHM o6pa30M, Teopeivia 1 flOKasaiia. 

H3 onpeflejieHHH MHO>KecTBa do(N), TeopeMbi 1 h CBoiiCTBa 1 nojryHiiM 

Cjie^cTBHe 1. IJycmb N > 2, X - zeode3uuecKoe npocmpancmeo, 
ydoejiemeopRiou^ee ycjioeuw (CM.). Tosda uMeem Mecmo paeencmeo 

do(N) = dZ N _ 2 , N . 



IlpHMep 1. 

IlycTb 4-ceTb S coctoht H3 BGpniiiH KBa^paTa b eBKjiiiflOBofi: iijiockocth. 
Tor^a b CHjiy yTBepjKflemra (Hi) TeopeMbi 1 



S G g? (4)\Z m . 

IlpHMep 2. 

PaccMOTpiiM 5-ceTb S : cocTOHinyio H3 BepniiiH npaBiijibHoro rrHTiryrojib- 
HiiKa b eBKjiHflOBoii iuiockocth. Hcnojib3y5i yTBepjK^eHHe (Hi) TeopeMbi 1, 
HeTpy^HO npoBepHTb, hto 



S G Zi, 5 ndo(5). 

C flpyroii ctopohm, 

S dm\{h) U ^o,4- 

TaKHM o6pa30M, b o6m;eM cjiy^ae, BKjiiOHeHiie MHO>KecTB b (iv) TeopeMbi 1 
CTporoe y>Ke npii N = 5. 
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Cjie^yiomyK) TeopeMy 2 BMecTe c ^OKasaTejibCTBOM aBTopy coo6ihhji pe- 
n,eH3eHT npii perreH3iipoBaHHH CTaTbii [sl9], b KOTopoft mo>kho Hair™ ee 

P*dKQ3 aTejIbCTBO . 

TeopeMa 2. nycmb N > 2, X - seode3uuecKoe npocmpaHcmeo, ydo- 
eAemeopHwmee ycjioeuw (CA), 

Tosda 

^*n(X) = Zi^n U Z 2 ,N, 

Z 2 , N = {Se Zl N (X) : D(Z Q (S),S\Z (S)) < R (S), D(Z (S)) = R (S)} 

- omnpumoe MHoztcecmeo e npocmpaHcmee (Yi* N (X) , a) , HenepeceKawme- 
ecn c MHOOfcecmeoM Z\j$. 

3Ta TeopeMa 2 yn,aHHO flonojrasieT TeopeMy 1, nocKOJibKy H3 Hee, b nacT- 
hocth, cjie,nyeT, hto npn N > 2 MHO>KecTBO 

Zi,N U Z 2y N 

Bciofly njiOTHO b npocTpaHCTBe (Yi* N (X) , a) . 

2.3 ^ocTaTOHHbie ycjiOBHa cym,ecTBOBaHHa h e^HHCTBeH- 
hocth He6binieBCKoro u,eHTpa HenycToro orparni- 
neHHoro MHC»KecTBa reo^esHHecKoro npocTpaHCTBa 

^OCTaTOHHbie yCJIOBHH CymeCTBOBaHH5I H e^HHCTBeHHOCTH He6binieBCKoro 

irenrpa HenycToro orpaHHHeHHoro MHO>KecTBa 6aHaxoBa npocTpaHCTBa 6bi- 
jih nojiyneHbi TapKaBH A. Jl. [39], a flocTaTOHHbie ycjiOBHH npHHa^jie^K- 
hocth He6binieBCKoro uenrpa 3aMbiKaHHK> BbinyKjioii o6ojiohkh flaHHoro 
MHO>KecTBa 6aHaxoBa npocTpaHCTBa 6bijiH nojiyneHbi TapKaBH A. Jl. [40] 

ill 



n Bejio6poBbiM n. K. |12j . B cjrynae reo^esHnecKoro npocTpaHCTBa Taitne 
ycjiOBii5i 6hjih ycTaHOBjieHbi aBTopoM b [s9], [s21]. nepenncjinM OT^ejibHO 
ycjiOBHH, HeKOTopbie H3 KOTopbix 6yn,eM HajiaraTb Ha MCTpnnecKoe npo- 

CTpaHCTBO (X, p). 

{A4) fljra Jiio6bix x, y € X cymecTByeT e^HHCTBeHHaH Tonica 
cu(x, y) G X Taita^, hto 

\xw(x,y) \ = \yu(x,y)\ = hxy\. 
(A5) fljifl Bcex tohck p, x, y npocTpaHCTBa X, yn,OBjieTBop5iioiii,ero 

yCJIOBHK) (^4), BepHO HepaBeHCTBO 

\pu(x,y)\ < max{\px\, \py\}. 

(Aq) OTo6pa>KeHiie u : X x X — > X paBHOMepHO HenpepbiBHO Ha 
Ka^flOM MHO>KecTBe B x B 7 r^e B — npon3BOJibHbiH 3aMKHyTbiii map npo- 
cTpaHCTBa X, yflOBjieTBopaiomero ycjiOBHio (A4). 

(A7) fl,JiR Ka^floro r > 11 fljisi jno6bix orpaHnneHHbix nocjie^OBa- 
TejibHOCTeii 

{Pn)neN, (Xn)neN, (?/n)neN 

npocTpaHCTBa X, ynpBjiCTBopsiioinero ycjiOBHio (A4), Taxnx, hto Ka>K- 
floro n G N 

bn^nl < r, \p n y n \ < r, lim \p n u(x n ,y n )\ = r, 

BepHO paBCHCTBO 

lim \x n y n \ = 0. 

n— >oo 

(Ag) ^jra Ka^floro r > 0, ,h,jih Ka^Kfloft cxoflsnnencii k Hyjno nocjie^o- 
BaTejibHOCTH HeoTpnHaTejibHbix Bem,ecTBeHHbix nnceji (£ n )neN H ajm jnoGbix 
orpaHHneHHbix nocjieflOBaTejibHOCTen 

(^n)neN, (^n)neNj (?/n)neN 
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npocTpaHCTBa X, ynpBjieTBopsnomero ycjiOBHio (A4), t&khx, hto fljia Ka>K- 
floro n G N 

\p n x n \ <r + e n , \p n y n \ < r + e nj lim \p n u(x n , y n )\ = r, 

n—t-oo 

BepHO paBeHCTBO 

lim \x n y n \ = 0. 

n— >oo 

OTMeTHM, hto ycjiOBHe (^4) ^Bji5ieTCH 6ojiee chjibhbim, neM ycjiOBHe 
{Aq) 7 ho 6ojiee cjiaGbiM, hc-m ycjiOBHe (^4i). B reoflesHnecKOM npocTpaH- 
CTBe ycjiOBHe (^4) SKBHBajieHTHO ycjiOBHio (Ai). IlojiHoe MeTpunecKoe npo- 
CTpaHCTBO, ynpBjieTBopsnomee ycjiOBHio (A4), HBjiaeTCH reo^esHHecKHM npo- 
CTpaHCTBOM [49]. Ohcbh^ho, hto b reoflesHnecKOM npocTpaHCTBe, y^OBjie- 

TBOp5HOIHeM yCJIOBHK) (A4), yCJIOBHe (A5) SKBHBajICHTHO yCJIOBHK) BbinyK- 

jiocth npoH3BOJibHoro 3aMKHyToro niapa h cjia6ee ycjiOBH^ (^3). IIpHMe- 

paMH nOJIHblX MCTpHHCCKHX npOCTpaHCTB, B KOTOpblX BbinOJIHeHbl yCJIOBHH 

(A4— Ag), 5iBji5iK)TC5i paBHOMepHO BbinyKjioe 6aHaxoBO npocTpaHCTBO h npo- 
CTpaHCTBO AflaMapa [2HI c. 390] (b nacTHOCTH, rHjib6epTOBO npocTpaHCTBO 
11 npocTpaHCTBO JloSaneBCKoro). 

JleMMa 1. Ecjiu seode3UHecKoe npocmpaHcmeo X ydoejiemeoptiem ycjio- 
6urm (A4 — At), mo oho ydoeAemeopsiem u ycjioeuw (Ag). 

/^OKasaTejibCTBO JieMMbi 1. 

IlycTb sa^aHbi hhcjio r > h nocjieflOBaTejibHOCTH 

(^nJneN? (Pn)nEN, (^n)neN) (iJnjneN^ 

KaK yKa3aHO b (Ag). PaccMOTpHM fljisi Ka^Kfloro n G N Taxne tohkh u n , v n 
b ccTMeHrax [p n: x n ], \p n ,y n ] cootbctctbchho , HTO 

l^n^nl l~t"n \Pn%n \ i l^nUnl f^n \PnVn \ i 

r^e 

= — • 

r + £ n 
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Tor^a fljra Ka^K^oro n £ N BepHbi BcnoMoraTejibHbie HepaBeHCTBa. 

\p n cu{x n ,y n ) \ - \u)(x n ,y n )u(u n ,v n )\ < \p n u{u n ,v n )\ < 
\p n u(x n ,y n )\ + \u(x n ,y n )u(u n ,v n )\. 
Hcnojib3ya sth HepaBeHCTBa h ycjiOBHe (Aq) : nojiyHHM 

lim \p n u(u n ,v n )\ = r. 

CjieflOBaTejibHO, b cnjiy ycjiOBHH (A7) 

lim |w n i> n | = 0. 

n^oo 

H3 SToro paBeHCTBa h HepaBeHCTB 
fljia Ka^floro n £ N nojiyHHM 

lim \x n y n \ = 0. 

TaKHM o6pa30M, jieMMa 1 ^OKasaHa. 

JleMMa 2 ([s9], [s21]). naoicdozo nenycmozo ozpanuHeHHozo mho- 
CHcecmea MempuuecKoso npocmpcmcmea, ydoejiemeopHwu^ezo ycjioeu^M (A4), 
(^5), (^7), cymecmeyem ne 6ojiee odnoso ne6umeecK020 i^enmpa. 

^OKasaTejibCTBO JieMMbi 2. 

ElycTb x, y neSbimeBCKiie ueHTpbi MHC»KecTBa M £ B{X). Tor^a H3 
onpeflejieHHH He6biHieBCKoro ueHTpa h ycjiOBHH (A4), (A5) cjie^yeT, hto 
BepHbi HepaBeHCTBa 

sup 2/)it| < sup max{|xu|, \yu\} < R(M). 

u€M ueM 

Toiyra oj(x,y) - - He6biHieBCKHH Hemp MHC»KecTBa M h H3 onpe^ejieHHH 
He6binieBCKoro ueHTpa cjie^yeT, hto b MHO>KecTBe M HaH^eTCii Taicaa no- 
cjie^OBaTejibHOCTb (p n )neN, HT0 N 1 ^ KajK^oro n £ N 

lim \ Pn uj(x,y)\ = R(M), \p n x\ < R(M), \p n y\ < R(M). 

n^oo 
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B CHjiy ycjiOBH^ (A7) nojiy^HM x = y. JleMMa 2 ^OKasaHa. 

TeopeMa 1 ([s9], [s21]). fljin naoicdozo nenycmozo ozpcmuueHHOzo mho- 
jfcecmea uoahoso MempunecKozo npocmpaHcmea, ydoejiemeopsiioiufizo ycAO- 
6uhm (A±), (A5), (Aq), (As), cymecmeyem eduncmeeHHUu ue6umeecKuu 
Mfinmp. 

^!I,OKa3aTejii,CTBO TeopeMM 1. 

J\r"a MHO>KecTBa M G B(X) paccMOTpiiM ceMeiiCTBO HenycTbix 3aMKHy- 

TblX MHO>KeCTB 

K e (M) = {y G X : (3(M, y) < R(M) + e}, 

rpp e > 0. 

9to ceMeiiCTBO oSjia^aeT cjieflyiomHMH sjieMeHrapHbiMH CBOHCTBaMii: 

(i) ecjiH a < e, to 

K a (M) c K £ (M); 

(ii) C\{K £ (M) : e > 0} ecTb mhcokgctbo Bcex neSbinieBCKHx rjeirrpoB 

MHO>KeCTBa M. 

Ho jieMMe 2 cymecTByeT He 6ojiee o^Horo HeGbinieBCKoro u,eHTpa mho 
>KecTBa M. Bbi6epeM cxoflamyioca k Hyjiio noaneflOBaTejibHOCTb iiojic»kh- 
TejibHbix Bem,ecTBeHbix Hiiceji (£ n )neE H fl,^ Ka^floro n G N TaKiie tohkh 
x n , y n G K £n (M), hto 

D(K £n (M)) < \x n y n \ + e n . 

B CHjiy ycjiOBHH (A4), (-A5), onpe^ejieHiia He6binieBCKoro pa^nyca h mho- 
>KecTBa K £ (M) fljia Ka^K^oro n G N nojryHHM 

i?(M) < sup |zo;(x n ,y n )| < supmax{|zx n |, \zy n \] < R(M) + e„. 
CjieflOBaTejibHO, b MHO>KecTBe M HaftfleTCH Taxaa nocjieflOBaTejibHOCTb (z n )neN, 

HTO 

lim \z n u(x n ,y n ) \ = R(M). 

n^oo 
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Tenepb b cmiy ycjiOBHH (Ag) nojiyniiM 

lim \x n y n \ = 0. 

71— >0O 

Tor^a no Teopetvie KaHTopa [EH c. 399] mhokgctbo 

D{K £ {M) : e > 0} 

coctoht H3 oflHoft tohkh. TaKHM o6pa30M, TeopeMa 1 flOKasaHa. 
H3 jieMMbi 1 h TeopeMbi 1 cjie^yeT 

Cjie^cTBHe 1 ([s9], [s21]). fljisi Kaztcdoso nenycmoso ospanuHeHHoeo 
MHOJfcecmea nojinozo MempunecKozo npocmpaHcmea, ydoeAemeopnwu^edo 
ycAoeusiM (A± — Aj), cyv^ecmeyem eduHcmeenHuu ne6umeecKuu yenmp. 

2.4 06o6m,eHHe HeKOToptix TeopeM B. CeKec})ajibBH- 
Haflb, C. B. CTeHKHHa h H. B. E(J)HMOBa 

IlycTb (X, p) MeTpHnecKoe npocTpaHCTBO. HanoMHHM cjieflyiomHe o6o3Ha- 
neHHH h onpeflejieHHH H3 [37], [23], [75] . 

EtycTb M HenycToe noflMHOJKecTBO npocTpaHCTBa X. 
E M = {x e X : P(x, M) ^ 0}, T M = {x e X : P(x, M) — oflHOToneHHo} , 
£>mO) = lim D(P(x,M,£)), T' M ={xeX: D M {x) = 0}. 

<5-s>0+ 

MiK»KecTBO M W3 X Ha3biBaeTca MHOJtcecmeoM cyv^ecmeoGaHun ( ue- 
6uuieecKUM MHoatcecmeoM) , ecjin Em = X (7m = X). 

He6binieBCKoe mhtokgctbo M Ha3biBaeTca cujihuo ueduiueecKUM mho- 
jtcecmeoM, ecjiii OTo6pa>KGHiiG 

Pm:X^M, P m (x) = P(x,M) 

— HenpepbiBHO [23, onpeflejiemie 3.28]. 
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IlocjieflOBaTejibHOCTb (y n ) n eN MHO>KecTBa M Ha3bmaeTC5i MUHUMU3upy- 
tomfiu nocjiedoeamejibHOcmbK) fljra tohkh x G X, ecjiii 

lim \xy n \ = \xM\. 

n— s-oo 

MHO>KecTBO M C X Ha3bmaeTC5i annpoKCUMamueno KOMnaKmnuM mho- 
otcecmeoM, ecjiii ^jih Ka^Kfloro x E X Ka^Kflaa MHHHMHSiipyiomasi nocjie^o- 
BaTejibHOCTb HMeeT no^nocjieflOBaTejibHOCTb, cxo/mmyiocfl k sjieMeHTy H3 

MHO>KeCTBa M . 

MHO>KecTBO M c X Ha3bmaeTC5i mejiOM |37], ecjin 

M C M. 

MHO>KecTBO M <Z X Ha3biBaeTca a-eunyKAUM (a > 0), ecjiH ^jih Ka>K- 
,n,oro sjieMeHTa a: G X\M HaftfleTcsi sjieMeirr cEl TaKoft, hto x G 5(c, a) 
h Mf)B(c,a) = [37]. 

3aMKHyTbifi map a] Ha3biBaeTC5i onopnuM mapoM k MHO>KecTBy M 
b TOHKe y G M, ecjin \xM\ = = a [37]. 

BiviecTe c yaiiOBiraMH (A^—Aq) Ha reo^esnHecKoe npocTpaHCTBO X 6yn,eM 
Hcnojib30BaTb TaK>Ke BMecTO ycjioBH^ (A-?) 6ojiee cjia6oe ycjiOBHe (A' 7 ). 

(A' 7 ) flji^ Ka^Kfloro 3aMKHyToro niapa B[p,r] reo^esHHecKoro npo- 
CTpaHCTBa X, yflOBjieTBopaiomero ycjiOBHio (A±), h ^jih jiioGbix nocjie^o 
BaTejibHOCTeft 

H3 SToro niapa TaKiix, hto 

lim \pu(x n ,y n )\ = r, 

BepHO paBeHCTBO 

lim \x n y n \ = 0. 

71— >00 

ripHBe^eM HecKOJibKO BcnoMoraTejibHbix yTBepac^eHHH, ^OKasaTejibCTBa 
nepBbix flByx H3 hhx o^eBH/mbi, a ocTajibHbix H3BecTHbi. 
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1. KajKflbift OTKpbiTbift map reoflesnnecKoro npocTpaHCTBa, nepe3 Ka>K- 
flbie flBe pa3JiHHHbie tohkh KOToporo mo>kho npoBecTH e^HHCTBeHHyio npa- 
Myio, BbinyKjibiii Tor^a n TOJibKO Tor^a, Kor^a KajK^bin 3aMKHyTbin map 
SToro npocTpaHCTBa BbinyKjibin. 

2. B reo^esnnecKOM npocTpaHCTBe, yzjOBjiCTBopsnorneM ycjiOBiraM (A<± — 

Aq), (A'j), K&TKR&Sl CCpepa He COflep^HT HCBbipO^KfleHHblX OTpe3KOB. 

3. KajKfloe annpoKCHMaTHBHO KOMnaKTHoe ne6binieBCKoe mho^kcctbo 
MCTpnnecKoro npocTpaHCTBa 5rejraeTC5i CHjibHO He6bimeBCKHM ([76, cjiefl- 
CTBiie 2] hjih [37, cjie^CTBHe 2.2]). 

4. IlycTb X reoflesHnecKoe npocTpaHCTBO, nepe3 Ka^^bie ^Be pa3Jinn- 
Hbie tohkh KOToporo mo>kho npoBecTH eflHHCTBeHHyio np^Myio, x G X, 
MgS(I). Ecjih 

y G P(x,M), z G 
iyje (x,y] = [x, y]\{x}, to P(z,M) = y (37), npefljiojKeHne 0.3]. 

5. IlycTb M 3aMKHyToe no^MHO^ecTBO nojiHoro reoflesnnecKoro npo- 
cTpaHCTBa X 7 nepe3 KajK^bie /me pa3JinnHbie tohkh KOToporo mojkho npo- 
BecTH emiHCTBeHHyio npaMyio. Toiyja M C T' M C Tm h fljra Ka^K^oro 
x G T' M nivieeT MecTO BKjnoneHne [371 npefljio^KeHne 1.1] 

[x, P(x, M)] c T' M . 

CjieflyioinaH TeopeMa 1 o6o6inaeT Teopeiviy B. CeKecpajibBn - Ha^b [23, 
TeopeMa 3.35], ^pyrne o6o6ineHH5i mo>kho HaftTn b [33, npe^jio^KeHnsi 2.5, 
2.6]. 

TeopeMa 1 [s7]. B hoahom seode3uuecKOM npocmpaHcmee, ydoeAemeo- 
psiwvu^eM ycAoeujiM (A4 — Aq), (A 7 ), Kazfcdoe eunyKAoe 3aMKnymoe mho- 
jfcecmeo aqaa&tyica annpoKcuMamueno KOMnaKmnuM, ue6uiueecKUM (a 
3HaHum u cuAbuo ue6umeecKUM) . 

3aMenaHHe 1. YcAoeue (Aq) e meopeMe 1 mochcho ocAa6umb do CAe- 
dywvu^edo ycAoeuA (Aq). 
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(A'q) Ecau 



lim \x n y n \ = 



3jir ospanuHennux nocjiedoeameji'bHOcmeu (x n ) n( ^, (y n )nm npocmpancmea 



npu n — > oo, m — > oo. 

^OKasaTejibCTBO TeopeMM 1. 

^OKajKeM annpoKCHMaTHBHyio KOMnaKTHOCTb MHO>KecTBa M . ElycTb 

p G X\M, (x n ) neN 

- MHHHMH3IipyK)maSI IIOCJieflOBaTejIbHOCTb B MHO>KGCTBe M RJIft TOHKII p II 

fljiH Ka^floro n G N 



Tor^a 

lim \x n y n \ = lim (|x n p| - \py n \) = lim |x n p| - \pM\ = 0. 

n— >oo n— >oo n— >oo 

M.3 ycjiOBiiH (Aq) (hjih (A'q)) cjie^yeT, hto 

\uj(x n ,x rn )u(y n ,y m ) \ 
npn n — > oo, m — > oo. KpoMe Toro, 

u(y n ,y m ) G £[p, |pM|], w(x m x m ) G M 
npii n, m G N, nocKOJibKy M, £>[p, |pM|] - BbinyKjibie MHO>KecTBa. ElycTb 



npn n, m G N. Tor^a 
\pM\ - \uj(y n ,y m )a nm \ = \pa nm \ - \u(y n ,y m )a nm \ < \pu(y n ,y m ) < \pM\ 

119 



X, mo 



uj(x n ,x m )uj(y n ,y m ) \ 



Vn=\p,Xn]f)S(p, \pM\). 




H 3HaHHT, 

\pu(y n ,y m ) \ 

npii n — > oo, m — > oo. H3 ycjiOBHH (A' 7 ) nojiyHHM, hto |y n y m | — > npii 
n — > oo, m — > 00. Ho npocTpaHCTBO X — nojiHoe, nosTOMy HaiifleTCH TOHKa 
y <E S(p, \pM\) Taxaa, hto 

lim y n = y. 

H3 HepaBeHCTBa 

\yx n \ < \x n y n \ + \yy n \ 

cjie^yeT TenepB, hto 

lim x n = y G Mfl5(p, |pM|). 

3HaHHT, MHO>KeCTBO M — aillipOKCHMaTHBHO KOMnaKTHO. 

IlepeceHeHHe Mf]S(p, \pM\) co^epjKHT He 6ojiee o^hoh tohkh. fleii- 
CTBHTe jibho , b npoTHBHOM cjiy^iae ccpepa co^epjKajia 6bi HeBBipo^KfleHHBiii 
OTpe30K, nocKOJiBKy MHCCKecTBa M, £>M] BBinyKjiBie. A sto npoTHBO- 
pe^HT CBoiicTBy 2. CjieflOBaTejibHO, mhokgctbo M He6binieBCKoe h TeopeMa 
1 floxasaHa. 

JleMMa 1 [s7]. IJycmb X - seode3UHecKoe npocmpancmeo, ydoejiemeo- 
psmmpe ycAoeujiM (A4 — Aq), (A' 7 ), ieI. Ecjiu nocjiedoeamejihuocmu 

(yn)nen, (z n )neM, (w n )neN 

ydoGAemeopjiTom ycjioeusiM: 

\xy n \ = r, lim \xz n \ = r+h, u n G [x,z n ], \xu n \ = r, lim \y n z n \ = h, 

n-^-oo n^-oo 

dde r > 0, h > 0, n G N, mo 

lim \y n u n \ = 0. 
,H,OKa3aTejit>CTBO JieMMbi 1. 
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IlycTb fljia Ka^K^oro n 6 N 

c-n G [z n ,y n ], \c n z n \ = \u n z n \. 

Tor^a 

lim |y n c n | = lim (\y n z n \ - \u n z n \) = 

n^oo n^oo 

ii no ycjiOBHio (Ag) 

lim |u;(y n ,u n )o;(c n ,u n )| = 0. 

ra^oo 

B ciuiy ycjiOBiift jieMMbi 1, (^5) 11 HcpaBCHCTBa TpeyrojibHHKa BepHbi Hepa- 
BeHCTBa 

\xz„\ < \xu(y n ,u n )\ + \u(y n , u n )u(c n , u n )\ + 
\u(cn, u n )z n \ < r + \u(y m u n )u(c n , u n ) | + h. 
C jie^OBaTejibHO , 

lim \xu(y n ,Un) \ = r. 

n^oo 

M.3 ycjiOBH5i (A7) cjie^yeT Tenepb, hto 

lim \u n y n \ = 0. 

Hto h Tpe6oBajiocb ^OKasaTb. 

PaccMOTpiiM eme oj\no yanoBiie (Aq) Ha reoflesiinecKoe npocTpaHCTBO 

X. 

(Aq) Ajih Jiio6bix Bem,ecTBeHHbix niiceji r > 0, A > 1 11 fljra Ka^floft 
tohkii j9 reo^esiiHecKoro npocTpaHCTBa X, nepe3 KajK^bie flBe pa3JiiiHHbie 
tohkh KOToporo mojkho npoBecTii efliiHCTBemiyio np5iMyio, OTo6pa>KeHiie 

g : S(p,r) ^ S(p,Xr), g(x) = u x (p, x) 

— paBHOMepHO HenpepbiBHO. 

OTMeTHM, hto coBOKynHOCTb ycjiOBira (Aq) , (Aq) b reo^esiiHecKOM npo- 
CTpaHCTBe X, nepe3 K&TKRbie ppe pa3JiiiHHbie tohkii KOToporo mojkho npo- 
BecTii e^HHCTBeHHyio npaiviyio, cjia6ee cjieflyiomero ycjiOBira (Aq), ncnojib- 
30BaHHOrO aBTopoM b [s7]. 
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(Aq) fljra Ka^Kfloro A G R OTo6pa>KeHHe 

w A :Ixl4l 

paBHOMepHO HenpepbiBHO Ha KajK^OM MHC»KecTBe Bii^a B x r^e B - 
npoH3BOJibHbiH 3aMKHyTbiH map reo^esHHecKoro npocTpaHCTBa X 7 Hepe3 
Ka^^bie flBe pa3JiiiHHbie tohkh KOToporo mo>kho npoBecTH e/mHCTBeHHyio 
np^Myio. 

YTBep^fleHHe (i) cjie^yiomeH jieMMbi 2 5iBji5ieTC5i o6o6meHHeM jieMMbi 
1.1 C. B. CTe^KHHa [38], yTBep^Kflemie (ii) JieMMbi 2 5iBji5ieTC5i o6o6in;eHiieM 
yTBepjK^eHHH b jieMMe 4 A. B. MapHHOBa [62]. 

JleMMa 2 [s7], [sl2]. Ilycmb e seode3uuecKOM npocmpaHcmee X , uepe3 
naotcdue dee pa3AUUHue tuohku Komoposo momcho npoeecmu eduHcmeeti- 
Hyw npsiMyw, eunoAHenu ycAoeusi (A§), (A§), (A' 7 ), (Ag), x G X u dcmu 
maKue eemecmeeHHue hucaci h, H , umo < h < H. Tosda eepnu CAedy- 
jomue ymeepotcdenusi. 

(i) D{B[z, H-h + 5\\B(x, H)) -> 0; 

(ii) D{B[z, H - h]\B{x, H - 5)) -> 

npu 5 — > 0+ paenoMepno no eceM y, z G X, ydoeAemeopjiwmuM ycAoeu- 
am: 

z G (x,y), \xy\ = H, \xz\ = h, 
sde (x,y) = [x : y]\{x,y}. 

/^OKasaTejibCTBO JieMMbi 2. 

(i) llycTb fljia Ka^K^oro 8 > b MHO>KecTBe 

B[z,H -h + 6\\B(x,H) 

npOH3BOJIbHbIM 06pa30M BblGpaH SJieMeHT U. OHeBHflHO, flOCTaTOHHO flOKa- 
3aTb, HTO 

lim \uy\ = 0. 
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0603HaHHM 

t = [x, u] |^| S(x, h), v = [x, u] |^| S(x, H). 
Tor^a H3 ycjiOBHH jieMMbi 2 h HepaBeHCTBa TpeyrojibHHKa nojiyHHM 
H — h < \xu\ — \xt\ = \tu\ < \zu\ < H — h + 5. 



C jieflOBaTejibHO , 



B CHjiy jieMMbi 1 



lim \tu\ = lim \zu\ = H — h. 



lim \tz\ = 0. 

6^0+ 



Pfe ycjiOBHa (Ag) cjie^yeT Tenepb, hto 

lim \vy\ = 0. 

Kpoivie Toro, H3 ycjiOBHH JieMMbi 2 h HepaBeHCTBa TpeyrojibHHKa nojiyHHM 

\uy\ < \vy\ + \vu\ < \vy\ + 5 



C jie^OBaTejibHO , 



lim \uy\ = 0. 



(ii) ElycTb fljia Ka^Kfloro < 5 < H — h b MHO>KecTBe 

B[z,H-h]\B(x,H-6) 

npOH3BOJIbHbIM 06pa30M Bbl6paH SJieMeHT U. OHeBHflHO, flOCTaTOHHO flOKa- 

3aTb, hto \uy\ — > npii 5 — > 0+. ElycTb v TOHKa nepeceneHHH npaMoii, 
npoxo^Hjeii Hepe3 tohkh i, m co ccpepoft 

S(x,H), t = [x, u] P| S(x, h). 

H3 HepaBeHCTB 

H — 5 < \xu\ < \xv\ = H 

cjie^yeT, hto 

lim \xu\ = H, lim \uv\ = lim (H — \xu\) = 0. 
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Toiyja H3 HepaBeHCTB 

\zy\ < \zv\ < \zu\ + \uv\ < \zy\ + \uv\ 

cjie^yeT, hto 

lim \zv\ = H — h. 
Ho \xt\ = \xz\ = h. IlosTOMy no JieMMe 1, 

lim \tz\ = 0. 

H3 ycjiOBHH (Aq) cjie^yeT Tenepb, hto 

lim \vy\ = 0. 

TaKHM o6pa30M, 

\uy\ < \uv\ + \vy\ — > 
npn 5 — > 0+ h jieMMa 2 ^OKasaHa. 

Cjieflyiomaa Teopeivia 2 o6o6maeT Teopeiviy C. B. CTeHKima [37], Teopeivia 

i.i]. 

TeopeMa 2 [s7]. Ilycmb e jioahom zeode3unecKOM npocmpaHcmee X, 
nepe3 Kaofcdue dee pa3AUHHue uiohku Komopozo mochcho npoeecmu edun- 
cmeeHHyw np^Myw, eunoAnenu ycAoeuA (A§), {Aq), (A' 7 ), (Aq), M 
nenycmoe 3aMKHymoe MHOotcecmeo e X. Tosda naoicdoe U3 MHowcecme 
Tm, T' m neAnemcn donoAnenueM Mnootcecmea nepeou Kamesopuu (e nacm- 
Hocmu, ecwdy nAomno) e npocmpaHcmee X . 

,H,OKa3aTejibCTBO TeopeMM 2. 

^OKa^eM, HTO MHO>KeCTBO 

F £ = {x G X : D M (x) > e} 
3aMKHyTO fljia Ka^floro e > 0. ElycTb 

lim x n = x, D M (x n ) > e 

n— >oo 
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fljia Ka^K^oro n G N. IloKa>KeM, hto fljia Ka^K^oro n G N 

P{x n ,M,t) C P{x,M,5) 

npii 

£ < (5/2, < J/4. 

fleiicTBHTejibHO, ecjiH fljia KajK^oro n G N y G P(x n , M, t), to 

< |yx n | + < |x n M| + 1 + \xx n \ < \xM\ + t + 2\xx n \ < \xM\ + 5. 

CjieflOBaTejibHO, fljra Ka^K^oro n G N h ^jih KajK^oro (5 > 

D(P(x,M,8)) > D(P(x n ,M,t)) > D M (x n ) > e. 

OTCiofla nojiynaeivi 

D M (x) >e, x G F £ . 
^OKa^eM Tenepb, hto mhokcctbo F e HHr^e He iijiotho b npocTpaHCTBe 

X. EcjIH 3T0 He TaK, TO 3aMKHyTOe MHO>KeCTBO F e COflepJKHT HeKOTOpbffl 

3aMKHyTbiH map B[x,h] pa/myca h > 0. Mojkho CHHTaTb, hto h < \xM\. 
IlycTb TOHKa w G M Taicaa, hto 

\xw\ < \xM\ + 5. 

IIOJIOJKHM 

y = [ X ,w]f > \S(x, \xM\). 

IlycTb TOHKa z G [x,y] TaKaa, hto \xz\ = h. Tor^a 

\zw\ = \xw\ — \xz\ < \xM\ + 5 — h. 
Kpoivie Toro, ^jih KajK^oro u G P(z, M, 5) 

\zu\ < \zM\ + 5 < \zw\ + 8 < \xM\ -h + 28. 

3HaHHT, 

P(z, M, 5) C |xM| - h + 2(5]\5(x, |xM|). 
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H3 CBoftcTBa 5 ii yTBep^KfleHiia (i) jieMMbi 2 cjie^yeT, hto HaftfleTCH Taxoe 

(5 > 0, HTO 

£>m(^) < D(P(z, M, 5) < D(B[z, \xM\ -h + 25}\B(x : \xM\)) < e. 
IlojiyHHjiH npoTiiBopeniiG c TeM, hto 

z G B[x, h] C F £ . 

TaKiiM o6pa30M, fljia Ka^Kfloro e > mhtokgctbo F £ mir^e He njiOTHO b 
npocTpaHCTBe X. Kpoivie Toro, mhojkgctbo 

{x G X : D M {x) > 0} 

5iBji5ieTC5i MHO>KecTBOM nepBoii KaTeropiiii, nocKOJibKy coBnaflaeT c o6 r beRa- 
HeHiieM MHO>KecTB Fi/ n , (n G N). ^onojiHeHHeivi SToro MHO>KecTBa 5iBji5ieTC5i 
MHO>KecTBO T' M . H3 CBoftcTBa 5 cjie^yeT, hto T' m C TV. TaKiiM o6pa30M, 
TeopeMa 2 flOKasaiia. 

Cjieflyiomasi TeopeMa o6o6maeT TeopeMy H. B. E(pnMOBa h C. B. Ctch- 
KiiHa (22, TeopeMa 1.2]. 

TeopeMa 3 [s7]. Tlycmh e uoahom seode3uuecKOM npocmpaHcmee X, 
nepe3 KacHcdue dee pa3AUHHue tuohku Komoposo mowcho npoeecmu edun- 
cmeeHHyw np^Myw, eunoAHenu ycAoeun (As), (Aq), (A' 7 ), (Aq), M 
a-eunyKAoe meAO amoso npocmpaHcmea. Tosda MHOJtcecmeo monen spa- 
Huvpi dM, 6 Komopux cymecmeyem eduHcmeeHHUu onopnuu map paduyca 
a, jieAttemcji donoAHenueM MHOotcecmea nepeoil namezopuu e dM. 

,H,OKa3aTejibCTBO TeopeMM 3. 

^OKasaTejibCTBO b ochobhom aiiajioriiHHO flOKasaTejibCTBy Teopeivibi 1.2 
b [37], ecjiH ynecTb jieMMy 2. 

1. fljifl KajK^oro 5 > h fljra jno6oro y G dM iiojiokhm 

C 5 (y) = {x G X : B(x, a) D M = 0, x G B[y, a + 5}}. 
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9to MHO>KecTBO HenycToe. ,ZIeiiCTBiiTejibHO, HaiifleTCsi Taxaa TOHKa z G 
B(y, 8)\M, fljia KOTopoH b ciuiy onpeflejieHiM a-BbinyKjioro Tejia HaiifleTCsi 
OTKpbiTbiii map B(x, a), yn,OBjieTBopflioiii,iiii ycjiOBHHM: 

B(i,a)nM = |, zeB(x,a). 

Tor^a 

< + < a + 5, 
to ecTb 2 G C$(y). 3aMeTHM, hto npii < 5 < 5' 

C s (y) c C 6> (y). 

9to npocToe cbohctbo no3BOJi5ieT onpeflejiiiTb hiicjio 

d y = lim D(Cs(y)) = M{D(C s (y)) : 5 > 0} 

II flJIH Ka^flOrO £ > MHO>KeCTBO 

G e = {y G : d y > e}. 
2. IloKa>KeM, hto G e 3aMKHyToe mhokgctbo . IlycTb nocjieflOBaTejib- 

HOCTb (j/ n ) n eN H3 MHO>KeCTBa G £ CXOflHTCH K TOHKG y G X, TO eCTb flJIfl 

Ka^floro (5 > HaHfleTca Taxoe N G N, hto fljia KajK^oro n > N \y n y\ < 8. 
Ecjiii n > N ii x G Cs(y n ), to 

5(x,a)nM = 0, x G B[y n , a-\-S\. 

Kpoivie Toro, 

\xy\ < \xy n \ + \y n y\ < a + 2(5, ii x G C 2 $0/). 
Cjie^OBaTejibHO, fljra jno6oro £ > npii n > N 

C d (y n ) c C 2(J (2/). 
Tor^a fljisi KajKfloro ^ > npii n > N 

D(C 2S (y)) > D(C s (y n )) > d Vn > e. 
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C jie^OBaTejibHO , 

d y > e h y G G £ . 

3. IloKa>KeM, hto fljia Ka^floro e > mhokcctbo G £ HHiy^e He njiOTHO b 
dM. ripeflnojio^KHM, hto 3to HeBepHO. Tor^a HaiifleTCH TaKoii 3aMKHyTbiii 
map B[y,r], hto 

y G dM, B[y,r]ndM C G e . 

o 

B CHjiy Toro, hto M — Tejio, HaiifleTCH Taicaa TOHKa iGM, hto < r/3. 
IlycTb " " MHHHMH3HpyK»maH nocjieflOBaTejibHOCTb b MHC»KecTBe 

dM fljia tohkh x. Toiyja HaiifleTca Taxoe iVGN, hto ^jih Ka^K^oro n > N 

\xu n \ < 2\xy\, \yu n \ < \yx\ + \xu n \ < r r u n E G £ . 

EtycTb fljiH Ka^floro n > N 

h = |x(5M)|, z n G [x,u n ], |xz n | = /i, 

y n — TOHKa Ha jiyne c HanajiOM b tohkc x 7 coflepjKametvi TOHKy u n , Taitasi, 
hto |xy n | = 0, + h n H = 0, + h. KaK ycTaHOBjieHO Bbinie, ^jra jno6oro 5 > 
h fljra KajK^oro n > N 

C s (u n ) ^ 0. 

CjieflOBaTejibHO, fljra KajK^oro n > N HaiifleTCH t> n G C§(u n ), hto 

a < |v n Af | , lim \v n u n \ = a. 
Kpoivie Toro, fljia KajK^oro n > N 

B(v n ,a) n M = 0, B(x,h)cM, \xv n \>a + h = H. 
CjieflOBaTejibHO, fljra KajK^oro n > N 

v n ^ B(x, \xy n \). 
3aMeTHM, hto fljia KajK^oro n > N 

a < \v n z n \ < \v n u n \ + \u n z n \, lim |w n z n | = 0. 

n^oo 
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C jie^OBaTejibHO , 

lim \v n z n \ = a. 

Ecjih cxoflHiijaHCH k Hyjiio nocjie^OBaTejibHOCTb nojic»KHTejibHbix BemecTBeH- 
hmx HHceji (5 n ) ne fq yflOBjieTBopaeT fljia KajK^oro n > N ycjiOBHio 

5 n > \v n u n \ - a + | 

to fljra Ka^K^oro n > N cnpaBe^jiHBO bkjiiohghhg: 

v n e C Sn {u n ). 

TaKHM o6pa30M, ^jih KajK^oro n > N 

e B[z n ,a + 5 n ]\B{x,H). 

B CHjiy jieMMbi 2 

lim \v n y n \ = 0. 

n^oo 

H3 BKjiioHeHira u n G G £ fljiH Ka^^oro n > N cjie^yeT, hto HaiifleTCH TOHKa 

q n G Q„(w n ), 

flJIH KOTOpOH BepHO HepaBeHCTBO 

\v n q n \ > e/3. 

CHOBa, fljiH Ka^floro n > N 

q n G B[z n ,a + 6 n ]\B(x,H). 

B CHjiy JieMMbi 2 

lim |g n ?/ n | = 0, lim \v n q n \ = 0. 

n^-oo n-^-oo 

IlojiyHHjiH npoTHBopenne. TaKHM o6pa30M, fljra Ka^^oro e > MHO>KecTBO 
G e Huryje He hjiotho b dM. Tor^a mho^cgctbo 

oo 

{y G 8M : d y > 0} = |J G Vn 

n=l 
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— nepBOii K&TeropiiH b dM. 

4. IloKajKeM, hto b tohkg y G dM c d y = cymecTByeT eflHHCTBeHHbiii 
onopHbiii map pamiyca a. IlycTb (5 n ) ne fq cxo^amajica k Hyjiio CTporo y6bi- 
Baiomaa nocjieflOBaTejibHOCTb BeiHecTBeHHbix nnceji h fljia Ka^^oro n G N 
HMeeT MecTO bkjiiohghhg; 

Pn e C Sn {y). 

IlocjieflOBaTejibHOCTb (p n )nen ~ (pyHflaMeHTajibHaa, nocKOJibKy 

lim D(CsM) = d y = 0. 
Ho npocTpaHCTBO X nojiHoe, noaTOMy Han^eTCsi TaKaa Tonita p G X, hto 

lim p n = p. 

fljra Ka^floro n G N HMeeT MecTO HepaBeHCTBo: |p n M| > a. Cjie^OBaTejib- 
ho, \pM\ > a. Kpoivie Toro, ^jih Ka^K^oro n G N cnpaBe^jiHBbi HepaBeHCTBa: 

a < \pM\ < \py\ < \pp n \ +a + 5 n . 

3HaHHT, 

\pM I = \pa\ = a h a] 

- HCKOMbiii onopHbiii map. IlpeflnojiOKHM, hto cymecTByeT BTopoft onop- 
Hbiii map B\p',a] c TeM >Ke cbohctbom. Tor^a ^jih Ka^^oro n G N HMeeT 
MecTO BKjnoHeHHe: 

OTKy^a, p = p'. MHO>KecTBO 

{y G : d y = 0} 

smjineTCH ^onojiHeHHeM MHO>KecTBa nepBOii K&TeropnH b dM. Ho sto no/i,- 
MHO>KecTBO cjieflyiornero MHO>KecTBa 

{y G dM : b tohk© y cymecTByeT eflHHCTBeHHbiii onopHbiii map B\p, a] k M}. 

CjieflOBaTejibHO, nocjie^Hee MHOJKecTBO Tax>Ke HBjraeTCH flonojmeHHeM mho- 
>KecTBa nepBOii KaTeropnn b dM. TeopeMa 3 ^OKasaHa. 
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2.5 HenpepbiBHOCTb h cb^hoctb MeTpHHecKOH 
(5-npoeKu;HH b reo^esnnecKOM npocTpaHCTBe 

IlycTb (X, p) — reoflesHHecKoe npocTpaHCTBO, nepe3 Ka^^bie ppe pa3Jinn- 
Hbie tohkh KOToporo mo>kho npoBecTH eflHHCTBeHHyio np^Myio. 
HanoMHHM cjie^yiomHe o6o3HaneHH5i n onpe^ejieHnsi H3 [37], [62]. 

IlycTb 

x E X, Me t > 0, 

A(M) = sup{|AB| : A U B = M, A, B ^ 0}, 
X M (6) = sup{A(P(z, M, 6)):x€ X} 

- Mepa HeceH3Hocmu MempunecKou 5-npoeKi^uu. 

uj(t) = sup{a(P(x, M, 5), P(y, M, $)) : y € X, \xy\ < t, P(y, M, 5) ^ 0}, 

u(t) = sup{a(P(x, M, 5), P(x, W, 5)) : 
W E a(M, W) < £, P(x, W, 5) ^ 0}, 

u(t) = sup{a(P(x, M, J), P(x, M, e)) : e > 0, |e-£| < £, P(x, M, e) ^ 0}, 
= sup{a(P(x, M, 5), P(2/, W, e)) : £ > 0, y E X, W E £(X), 
M < |e - £ | < Qt(M, VK) < P(y, W, e) ^ 0} 

- ^eTbipe Modyjin Henpepuenocmu onepamopa P b Tonice (x, M, 5) no 
no M, no 5 n no coBOKynHOCTH sthx nepeMeHHbix, npnneivi P(x, M) ^ 
npn (5 = 0. 

um(S) = sup{a;(0+) : x E X}, um{$) = sup{a)(0+) : x E X}, 
u M {5) = sup{w(0+) : x E X}, U M (S) = sup{^(0+) : x E X}, 

r^e 

cj(0+) = lim u)(t), 
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— eepxnue spanu paspueoe onepamopa P Ha MHOKecTBe 

{(x : M, 5) : x £ X}. 

OnepaTop 

P M :X^2 X , P M (x) = P(x,M) 

MeTpHnecKoro npoeKTiipoBaHiisi Ha mhojkgctbo M Ha3biBaeTC5i nenpepue- 
hum e cjia6oM cMucAe |55] . ecjin 

lim x n = x 

n— >oo 

BjieneT 

lim |P M (x n )P M (^)| = 0. 

71— > OO 

MHO>KecTBO M a X Ha3biBaeTC5i P-c6M3hum 7 ecjin ^jra Ka^^oro x E X 
MHO>KecTBO Pm(x) HenycToe h CB^3Hoe. 

o 

MHO>KecTBO Mcl Ha3bmaeTCH B-cqh,3hum [B-cq^3hum) 1 ecjin nepe- 
ceneHHe MHO>KecTBa M c Ka^K^biM 3aMKHyTbiM (oTKpbiTbiivi) niapoM hbjim- 

eTCH CB5I3HbIM. 

IlpHBefleM oflHO BcnoMoraTejibHoe yTBep^K^eHne. 

Ilpe^JioxceHHe 1 [52, TeopeMa 1]. Ylycmh M - nodMHOJtcecmeo seo- 
de3UHecKoso npocmpancmea X. Toeda 

Aa/0 + 0) < u M {$) 

npu 

< 8 < A M (<S + 0), 
a ecjiu M — MHODtcecmeo cymecmeoeaHUJi, mo cnpaeednueu Hepaeencmea 

npu < 5 < \m{5): 

max{A M (0+),A M (0)}<WM(0). 
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Cjieflyiomasi TeopeMa 1 5rejisieTC5i o6o6m,eHHeM TeopeMbi 1 JI. n. BjiacoBa 
[55] h jieMMbi 2 A. B. MapimoBa [62]. 

TeopeMa 1 [sl2]. Ilycmb e uoahom zeode3unecKOM npocmpaHcmee X, 
uepe3 Kaofcdue dee pasAuunue itiohku nomopozo modkho npoeecmu edun- 
cmeeHHyto npAMyw, Kaotcduu 3aMKHymuu map eunyKAUU, M G S(X) u 
KpoMe mozo, eunoAHnemcA odno U3 CAedyjou^ux ycAoeuil. 

(i) MnoMcecmeo M — P-C6A3H0 u onepamop Pm nenpepueen e cacl6om 

CMUCAe. 

(ii) JJaa KdJtcdoso x G X 

lim X(P(x,M,5)) = 0. 

o 

Tosda MHOJfcecmeo M - B-C6A3H0. 
,H,OKa3aTejibCTBO TeopeMbi 1. 

^OKasaTejibCTBO nyHKTa (i) aHajioriimio ^OKasaTejibCTBy TeopeMbi 1 JI. 
n. BjiacoBa [38]. OTjiiiHiie coctoht b coflep^KaHHH iioh5itii5i ppjiewsi ot- 
pe3Ka b flaHHOM OTHOHieroiii, b CBoeBpeMeHHOM ynoMHHaHiiii ycjiOBHH bh- 
nyKjiocTH KajK^oro 3aMKHyToro rnapa h o6o3HaHeHH5ix. EtycTb, HanpoTHB, 
HaH^eTca TaKoii OTKpbiTbiH map Bq = B(x : Rq), hto MHO>KecTBO M D Bo 

- HeCB5I3HO. 3HaHHT, 

M n B = A U C, 

ryje A, C HenycTbie, 3aMKHyTbie b Bq u HenepeceKaioirfflecfl MHO>KecTBa. 
Bbi6epeM Ri Tax, HTo6bi 

max{|a;A|, \xC\} < Ri < R . 

Tor^a 3aMKHyTbiii map B\ = B[x : R\] oSjia^aeT TeM cbohctbom, hto mho- 
>KecTBO Bid M pacna^aeTCH Ha HenycTbie, 3aMKHyTbie h HenepeceKaiorfffl- 
eca MHO>KecTBa 

AHB h CDBi. 
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IloKajKeM, hto HaiifleTCH 3aMKHyTbift map 

B = B[y,r]cB 

TaKOH, HTO 

\(BnA)(BnC)\ > o. 

^HpnycTHM, hto 3to He Tax. IlycTb Ri > npii i > 2 TaKiie, hto 

oo 

Ri < Ro — Ri- 

i=2 

IlocTpoHM nocjieflOBaTejibHOCTb 3aMKHyTbix niapoB (B n ) ne ^ iiH^y ktiibho . 
IUap Bi y>Ke nocTpoeH. EtycTb 

B n n A ^ 0, B„nc^ 

ii pa^iiyc B n paBeH R n . Tor^a, no npeflnojiojKeHiiio 

\(B n nA)(B n nC)\ = o. 

3HaHHT, HaiiflyTCsi tohkii 

a n G B n n A, c n G 5 n n C 

TaKiie, hto 

|o n C n | < %Rn+l- 

B KanecTBe B03bMeM map B[q n+ i, R n +i]i r^e 

C n )- 

H3 ycjiOBira BbinyKjiocTii Ka^K^oro 3aMKHyToro mapa ii HepaBeHCTBa Tpe- 
yrojibHHKa cjie^yeT, hto fljia KajK^oro n G N 

n+p— 1 

|(/n<7n+p| < |(2W7n+l| + • ■ • + l^n+p-l^n+pl < ^ Rk ^ 

k=n 

npii j9 — > oo, n — > oo. SHaniiT, (q n )neN ~ (pyHflaMeHTajibHaa nocjie^OBa- 
TejibHOCTb ii HaiifleTCfl Taitasi tohkq. q G X, hto 

lim g n = 
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Kpoivie Toro, x = q\ h 

n— 1 oo 

M = \qiq\ < \qiq n \ + \q n q\ < ^2 |flfeflfe+i| + \q n q\ <^Rk + \q n q\ 

k=l k=l 

Ho 

oo 

ER k < Rq, lim \q n q\ = 0. 
r). — ^rYi 
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CjieflOBaTejibHO, q G Bq. Kpoivie Toro, 

lim R n = 0. 

3HaHHT, 

lim a n = g, lim c n = q 

n^oo n^oo 

h g G inCfl 5o- IlojiyHHjiH npoTHBopeniie. TaKiiM o6pa30M, BbinieyKa- 
3aHHbift map cymecTByeT. Tor^a 

BDM = A'uC\ 

rfle 

A' = AHB, C' = CHB 
- HenycTbie 3aMKHyTbie MHO>KecTBa TaKiie, hto |A'C"| > 0. 
(i) CjieflOBaTejibHO, 

P M (y)cA'uC. 

ElycTb, fljia onpe^ejieHHOCTH, Pm{v) C A'. Tor^a Pm{u) <t- C", nocKOJibKy 
|A'C"| > h MHO>KecTBO Pm(v) CBH3HO. ElycTb c G C". Tor^a 

P M (w\(y,c)) c 5 

npn < A < 1, nocKOJibKy 

|w A (j/,c)M| < |w A (!/,c)c| < i?- |j/w A (j/,c)| = \uj x (y,c){X\B)\. 

3HaHHT, 

FmM^DcA'uC. 
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Bbi6epeM 

A = sup{A : < A < 1, P M {uJx{y, c)) C A'}. 
IlycTb nocjie^OBaTejibHOCTb (A n ) ne ^ Taicaa, hto 

lim X n = A 

ii fljiH Ka^floro n G N cnpaBefljiHBO HepaBeHCTBO X n > Ao- Toiyja 

p M (u\ n (y, c )) c c"> lim ^\ n (y, c) = w Ao (y, c), 

n^oo 

lim |P M (o; An (y,c))P M (a; Ao (y,c))| =0. 

C jieflOBaTejibHO , 

|A'P M K,(j/,c)|=0. 
Ho B03M0>KHbi TOJibKO flBa cjiy^aii: 

Pj|f(WAo(2/.c)) C A! 

IIJIII 

PmK(^c))cC. 
CjieflOBaTejibHO, |A'C"| = 0. riojiyHHjiH npoTiiBopeHiie . 

o 

(U) ECJIH MHO>KGCTBO M He 5IBJI5ieTC5I P-CB5I3HbIM, TO, KaK 6bIJIO flOKa- 

3aHO Bbinie, HaiiflyTCii x G X ii 5 > TaKiie, hto 

P(x, M, J) = A' U C\ \A!C'\ > 0, maxj>A'|, \xC'\} < \xM\ + 8. 

HeTpy^HO 3aMeTHTb, hto b cjiy^ae, Kor^a \xA'\ = \xC'\, BepHO HepaBeHCTBO 

\A'C'\ < X(P(x,M,8)) 

npii 5 > 0. Ho 3to npiiBOfliiT k npoTiiBopeHiiio c ycnoBiieM (ii). /Jjia 3aBep- 
nieHH5i flOKasaTejibCTBa ocTajiocb npiiBecTii cjiy^aii, Kor^a \xA'\ < \xC'\ k 
npeflbiflymeiviy cjiy^iaio. nycTb 

< 2t < \xM\+8- \xC'\, y G P(x,C',t). 
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HaftfleTCH Taxaa TOHKa v 6 [x,y], hto \vA'\ = |fC"|, nocKOJibKy Henpe- 
pbiBHa^ (pyHKii,HH /(z) = \zA'\ — \zC'\ MeH^eT 3HaK Ha cemeHTe [x,y]. 
Toiyja 

\xv\ = \xy\ — \vy\ < \xC'\ + 1 — \vC'\ 
h |^C| + 1] C £>[x, |xM| + 5}. Cjie^OBaTejibHO, 

P(v,M,t) c i'UC", \A'C'\ < X(P(v,M,t)). 

BiviecTe c ycjiOBiieivi (ii) 3to npiiBO^iiT k npoTiiBopeHiiio. Teopeivia 1 flOKa- 

3cLHcL. 

Cjieflyioinafl Teopeivia 2 5iBjisieTC5i o6o6meHHeM TeopeMbi 4.2 JI. n. Bjia- 
coBa [37]. 

TeopeMa 2 [sl2]. Uycvn/b e hoahom zeode3unecKOM npocmpaHcmee X, 
uepe3 Kaotcdue dee pa3AUHHue tuohku nomopozo modkho npoeecmu edun- 
cmeennyw npAMyw, eunojiHenu ycAoeuA (As), (Aq), (A' 7 ), (Aq), M 
P-c6A3Hoe MHOotcecmeo. Tozda M - B-ceA3Hoe Mnootcecmeo. 

,H,OKa3aTejii>CTBO TeopeMbi 2 

,HpKa3aTejibCTBO HeTpyn,HO nojiynHTb H3 ^OKasaTejibCTBa TeopeMbi 4.2 Jl. 
n. BjiacoBa [37] 3aMeHoii ccbijiOK Ha jieMMy 1.1 h TeopeMy 1.1 C. B. Ctch- 
KiiHa [37] Ha hx o6o6meHii5i: JieMMy 2.4.2 h Teopeiviy 2.4.2 cooTBeTCTBeHHO, 
a TaioKe 3aivieHOH o6o3Ha x ieHHit. 

Cjieflyiomasi jieMMa 1 5reji5ieTC5i o6o6meHiieM jieMMbi 3 A. B. MapHHOBa 
[62]. 

JieMMa 1 [sl2]. Tlycmh e uoahom zeode3unecKOM npocmpaHcmee X, 
nepe3 Kaotcdue dee pa3AUHHue monnu Komopozo mochcho npoeecmu edun- 
cmeennyK) npAMyw, eunoAnenu ycAoeuA (A?,), (Aq), (A' 7 ), (Aq), M 
3a,MKnymoe Mnooicecmeo. Tosda CAedywwxie ymeepofcdenusi SKeueaAenm- 

HU. 

o 

(i) MnoMcecmeo M — B-C6A3H0. 
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(ii) P(x, M, S) - - C6J13H0 djia Kajtcdoso x G X u Kajtcdoso 5 > 0. 
(Hi) fljia Kaztcdoso 5 > 

Xm(S) = 0. 

(iv) fljia nawcdozo iGl 

lim \(P(x,M,8)) = 0. 

/^OKasaTejibCTBO JieMMbi 1. 

HMnjiHKan,HH (ii) (Hi) =^> (iv) oneBHflHbi. 

HMnjiHKan,H5i (iv) => (i) flOKasaHa b nymtTe (ii) TeopeMbi 1. 

HMnjiHKaii,Ha (i) =4> (ii) OTjinnaeTCH ot flOKasaTejibCTBa b jieMMe 3 A. 
B. MapHHOBa p2] TOJibKO TeM, hto ccbijiKa Ha floicasaTejibCTBO TeopeMbi 
4.2 Jl. n. BjiacoBa ^oji^KHa 6biTb 3aivieHeHa ccbijiKoii Ha BH^onsMeHeHHoe 
flOKasaTejibCTBO corjiacHO yKa3aHHK» b ^OKasaTejibCTBe TeopeMbi 2. 

Cjieflyioinafl jieMMa 2 ^Bji5ieTC5i o6o6meHHeM HepaBeHCTBa (3) A. B. Ma- 
pHHOBa [52] • 

JieMMa 2 [sl2]. Ilycmb X seode3uuecKoe npocmpaHcmeo, uepe3 kclchc- 
due dee pa3JiuHtiue tuohku Komoposo momcho npoeecmu eduHcmeeHHyw 
npHMyw. Tozda djisi naMcdoil mouKU 

{x, M, 6) C X x E(X) x R+, 

sde 5 > 0, eunojiHttemcn Hepaeencmeo 

uj(t) < uj(t)+t 

npu < t < 5. 

,H,OKa3aTejii>CTBO JieMMbi 2. 

IloCTaBHM B COOTBeTCTBHe Ka^KflOH TOHKe Z G P(x, M,t) TOHKy 

v(z) = S(x, \xM\ +t)n {lui(x, z) :l> 0}. 
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ri0JI0>KHM 

W = {v(z) : z E P{x, M, t)} U {M\P{x, M, t)). 

Tor^a 

a(M, W) = P{P(x : M,t + 5), P(x, W, 5)) = t. 
C jieflOBaTejibHO , 

P(P(x, M,t + 5), P(x, M, 6)) < /3(P(x, M,t + 8), P{x } W, £))+ 

P(P(x, W, 5), P(x, M, 5))<t + u{t). 

riojio>KHM Tenepb 

Wi = {loi(x, z) : z G P(x, M, 5)\P(x, M,5-t), l\xz\ = \xz\ + t}, 
K = [M\{P{x, M, S)\P(x, M,5 — t))] U Wi. 

Toiyja 

Wi n P(x, M, <J) = 0, P(z, K, 6) = P(x, M,6-t), a{M, K) < t. 

OTCiOfla nojiyniiM 

/3{P{x, M, 5), P(x, M } 8- t)) < P{P{x, M, 5), P(x, K, 5))+ 

(3{P{x, K, <5), P(x, M,5- t)) = (3(P(x, M, 5), P(x, K, 5)) < u(t). 
JleMMa 2 flOKasaim. 

3aMenaHHe 1. M3 acmmu 2 u Hepaeencmea (2) A. B. Mapunoea [62]: 

n(t) < Q{t) + t 

Oax (x, M, 5) C X x x M +; sde 5 > 0, e seode3UHecKOM npocmpan- 

cmee X, uepe3 Kaotcdue dee pa3Auunue uiohku Komoposo mochcho npoee- 
cmu eduHcmeeHHyH) npAMyw, CAedywm coomnomeHUA, anaAOSUHHue co- 
omHomeHUAM (4) e [62] 

u M (S) < u M (8) = u M (S) = U M (S) 
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djiK Kajfcdoao 5 > 0. 

Cjie/ryioiHasi TeopeMa 3 5iBjraeTC5i o6o6meHHeM TeopeMbi 2 A. B. Mapn- 
HOBa [52] . 

TeopeMa 3 [sl2]. Ilycmb e seode3uuecKOM npocmpaHcmee X, uepe3 
Kaotcdue dee pa3AUHHue tuohku Komoposo Mootcno npoeecmu eduncmeen- 
nyw npHMyw, eunoAnenu ycAoeuA (A5), (Aq), (A' 7 ), (A$), M G 5 > 

0. Tosda 

U M (S) < X(P(x,M,d-0)). 
^],OKa3aTejii>CTBO TeopeMbi 3 

^OKa3aTejibCTBO HeTpynrio nojryHHTb H3 ^OKasaTejibCTBa TeopeMbi 2 A. 
B. MapHHOBa [H2] 3aMeHoii ccbijiKH Ha jieMMy 4 b [62] ccbijiKoii Ha 6ojiee 
o6nryio JieMMy 2.4.2 flaHHoii pa6oTbi h 3aivieHOH o6o3HaHeHHH. 

Cjie/ryioiHasi Teopeivia 4 5iBji5ieTC5i o6o6meHHeM TeopeMbi 4 A. B. Mapn- 
HOBa [B2]- 

TeopeMa 4 [sl2]. Ilycmb e zeode3unecKOM npocmpaHcmee X, uepe3 
Kaotcdue dee pa3AUHHue mouKU Komoposo modkho npoeecmu eduncmeen- 
nyw npsiMyw, eunojinenu ycAoeuA (A§), {Aq), (A' 7 ), (Aq), M G 
Tosda HuotcecAedywutfUe ycAoeun (a — e) SKeueaAenmHu. Ecau Jtce, Kpojue 
mozo, M 3aMKHymoe jvmootcecmeo u X noAnoe npocmpancmeo , mo ycAO- 
euA (a — h) SKeueaAenmHU. 

(a) Um{5) = Bah nawcdoso 5 > 0. 

(6) lim U M (S) = 0. 
6^0+ 

(c) um(S) = Oaa naotcdozo 5 > 0. 

(d) lim um(5) = 0. 

(e) \m{5) = 3aa nawcdodo 5 > 0. 
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(/) ^lim X(P(x, M, 5)) = djin Kaotcdozo x G X . 

o 

(g) M — B-c6tt3Hoe Mnootcecmeo. 

(h) P(x, M, 5) - c6ti3Hoe Mnootcecmeo Oaji Kaotcdozo 5 > u dAA 
KdDfcdoso x G X. 

,H,OKa3aTejii>CTBO TeopeMbi 4. 

H3 npe^jiojKeHHH 1 h TeopeMbi 3 cjie^yeT cnpaBefljiiiBOCTb HMnjiHKaijiiH 
(d) =4> (e) (a). Ho H3 nepBbix HeTbipex ycjiOBHH nepBoe caMoe cnjib- 
Hoe, a nocjie^Hee caivioe cjia6oe. StiaHiiT, ycjiOBHH (a — e) SKBHBajieHTHbi. 
3KBHBajieHTH0CTb ycjiOBHH (e — h) npn flonojiHHTejibHOM npeflnojiojKeHHH 
nojiHOTbi npocTpaHCTBa X h 3aMKHyTOCTii MHO>KecTBa M cjie^yeT Tenepb 
H3 TeopeMbi 3. 

Pfe TeopeM 2, 3 nojiy^aeM 

Cjie^cTBHe 1 [sl2]. IJycmb e uoahom zeode3uuecKOM npocmpaHcmee 
X, uepe3 Kdotcdue dee pa3AUHHue wlohku nomopozo Mootcno npoeecmu 
eduncmeennyw npAMyw, eunojinenu ycAoeuA (A 5 ), (Aq), (A' 7 ), (Ag), M - 
ue6umeecKoe Mnootcecmeo. Tozda onepamop P MempunecKozo S-npoenmupo- 
eanuA na Mnootcecmeo M nenpepueen no coeonynnocmu nepeMennux, mo 
ecmh dAA Kaotcdozo 5 > 

U M (S) = 0. 
H3 npe,a;jio:>KeHH5i 1 h TeopeMbi 3 nojiynaeM 

Cjie^cTBHe 2 [sl2]. IJycmb e zeode3unecKOM npocmpaHcmee X, nepc3 
Kaofcdue dee pa3Aunnue mouKU Komopozo uooK.no npoeecmu eduncmeen- 
nyw npAMyw, eunoAnenu ycAoeuA (A5), (^6); {A' 7 ), {Ag), M - Mnootce- 
cmeo cymecmeoeanuA u onepamop Pm MempunecKozo npoenmupoeanutt na 
MHOOfcecmeo M nenpepueen no Xaycdopqjy, mo ecmb Um(0) = 0. Tozda 
dAa Kaoicdozo 5 > 

U M (S) = 0. 
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2.6 HenpepbiBHOCTb MeTpHHecKOH ^-npoeKijHH Ha bh- 
nyKjioe MHO^cecTBO b reo,z],e3HHecKOM npocTpaHCTBe 

IlycTb MeTpH^ecKoe npocTpaHCTBO (X, p) c BbiflejieHHbiM ceMeftcTBOM S 

CerMeHTOB, HaSBIBaeMBIX XOp^aMH, 5IBJI5ieTC5I £/-MH(»KeCTBOM, yflOBJieTBO- 

paioineM cjie^yioineMy ycjiOBHio (C). 

(C) J\jift Bcex p, x, y G X cnpaBefljiHBO HepaBeHCTBO 

2\pu 1/2 (x,y)\ < \px\ + \py\, 
iyje cji/2(x, y) — cepe^HHa xop^bi [x, y] c KOHi^aMii x, y. 

H3BecTH0 (cm. [271 c - 63], [251 c - 304]), hto b npsiMbix xop^OBbix npo- 

CTpaHCTBaX HeilOJICOKHTejIbHOH KpiIBH3HbI 9TO yCJIOBHe BbinOJIHeHO. AHajio- 

rHHHbie jioKajibHbie ycjiOBira Hajiarajincb Ha MeTpiiHecKoe npocTpaHCTBO b 
ripHBe^eM flBa sjieMeHTapHbix CBOHCTBa b £7-MHC»KecTBe X, yn,OBjieTBO- 

p5IK)III,eM yCJIOBHK) (C). 

1. fljia Ka^K^oro A G [0, 1] h ^jih Bcex tohck p : x, y H3 £7-MHC»KecTBa 
X, yflOBjieTBopaioinero ycjiOBHio (C), cnpaBefljiHBO HepaBeHCTBO 

|pw A (a;,2/)| < (1 - A) + X\py\, (1) 

r^e TOHKa U\(x,y) G [x, y] Taxaa, hto 

\xw\(x,y) \ = \\xy\. 

2. Ka^^biH 3aMKHyTbiii (oTKpbiTbift) map ?7-MHC»KecTBa X, yn,OBjieTBO- 
paiomero ycjiOBHio (C), HBjiHeTca BbinyKjibiM mhcokgctbom. 

B flajibHefinieM Hcnojib3yeM cjie^yioinee o6o3HaHeHHe 

P(P(x, M, S ± 0), F) = Km P(P(x, M,5±t), F), 
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r,n,e F, M G [UT], npnneM 6ecK0HeHHbie 3HaHeHH5i fljra otkjiohghhsi 

h paccTOHHHH no Xaycflopcpy MeiKpy HenycTbiMH MHCo-KecTBaMH H3 X He 
HCKjiioHaiOTCH. HaM TaK>Ke noHafloSHTca cjie^yiomaa jieMMa 1 H3 [BT] . 

JleMMa 1 [61]. Ilycmb (X : p) MempuuecKoe npocmpaHcmeo, 



x,yeX, F, M,W G S(X), <5 > 0. 



Tosda 



P(P(y, W, S),F)< P(W, M) + p(P(x, M, 6 1 + 0),F), 
P(F, P(y, W, 5)) < /3(M, W) + P(x, M, 5 2 - 0)), 

81 = 6+ \xy\ + Ij/^I + P{W, M) - \xM\, 

5 2 = 5 + \yW\ - \xy\ - \xM\ - P(M, W). 

IIpuneM npednojiadaemcsi, umo 5 2 > 0. 

Cjieflyiomaa JieMMa o6o6maeT jieMMbi 6, 7, 8 H3 [63]. 

JleMMa 2 [sl3]. Tlycm'b M eunyKAoe nodMHootcecmeo U-MHootcecmea 
X, ydoGJiemGopawmeso ycjioeuw (C), 

xeX, < t < e < 5, < e' < 5 ! , e' <£, 5' < 5, 

(t > npu P M (x) ± 0), F c P(x, M, (5), GcP(i,M,t). 

Tosda ujuewm Mecmo cjiedywu^ue Hepaeencmea. 

P(F,P(x,M,e)) ^ P(F,P(x,M,t)) 
(a) ~ " ^ ; 

P(P(x,M,5),G) P(P(x,M,e),G) 
[) 5-t ~ e-t 

P{P{x,M, 5),P{x,M,e)) < P(P{x,M, 5'),P{x,M, e')) 

143 



^OKa3aTejibCTBO JieMMbi 2. 

(a) IlycTb 

P(F,P(x,M,e)) > 
ii hiicjio s > flocTaTOHHO Majio. Bbi6epeM TOHKy z G F\P(x, M, e) Tax, 

|zP(x,M,£)| >P(F,P(x,M,e))-s. (3) 
3aTeM Bbi6epeM TOHKy p G M, t) Tax, hto 

< |zP(x,M,t)| + s. (4) 

BBe^eM o6o3HaHeHH5i 

a = [x,z]r\S(x, \xM\+t), b=[x,z]r\S{x,\xM\+e), c= \p,z]nS(x,\xM\+e). 
H3 (3) cjie^yeT, hto 

H >/3(F,P(x,M,e))-s. (5) 
A H3 (1) cjie^yeT HepaBeHCTBO 

i i \cz\ . . \cp\ 

\XC\ < \pX\-. : + \XZ\-. r. 

\pz\ \pz\ 

Ho \xc\ = \xb\ = \xz\ — \bz\, \ax\ > \xp\, \pc\ = \pz\ — \cz\. IloBTOMy 

17 I I \ CZ \ I I \P Z \ ~ \ CZ \ 

\xz\ — \oz\ < \ax\- — | + \xz\ ~ ' 



\pz\ ! " \pz\ 



OTKy^a cjie^yeT, hto 

\CZ\ < \pZ\-. r. 

\az\ 

Kpoivie Toro, 6 — t > 5 — e k BejiiiHima 

t = 5 — e — \bz\ = 5 — t — \az\ 

HeoTpHii,aTejibHa5i. CjieflOBaTejibHO, 

■ . \bz\ . .5 — £ — T . .5 — £ 

\CZ\ < \pz\- r < \pZ\- < \pz\- 

\az\ o — t — t o — t 
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Pfe 3thx HepaBeHCTB, a TaK>Ke 113 (4), (5) cjie^yeT 

5 - e 

(3{F,P{x,M,e)) -s<cz< (\zP(x,M,t)\ + s)- < 

6 — t 

(/3(F,P(x,M,t)) + S )^| 

IlepexoflH k npe^ejiy npii s — > 0+, nojiyniiM HepaBeHCTBO (a). 

(6) IlycTB (3(P(x, M,5),G) > h hiicjio s > ^ocTaTOHHO Majio. 
E>Bi6epeM TOHKy 

z e P(x,M, 6)\G 

TaK, HTO 

\zG\ >[3{P{x,M,5),G)-s. (6) 
3aTeM BBi6epeM TOHKy p G G Tax, hto 

< \zG\ + s. (7) 

Tor^a 

P(P(x, M,6),G)-s< \zp\ < P(P(x, M, 6), G) + s. (8) 
Ecjih fljia KajK^oro flocTaTOHHO Majioro s TOHKa z npiiHa^jiOKiiT P(x, M, e), 

TO 

P(P(x, M, J), G) = P(P(x, M, e), G) 

II HMeeT MeCTO HGpaBGHCTBO (6). IlpeflnOJIOJKHM, HTO 

2 G P(x,M, (5)\P(x,M,e) 

ii BBe^eM oSosHaHeHHH 

6 = [ x ,z] n 5(x, |xM| + e), c = [p, z] n |xM| + e). (9) 
H3 (1) cjie^yeT, hto 

F c < Mi — r+F z h — r = — i — i H^h — r = M+.P C i — i 

\pz\ \pz\ \pz\ \pz\ \pz\ 
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Ho \xc\ = \xb\. CjieflOBaTejibHO, 

\pz\ < \pc\ ^ Z \~\ XP \ < \pc\— (10) 

\X0\ — \pX\ £ — t 

Kpoivie Toro, H3 (7) h (9) cjie^yeT, hto 

\ cp \ = \pz\-\cz\ < \zG\ + s-\cz\ < \cG\ + s < (3{P{x, M,e),G) + s. (11) 
Tor^a H3 (8), (10), (11) nojiy^HM 

/3(P(x, M, 5), G)-s< \zp\ < \pc\ 5 -^- < (/3(P(x, M, 6), G) + s)^-. 

£ — t £ — t 

llepexoflsi k npe^ejiy npn s — > 0+, nojiyniiM HepaBeHCTBO (b). 
(c) ^ocTaTOHHO npHMeHHTb (6) npii 

G = P(x,M,e'), t = e', £ = 5', 

a 3aTeM (a) npii F = P(x, M, 5). JleMMa 2 flOKasatia. 

Cjie^cTBHe 1 [sl3]. Ilycmb M eunyKAoe nodMHOJfcecmeo U -MHOCHcecmea 
X, ydoejiemeop^wu^ezo ycjioewo (C), x 6 X. Tozda uMewm Mecmo cjie- 
dywu^ue Hepaeencmea. 

P(P(x,M,6),P(x,M,0+)) P(P(x,M,6'),P(x,M, 0+)) 
[a) 8 ~ 6' 

zde 5 > 5' > 0; 

ntnt *, c-N *, \ \ /3(P(x,M,6),P(x,M,0+)), e 

(6) P(P(x, M, 8), P(x, M, £ )) < Hy y 6 ( ~ £) ' 

sde 5 > £ > 0; 

,m w c-n ™, w xx /5( J P(^,M,u),P(x,M,0+)) lr 

(c) a(P(x,M,^),P(x,M,g)) < ^ v v ' — v - — - -\b-£\< 

6 15 - £ l' 

sde 5 > 0, \x = max{(5, £}; 

(d) {3(P(x, M, 5), P(x, M, £)) < + l)(5-e), 
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dde 5 > e > 0. IJpu Pm{x) ^ eupacHcenue P(x, M, 0+) e smux nepaeen- 
cmeax mochcho 3aMeHumb na Pm{x). 

^OKasaTejibCTBO cjie^cTBHa 1. 

(a) ^UpcTaTOHHO b HepaBeHCTBe (c) jieMMH 2 nepeftra k npe^ejiaM npn 
e' ->• 0, e -> 0. 

(6) B tom >Ke HepaBeHCTBe Hy>KHO nojic»KHTb = £ h nepeftTH k npe- 
flejiy npii — > 0. 

(c) Cjie^yeT H3 (6). 

(c?) Cjie^yeT H3 (b) h npocToro HepaBeHCTBa 

P{P(x, M, 5), P(z, M, 0+)) < 2\xM\ + (5 

[63, (3.10)]. Cjie^CTBHe 1 flOKasaHO. 

Cjieflyioinafl jieMMa 3 5reji5ieTCfl o6o6meHHeM jieMMBi 5 H3 [53] h HMeeT 
aHajiorHHHoe ^OKasaTejibCTBO, ecjin Hcnojib30BaTB yTBep^K^eHne (a) jieMMbi 
2. 

JieMMa 3 [sl3]. nycmb M eunyK/ioe nodMHODtcecmeo U -MHODtcecmea 
X, ydoejiemeopsiwv^edo ycjioeuw (C), 

xeX, 5>0, F G Epf). 

Tosda uMewm Mecmo CAedywu^ue uemupe paeencmea. 

P(P(x, M,6±0),F) = P(P(x, M, 5),F), 

/3(F, P(x, M,6± 0)) = (3(F : P(x, M, (5)). 

CjieflyiOH^aH JieMMa aHajiorHHHa jieMMe 10 H3 [63]. 

JieMMa 4 [sl3]. Ilycmb M eunynjioe nodMHOwcecmeo U -MHOotcecmea 
X, ydoeAemeopsiwu^edo ycjioeuw (C), 

x,yeX, 5>0, e>0, We S(X), 
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H = max{e,5}, A = \x + 2\xy\ + 2a(M, W). 

Tosda 

(a) npu A > eepno nepaeencmeo 

p(P(y, W, 6), P(x, M, £ )) < p(W, M)+ 

mx ,M,X) P( X ,M,0 + )) {l£ _ s{ + 2M + 2q(Mj w)y 
A 

(b) npu 

\e-6\ + 2\xy\ + 2a(M, W) < /i 

eepno nepaeencmeo 

a{P{y, W, 5), P(x, M, e)) < a{W, M)+ 
P(P(x,M,/i),P(x,M,0+)) 



■(\£-5\ + 2\xy\ + 2a(M,W)). 



^OKasaTejibCTBO JieMMbi 4. 

(a) H3 npocTbix oii^hok pi], (1.5)] nojiyHHM 

5x = 6+ \xy\ + \yW\ + (3(W : M) - \xM\ <5 + 2\xy\ + 2a(M, W) < A. 

Tor^a H3 jieMM 1, 3 h yTBep^fleHHH (6) cjie^CTBHH 1 nojiy^HM. 

p(P(y, W, <5), P(x, M, £ )) < P(W, M) + fi(P(x, M, A), P(x, M, e)) < 
m M ) + /^W),P(,,M,0+)) (A _ e) ^ ^ M)+ 

MM>(| e _ 4 | + 2H + 2Q(M , h0) . 

A 

(6) H3 npocTbix on,eHOK ([61], (1.5)) nojiyniiM 
\fjL-5 2 \ = \fi-5-\yW\+\xy\+\xM\+P(M,W)\ < \fi-S\+2\xy\+2a(M,W) < 

\e-6\ + 2\xy\ + 2a(M, W) < ji. 
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CjieflOBaTejibHO, S2 > h mo>kho npiiMeHHTb jieMMbi 1, 3 h yTBep^Kflemie 
(b) cjie^CTBira 1. 

P(P(x, M, e), P(y, W, 5)) < /3(M, + /3(P(x, M, e), P(a, M, <5 2 - 0)) < 

/3(M, IV) + 0(P(a;, M, /i), P(ar, M, S 2 )) < 0(M, 
(3(P(x,M, /i),P(x,M,0+)) 



JleMMa 4 flOKasaHa. 



■(\e-5\ + 2\xy\ + 2a(M,W)). 



Cjie^yioinaH TeopeMa o6o6m,aeT TeopeMy 4 113 [63]. 

TeopeMa 1 [sl3]. IJycmb M — eunyKAoe nodMHoatcecmeo U -MHoatcecmea 
X, ydoejiemeopsiwvuezo ycjioeuw (C), 

x, y G X, We ji = max{e, 5} > 0. 

Tosda eepno Hepaeencmeo 

a{P{y, W, 5), P(x, M, e)) < a{W, M)+ 
(2\xM\ 



li 



+ 2 (|e - S\ + 2\xy\ + 2a(M, W)). 



^OKasaTejibCTBO TeopeMbi 1. 

H3 yTBep^fleHHH (a) JieMMbi 4 11 yTBep^Kflemra [d) cjieflCTBHH 1 nojiy^HM 
(P(y, W, 6), P(s, M, s)) < f)(W, M)+ gWm (N+ 

2|x7/|+2a(M, VK)) < a(iy, M)+ f + lj (|£-<5|+2M+2a(M, VK)). 

A npn 

|e - S\ + 2|x2/| + 2a(M, W) < /1 
H3 yTBep^fleHHH (a) JieMMbi 4 h yTBepjKflemra (d) cjie^CTBHsi 1 nojiy^HM 

a(P(y, W, 5), P(x, M, e)) < a{W, M)+ 
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(^Ml + Q e - s\ + 2\xy\ + 2a(M, W)). 

IlycTb Tenepb 

\e - 5\ + 2\xy\ + 2a{M, W) > \l. 

Toryja 

P(P(x, M, e), P(y, W, 5)) < P(P(x, M, e),x) + \xy\ + \yP(y, W,S)\< 

\xM\ + e + \xy\ + \yW\ < 2\xM\ + \\xM\ - \yW\\ + e + \xy\ < 
2\xM\+2\xy\ + a(M,W) + e < 2\xM\ + /i + |e - 5\ + 2|xy| + 2a(M, W) < 

(^Ml + 2 \(\ £ -5\ + 2\xy\ + 2a(M, W)). 
H3 nojiyHeHHbix HepaBeHCTB cjie^yeT Teopeivia 1. 

Cjieflyiomafl Teopeivia aimjiorHHHa Teopeivie 5 H3 [63]. 

TeopeMa 2 [sl3]. Tlycmh M , W — eunyKAue nodMHOwcecmea U -MHOJfcecmea 
X, ydoejiemeopsmuifizo ycjioeuw (C), 

x,yeX, A = max{e, 5} + 2\xy\ + 2a(M, W). 

Tosda npu A > eunoAHxemca HepaeeHcmeo 

a{P{y, W, 5), P{x : M, e)) < a{W, M)+ 
/2min{|xM|, \yW\} 



A 



+ 1 )(\e - S\ + 2\xy\ + 2a(M, W)) (2). 



/JoKasaTejibCTBO TeopeMbi 2. 

06o3HaHHM npaByio HacTb b (2) nepe3 A. PaccMOTpnivi Tpn cjiyHaa fljra 

OD,eHKH Bbipa>KeHHH 

P(P(y,W,6),P(x,M,e)). 

1. ^1 = S + |a;2/| + |i/W| + P(N, M) - \xM\ = 0. 
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Tor^a H3 HepaBeHCTBa 

\xM\ - \yW\ < \xy\+(3(W,M) 

cjie^yeT, hto 5 = 0. H3 jieMMbi 1 nojiyHHM 

P(P(y, W, 6), P(x, M, e)) < (3(W, M) + 0(P(x, M, 0+), P(x, M, e)) < 

/3(W,M) + 2\xM\ < (3(W,M) + 2mm{\xMl\yW\} + 2\\xM\ - \yW\\ < 
/3(W, M) + 2 minj>M|, \yW\} + 2\xy\ + 2a(M, W) < A. 

2. < 5i < e. 
Tor^a H3 jieMM 1, 3 nojiynnM 

(3(P(y, W, 8), P(x, M, e)) < 0(W, M) < A. 

3. 5i > e. 
CHanajia nojiyHHM npocTbie HepaBeHCTBa 

5 1 < A, 2\xM\ + 5i = 5+ \xy\ + 2min{|xM|, \yW\} + \\xM\ - \yW\\+ 
P(W,M) < n + 2\xy\ + 2min{|xM|, \yW\} + 2a(M, W) < 

A + 2min{|zM|,|^|}, ^-^ < 

Oi A 

Hcnojib3ya 3th HepaBeHCTBa, a TaK>Ke jieMMy 1 h yTBepjK^eHHe (d) cjie^- 

CTBH5I 1, nOJiyHHM 

(3(P(y, W, 5), P(x, M, e)) < (3(W, M) + (3(P(x, M, SJ, P(x, M, e)) < 

(3(W, M) + (2\xM\ + W^f^ < 

o\ 

P(W, M) + (2min{|xM|, \yW\] + A)— ^ < A. 

A 

OcTajiocb Hcnojib30BaTb CHMMeTpnHHOCTb npaBoii nacTH HepaBeHCTBa. Ta- 
khm o6pa30M, Teopeivia 2 ^OKasaHa. 
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2.7 HaHjiyHiiiHe N-ceTw orpaHHHeHHbix 3aMKHyTbix bh- 
nyKjibix MHO^cecTB b reo^esHHecKOM npocTpaHCTBe 

PaccMOTpHM MeTpnnecKoe npocTpaHCTBO (X, p) h npnivieM one/iyioinHe 060- 
3HaHeHHH n onpeflejieHHH. 

PaduycoM nonpumuR MHOJtcecmea M £ B(X) iV-cerbio S £ Y,n(X) 
Ha3bmaeTC5i hhcjio (3(M, S) |5D] . 

IlpH £ = Y,n(X) Hcnojib3yeM o6o3HaneHne 

R N (M) = inf {(3(M,S) : S £ £tv(X)} 

fljiH HauMem>mezo paduyca noKpumua MHO>KecTBa M £ -£>(X) N-cqtsmvl. 

iV-ceTb Ha3biBaeTC5i Haujiynmeu N-cembw MHO>KecTBa M £ B(X) 
ecjiii 

P(M,S* N ) = R N (M). 

B HacTHOCTH, HaHjryninasi 1-ceTb MHO>KecTBa M G B(X) ecTb neGbiineB- 
CKiiH ueHTp SToro MHO>KecTBa, a hhcjio R(M) = R\(M) - - He6binieBCKiiii 
pa^iiyc SToro MHO>KecTBa [39]. 

co(M) - - BbinyKjiaa o6ojionKa MHO>KecTBa M (i.e. nepecenemie Bcex 
BbinyKjibix MHO>KecTB, co^epjKamiix mho^kcctbo M) [39]. 

Kpoivie Toro, 6yn,eM Hcnojib30BaTb cjie^yioinee ycjiOBne (^4io) b reoflesn- 
necKOM npocTpaHCTBe X. 

(A\q) fljia Ka^K^oro x £ X h ^jih jiio6oh tohkh p H3 npoH3BOJibHoro 
cenvreHTa [u, v] C X BepHO HepaBeHCTBO 

\pP[ U ,v]( x )\ < M- 

IIpiiMepoM nojiHoro MeTpnnecKoro npocTpaHCTBa, b kotopom BbinojiHe- 
hm ycji0Bii5i (A4 — Aiq), 5iBji5ieTC5i npocTpaHCTBO A^aiviapa [23, c. 390] (b 
nacTHOCTii, rcuib6epTOBO npocTpaHCTBO 11 npocTpaHCTBO Jlo6aneBCKoro) . 
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JleMMa 1 [sl4]. IJycmh X - uoahoc seode3unecKoe npocmpaHcmeo, 
ydoejiemeopHwu^ee ycAoeuAM (A4 — A7), (A\q), W G S(X) ; M - neny- 
cmoe 3aMKHymoe ozpanuncnnoc eunynjioe Mnootcecmeo e X . Tozda umc- 
wm Mecmo Hepaeencmea. 

(i) J\aa KdDicdozo x G M 

\xP M {W)\ < \xW\. 

(ii) P(M,P M (W))<0(M,W). 
^OKasaTejibCTBO JieMMbi 1. 

(i) M.3 TeopeMbi 2.4.1 11 ycjiOBHH jieMMbi 1 cjie^yeT, hto onepaTop Pm ^b- 
jiHeTCH oflHOSHanHbiM ii HenpepbiBHbiM b npocTpaHCTBe X. Bbi6epeM nporo- 
BOJibHO x G M, y G W . Tor^a HaiifleTCii efliiHCTBemiafl TOHKa y\ = Pm(v)- 
B ciijiy BbinyKjiocTii MHC»KecTBa M iiMeGT MecTO BKjnoHemie [x, yi] C M. 
Tor^a, Hcnojib3y5i ycjiOBiie (Alo), nojiyHHM, hto 

\xP M {y) \ = \xP[ x , yi ](y)\ <\xy\. 

C jieflOBaTejibHO , 

\xP M (W)\ < \xy\ 11 \xP M (W)\ < \xW\. 

(ii) HepaBeHCTBO (ii) flOKasbiBaeTCH nepexo^OM k tohhoh BepxHeii rpa- 
hh no bcgm x G M CHanajia b npaBoii Hacrii HGpaBGHCTBa (i), a 3aTeM b 
jieBoii Hacra nojiyneHHoro HepaBeHCTBa. JleMMa 1 flOKasaiia. 

Cjie^cTBHe 1 [sl4]. IJycmb X — noAHoe 2eode3unecKoe npocmpaHcmeo, 
ydoeAcmeopAToinee ycAoeuAM (A^ — A 7 ), (Aiq), Z - - nauAynmcc annpoK- 
cuMupywu^ee Mnootcecmeo U3 ceMeucmea E Oaa nenycmozo 3aMKnymozo 
ozpanuncHHOzo eunyKAOzo Mtiootcecmea M C X u Pm(Z) G E. Tozda 
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Pm{Z) - - Haujiyumee annpoKCUMupywu^ee MHOotcecmeo 3aa Mnojtcecmea 
M. 

C jieflyiomafl JieMMa 2 o6o6maeT Teopeiviy 2 H3 [50] , TeopeMbi 1 , 2 H3 [12] . 

JleMMa 2 ([sl4], [s21]). IJycmh X - noAtwe seode3UHecKoe npocmpan- 
cmeo, ydo6Aem6opjiK)ui ) ee ycAoeuAM (A± — A-j), {A\q), M G B(X). Tosda 
ue6umeecKUU ycnmp MHOJtcecmea M npunadAeoiCum 3 clmhkclhuto eunyn- 
aou o6oaohku MHOotcecmea M , coenadaem c ue6umeecKUMU yenmpaMU 
30MUKaHUH eunyKAOu o6oaohku MHowcecmea M u eunyKAOu o6oaohku 
MHOMcecmea M. 

^OKasaTejibCTBO JieMMbi 2. 

CymecTBOBaHiie h e^HHCTBeHHOCTb HeGbinieBCKoro ijeirrpa Z(M) Heny- 
CToro orpaHHHeHHoro MHO>KecTBa M cjiepyeT H3 cjieflCTBH^ 2.6.1, a H3 yaiio- 
bhh (^4), (A5) cjie^yeT, hto 3aMKHyTbie niapbi npocTpaHCTBa X BbinyKjibie. 
Toiyja 

M c co(M) C co{M) C B[Z(M), R{M)} 

C jieflOBaTejibHO , 

R{M) = R{co{M)) = R{co{M)). 
H3 cjieflCTBHH 1 h eflHHCTBeHHOCTH He6biiiieBCKoro n,eHTpa cjie^yeT, hto 

Z(M) C co(M), Z(M) = Z{co{M)) = Z{co{M)). 
JleMMa 2 flOKasaHa. 

JleMMa 3 [sl4]. Ilycmb X - noAHoe zcodc3unccKoc npocmpaHcmeo, 
ydoeAemeopAwmee ycAoeuRM (A± — A?), (^4io), M - nenycmoe ozpanu- 
Hetitioe 3aMKHymoe eunyKAoe MHoatcecmeo npocmpancmea X, (W n ) ne ^ - 
nocAedoeameA'bHocmb nenycmux ozpanunennux 3aMKHymux MHootcecme 
npocmpancmea X, cxodAi^aACA e Mcmpunc Xaycdopfia k ncKomopoMy kom- 
natcmy W C X. Tosda 

\ima(P M (W n ),P M (W)) = 0. 

n— >oo 
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^OKasaTejibCTBO JieMMbi 3. 

H3 TeopeMbi 2.4.1 h ycjiOBiift JieMMbi 3 cjie/jyeT, hto M 5iBji5ieTC5i an- 

npOKCHMaTHBHO KOMnaKTHbIM, CHJIbHO He6bIIIIGBCKIIM MHO>KeCTBOM. KpOMe 



Toro, b CHjiy JieMMbi 1 113 [58] onepaTop Pm HBjraeTCH /3-HenpepbiBHbiM Ha 
KOMnaKTe W C X 7 nosTOMy 



lim p(P M (W n ),P M (W)) = 0. 

n— >oo 

^OKa^KeM, HTO 

lim (3(P M {W),P M (W n )) = 

n— >oo 

MeTOflOM ot npoTiiBHoro. IlycTb 3to yTBepjK^eHHe HeBepHO, Toiyja Haft/jyTCsi 
KOHCTaHTa c > h noflnocjiej^OBaTejibHOCTb (W m ) me ?q nocjiejjpBaTejibHOCTii 
{^V n )neN TaKiie, hto fljra KajKjjpro m G N 

/3(P M (W),P M (W m ))>c. 

Cjiejj,OBaTejibHO, HaftfleTCH Taxasi nocjie^OBaTejibHOCTb (z m ) mG ^ B KOMnaKTe 
W, hto fljra Ka>Kjj,oro m G N 

\P M {z m )P M {W m )\ > c. 

KpoMe Toro, HaftfleTCH noflnocjieflOBaTejibHoerb (zk)keN nocjieflOBaTejibHO- 

CTII (z TO ) m( =N, CXOflHHjaHCH K HeKOTOpOft TOHKe Z G W : TaK KaK W — KOM- 

naKT. Ho onepaTop Pm HBjiaeTCH HenpepbiBHbiM, nosTOMy HaftfleTCH Taxoe 
hhcjio ko G N, hto fljin Ka>Kfloro k > k{) 



H3 yCJIOBH5I 



lim a{W k , W) = 



cjieflyeT, hto HaftfleTCH cxoflHmancH k tohkc z nocjieflOBaTejibHOCTb (yk)keN 
Taxas, hto fljin Ka>Kjj,oro k > ko yk E Wk- Ho Torfla 

lim |Pm(z)Pm(^)| < lim |P m (^)Pm(^)| = 0. 

k— >oo k— >oo 
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IlojiyHHjiH npoTHBopeHiie. TaKiiM o6pa30M, jieMMa 3 jjpKasaira. 

JleMMa 4 [sl4]. IJycmb zeode3uuecKoe npocmpancmeo X ydoejiemeopa- 
em ycA06u<HM {A3), (A4), B = B[p,r]. Tosda omo6pajtceHue Pb AGAAemcM 
AunmuyeeuM omo6paotceHueM c Aunmuyeeou KOHcmcmmou Lip(P) < 2. 
Ecjiu, KpoMe mozo, eunoAHAemcA ycAoeuA (Aq), (A7), (Aiq), mo Lip(P) = 
1. 

,H,OKa3aTeji£>CTBO JieMMbi 4. 

H3 ycjiOBHH (A3), (A4) HerpyjjHO nojiyHHTb HepaBeHCTBo: 

\ux(p,x)uj\(p,y)\ < X\xy\ 

flJIH JIK)6bIX 

< A < 1; x, y, p E X. 
Ohgbhjxho, hto fljia jiio6bix x, y E B 

\P B (x)P B (y)\ = \xy\. 

floKajKeivi, hto fljia jno6bix x, y E X 

\P B (x)P B (y)\<2\xy\. 

IlycTb fljia onpeflejieHHOCTH 

> r, < \px\ < \py\. 

Ecjih \px\ < r, to 

|Ps(x)P B (y)| < M + |yP B (y)| < 2\xy\. 
Ecjih > r, to 

\P B (x)P B (y)\ = \u x (p, x)u x (p, z)\, 
rjj,e TOHKa z E [p,y] Taicaa, hto 

r 

k>z = km h A = - — r < 1. 

\px\ 
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Tor^a 

\u\(p,x)u\(p,z)\ < X\xz\ < \xy\ + \yz\ < 2\xy\. 
^OKajKeM BTopoe yTBepjKfleHHe. ElycTb fljra onpe^ejieHHOCTH 

\py\ > r, < \px\ < \py\. 

Ecjih \px\ < r, to HeoSxoflHMoe HepaBeHCTBO cjie/jyeT H3 HepaBeHCTBa (i) 
jieMMbi 1. Ecjih \px\ > r, to 

\uj x (p,x)ujx(p,y)\ < X\xy\ < \xy\, 

r^e 

A T 1 
\px\ 

Ho cu\(p,x) = Pb{x) h 

\pu\(p,y)\ > r. 

CjieflOBaTejibHO, b cnjiy HepaBeHCTBa (i) JieMMbi 1 nojiyniiM 

\P B (x)P B (y)\ < \uj\(p,x)uj\(p,y)\ < X\xy\ < \xy\. 
JleMMa 4 jj,OKa3aHa. 

TeopeMa 1 [sl4]. IJycmb (M n ) nG ^ ~~ nocAedoeameAbHocmb nenycmux 
ozpanunennux 30MKHymux MHOotcecme npocmpancmea (X, p) . Tozda eep- 
hu CAedytou^ue ymeepomdenuR. 

(i) Ecau 

M E S, lim a(M n , M) = 0, {K n ) nGN C S 

n— >-oo 

- nocAedoeameAbHocmb nauAynmux annpoKCUMupytou^ux MHOcncccme 3aa 
nocAedoeameAbHocmu (M n ) ne ?q manan, umo Oaa naoicdozo uamypaAbuozo 
n K n C M n , mo 

lim a(K n , M) = 0. 

(ii) Ecau M — komticlktyi e X, 

lim a(M„,M) = 0, (5") neN 
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- nocAedoeameAbnocmb nauAynmux N-cemeu 8ah nocAedoeameAbnocmu 
(M n ) ne fq maKasi, umo djiK KdJtcdoso HamypajibHOdo n S n C M n , mo nau- 
demcA nodnocAedoeamcAbnocmb nocAedoeameAbnocmu (S n ) ne f$, cxodAu^a- 
sicsi e MempuKe Xaycdopcfja k neKomopou nauAynmeu N-cemu Mnowcecmea 
M. 

Henocpe^CTBeHoe cjie^CTBiie 2 H3 cjie^CTBHsi 1 h TeopeMBi 1 o6o6ru;aeT 
Teopeiviy 3 H3 [TT| . 

Cjie^cTBHe 2 [sl4]. Ilycmb X noAnoe zeode3unecKoe npocmpan- 
cmeo, ydoeAemeopAwu^ee ycAoeuAM (A4 — A-j), (A\q), (M n ) ne ^ - - nocAe- 
doeameAbnocmb nenycmux ozpanuHennux 3aMKHymux eunyKAUx mho- 
wcecme npocmpancmea X, cxodAu^aACA e MempuKe Xaycdopcfja k hcko- 
mopoMy KOMnaKmy M C X . Tosda eepnu CAedywwiie ymeepwcdenuA. 

(i) Ecau (K n ) ne ^ — nocAedoeameAbnocmb nauAynuiux annpoKCUMupy- 
wmiLx KOMnaKmoe Sam nocAedoeameAbnocmu (M n ) ne ^, mo naudemcA nod- 
nocAedoeameAbHocmb (M m ) me ?q nocAedoeameAbnocmu (M n ) ne fi, 3aa ko- 
mopou naudemcA nocAedoeameAbnocmb (Km)men nauAynmux annpoKcu- 
MupywmiLx KOMnaKmoe, cxodsim,asicsi e Mempune Xaycdopcfja k mhomcc- 
cmey M . 

(ii) Ecau (S n ) ne f$ - - nocAedoeameAbnocmb nauAynmux N-cemeu 3aa 
nocAedoeameAbnocmu (M n ) ne ^, mo naudemcn nodnocAedoeameAbnocmb 
(M m ) m€ N nocAedoeameAbnocmu (M n ) ne ^, 3aa nomopou naudemcA nocAe- 
doeameAbnocmb (S m ) me fq nauAynmux N-cemeu, cxodnu^aACA e Mempune 
Xaycdopcfia k neKomopou nauAyuuieu N-cemu junowcecmea M . 

^OKasaTejibCTBO TeopeMbi 1. 

(i) H3 ycjiOBHii TeopeMBi 1 h yTBepjKfleHiM (iv) TeopeMBi 2.1.1 HeTpyn,HO 
nojiyHHTB: 

P(K n ,M) < (3(M n ,M) < a(M n ,M), 
(3(M, K n ) < /3(M, M n ) + P(M n , K n ) = /3(M, M n ) + R^(M n ) < 2a(M, M n ) 
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fljM Ka^Kfloro n G N. Cjie^oBaTejibHO, 



lim a(K n , M) = 0. 



(ii) H3 ycjiOBHii TeopeMbi 1 cjie^yeT, hto HaftfleTCfl Taxaa norniocjie^o- 

BaTejIbHOCTb 



H3 ycjiOBira TeopeMbi, yTBep^KflemiH (iv) TeopeMbi 2.1.1 h onpe^ejieHHsi N- 
ceTH S* cjie^yeT, hto npaBasi HacTb nojiyneHHoro HepaBeHCTBa CTpeMirrcsi 
k Rjy(M) npii (m — > 00). Cjie^OBaTejibHO, 5iBji5ieTC5i HanjiyHineH N- 
ceTbio fljia MHO>KecTBa M. TeopeMa 1 ^OKasaHa. 

2.8 HaHjiyninaa A^-ceTb h HamiyHinee ceneHne orpa- 
HHHeHHoro MHO^cecTBa b 6ecKOHeHHOMepHOM npo- 
CTpaHCTBe JloSaneBCKoro 

PaccMOTpHM b BemecTBeHHOM riuibGepTOBOM npocTpaHCTBe V OTKpbiTbiii 
map B(0, 1) eflHHHHHoro pa^nyca, c u,eHTpoM b Hyjie 11 saflaflHM b MHO>Ke- 
CTBe X = 5(0, 1) MeTpiiKy p Mo^ejiH BejibTpaMH - KjieiiHa 6ecKOHeHHO- 
MepHoro npocTpaHCTBa Jlo6aHeBCKoro [66, c. 48]: 




Tor^a fljisi Ka^K^oro m G N cnpaBefljiHBbi HepaBeHCTBa: 



/3(M, S*) < /3(M, M m ) + /3(M m , S m ) + (3(S m , S*) < 



a{M, M m ) + R N (M m ) + (3(S m , S*). 




(1) 
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r^e (x,y) — CKajiapHoe npoHSBeflemie BeKTopoB x, y W3 X, k > — koh- 
CTaHTa. HanoMHHM cjie^yioiuHe onpe^ejieHHH. 

HanjiyHinHM iV-MepHbiM ceneHiieM MHO>KecTBa M G S(X) Ha3bmaeTC5i 
N-Mepna.5i njiocKOCTb H* npocTpaHCTBa X : fljra KOTopoft 

(3{M,H*) = inf P(M,H) < oo, (2) 

HdX 

ryje TOHHaa hidkhsm rpaHb 6epeTca no BceB03MO>KHbiM iV-njiocKOcraM npo- 
CTpaHCTBa X [39]. 

IlycTb X - - MeTpiinecKoe npocTpaHCTBO, b kotopom jiioGoe MHO>KecTBO 
M G B(X) HMeeT efliiHCTBeHHbiH ne6binieBCKHH n,eHTp Z(M). He6binieB- 
ckhh n,eHTp Z(M) MHO>KecTBa M G B(X) Ha3biBaeTC5i cujihHo ycmouHu- 
euM |TT] , ecjiH fljia Ka^Kfloii nocjieflOBaTejibHOCTH HenycTbix orpaHHHeHHbix 
MHO>KecTB (M n ) ne -$, cxoflameftcH b MeTpiiKe Xayc^opcpa k MHC»KecTBy M 

lim \Z(M n )Z(M)\ = 0. 

n— >oo 

TeopeMa 1 [s8]. ffjisi Kaofcdoso nenycmoso ozpanuueHHOdo MHowcecmea 
M npocmpancmea JJo6aneecKOdo X u Kawcdodo namypajibHoso N cyw^e- 
cmeyem HaujiyHuiaa N-cemb. 

^OKasaTejibCTBO TeopeMM 1. 

IlycTb (^)zgn " " nocjieflOBaTejibHOCTb nojioo-KHTejibHbix BemecTBeHHbix 
HHceji, cxoflamaaca k Hyjno. Tor^a ^jih Ka^floro / G N HaftfleTCH Taxaa 
N-ceTb 

S l = {y l 1: ...,y l N }: 

HTO 

/3(M, 5 Z ) < R N (M) + £/. (3) 

Mojkho CHHTaTb, hto fljia KajK^oro / G N iV-ceTb 5* npHHa^jie^KHT HeKO- 
Topoiviy orpaHHHeHHOMy 3 aMKHyTOMy MHO>KecTBy P b npocTpaHCTBe X. 
^eHCTBHTejibHO, nycTb P — 3aMbiKaHiie oGb-e^HHeHira MHO>KecTBa Bcex Tex 



160 



niapoB npocTpaHCTBa X, ueHTpbi KOTopbix npiiHafljie^aT orpaHHHeHHOMy 
MHO>KecTBy M ii pafliiycbi KOTopbix paBHbi: 

1 + R N (M) + max{ei : / G N}. 

fljra KajK^oro / G N TV-ceTb S l mo>kho ii3MeHHTb (npn coxpaiieiiiiii npe>K- 
Hiix o6o3HaHeHHH ) cjie^yioiHHM o6pa30M: sjieMenrbi N-ceTu S l , npHHa^jie- 
jKaiipie MHO>KGCTBy X\P ( ecjiH TaKiie HaiiflyTCsi ), 3aMeHsieM Ha npoii3BOJib- 
Hbie sjieivieHTbi H3 MHC»KecTBa P. HepaBeHCTBO (3) npn stom coxpaHirrcsi. 
HeTpyznio noH5iTb, hto mhokcctbo P orpamineHO h 3aMKHyTO b riuib6ep- 
tobom npocTpaHCTBe V ii, cjie^OBaTejibHO, cjia6o KOMnaKTHO b hcm. TlycTb 

u* = {yl, ...,y* N } 

- iV-ceTb, cocTaBjieHHaa H3 N npe^ejibHbix ToneK nocjie^OBaTejibHOCTeii 

(y[)iGN, • • • , (y l N )ieN 

b cjia6oii TonojiorHH Ha MHO>KecTBe P. EtoKa>KeM, hto N-ceTb u* HaHjiyn- 
maa. flonycTHM, hto sto He BbinojiHaeTca. Tor^a HaftflyTca TaKiie x G M 
h c > 0, hto fljia KajK^oro n G N 

\xy*\ > R N {M) + c. (4) 

B CHjiy (3) HMeeM: 

\xy l ni \ < R N (M) + e u (5) 

r^e n\ = n\{x) npHmnviaeT o^ho H3 3HaHeHHii 1,2, N. B ^ajibHeH- 
nieM, BMecTO flBoiiHoro HH^eKca n\ (hjih n t ) Bcio^y nnnieivi HH^eKC n. IlycTb 
(Vn)teN ~ noflnocjieflOBaTejibHOCTb nocjie^OBaTejibHOCTH (y l n )ief$, cjia6o cxo- 
^amaaca k y* n . Tor^a cymecTByicxr cxoflamneca k Hyjuo nocjieflOBaTejibHO- 
cth nojio>KHTejibHbix Beni,ecTBeHHbix nnceji (6t)teN H { T t)teN, R^si KOTopbix, 
HanHHaa c HeKOToporo t G N, BbinojraaiOTca HepaBeHCTBa: 

(y*n) 2 < (VnM+WnW < I M 1 1 \Vn\ I + <**l \Vn\ I \\Vn\\ < WnW + &t < 1- 

(6) 
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Hcnojib3y5i 3th HepaBeHCTBa, a TaK>Ke (1), (4) h (5), nojryHHM: 

( R N (M) + c \ i - (x, y'J < i - (x, ^) + n 

\ k ) ((1 - - " [(1 - ^)(1 - (y«)2)]V2 " 

eh (^) (i-(^) 2 ) 1/2 (i-(i^ w)V^«i-* 2 )(i-(»;) a ))- 1/s - 

(7) 

OMeBHflHO, hto npaBa5i nacTb SToro HepaBeHCTBa CTpeMHTca k 

Rn(M)\ 



ch 

npn t — > oo. Ho 



ch (W) +C ) > ch 

npn c > 0, Rn(M) > 0, A: > 0. IlojiyHHjiH npoTHBopenHe. TaKHM 
o6pa30M, Teopeivia 1 ^OKasaHa. 

TeopeMa 2 [s8]. /^/w nacncdozo MHoencecmea M npocmpancmea JIo6a- 
Heecnozo X, Oaa nomopozo huchchaa zpanh U3 (2) Koneuna (e nacmnocmu, 
3am MHOCHcecmea M G B(X)), cyu^ecmeyem nauAyuwee N-Mepnoe Gene- 
rate 3aa Kdwcdoso HamypaAbHoso N. 

,H,OKa3aTejit>CTBO TeopeMbi 2. 

OneBHflHO, HTO Ka^flbffl SJieMeHT y npOH3BOJTbHOH iV-njIOCKOCTH Hn 

npocTpaHCTBa X mojkho npeflCTaBHTb b BH^e: 

y = y Q + aiyi + . . . + a N y N , 

vj\e yo — BeKTop, opToroHajibHbiH iV-njiocKOCTH Hjy : onpeflejiaiOH^HH TOHKy 
H3 Hn (nnnieM: yo E Hn), 

{yi, Vn} 

- ceivieHCTBO H3 N opTOHopMHpoBaHHbix BeKTopoB npocTpaHCTBa V, OpTO- 
roHajibHbix BeKTopy yo h 

\a m \ < 1, r^e m e {1, . . . , N}. 
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IlocjieflHee HepaBeHCTBO cjie^yeT H3 Toro, hto y 2 < 1. IlycTb MHO>Ke- 
CTBa M npocTpaHCTBa X 

r= wi 8(M,H)<oo, 

rpfi TOHHaa hh>kh5I5i rpaHb 6epeTC5i no BceB03MO>KHbiM TV-iijiockocthm npo 
CTpaHCTBa X. PaccMOTpiiM nocjieflOBaTejibHOCTb iV-MepHbix njiocKOCTeft 
(H n ) neN Taxyio, hto 

(5(M,H n )<r + e n , 

rpfi (£ n )neN ~ nocjie^OBaTejibHOCTb nojic»KiiTejibHbix BemecTBemibix niiceji, 
cxcvramaacii k Hyjiio. Ilpeflnojio^cHM, hto 

Uo ' Vii ■ ■ ■ i Vn 

- sjieMeHTbi, BBefleHHbie paHee fljra iV-MepHbix njiocKOCTeii H n (n G N). 

IlyCTb X npOH3BOJIbHa5I TOHKa 113 M II 

V" = vo + <i?/i + • • • + <, N y n N 

- 6jiii>Kaiiniiiii k tohkg x b mgtpiikg p sjieivieHT iV-Mepiioii njiocKOCTH H n 
(n G N). Ha^ejiHM 3aMKyTbiii map B[0, 1] c ueHTpoM b Hyjie, efliiHiiHHoro 
pa^iiyca iiHflyifflpoBamioii cjia6oii Tonojioriieii riuib6epTOBa npocTpaHCTBa 
V, a OTpe30K I x = [—1,1] Ha^ejiHM iiH^yi^iipoBaHHoii CTaH^apTHoii Tono- 
jioraieii npHMoii. Toiyja mhokcctbo 

Q = B N+1 [0,l]xl[{I?:xeM} 

5IBJI5ieTC5I KOMnaKTHbIM MHO)KeCTBOM B TOIIOJIOrilll npon3BefleHH5i. IlyCTb 

{u n )nen ~ nocjieflOBaTejibHOCTb ToneK H3 MHO>KecTBa Q, npoeKu;n5iMn ko- 

TOpblX 5IBJI5IIOTC5I TOHKII! 

Vo > Vi , • • • , Vn G 1] ; <i> • ■ ■ , <iv G 4, 
iyje x G M, n G N. H nycTb TOHKa u E Q c npoeiopisMH: 

2/0,2/1, • • • ,Vn e 5[0, 1]; a^i, . . . ,a x ,7V G 4, 
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r^e x G M, 5iBji5ieTCH npeflejibHoii fljia nocjieflOBaTejibHOCTH (u n ) ne ?q. JJp- 
Ka>KeM, hto N-Mepna.5i njiocKOCTb H*, sjieivieHTbi KOTopoii hmgiot bh^: 

y = y Q + aiyi + . . . + a N y N , 

HBjiHeTca HaHjiynniHM iV-iviepHbiM ceneHHeivi ^jih M. IlycTb x - - npoH3- 
BOJibHaa TOHKa H3 M. Tor^a 

\xy x \ < r, (8) 

r A e Vx = UO + a x,lVl + • • • + Ux^NUN — 6jIH>KaHIIIHH K TOHKe X 3JieMeHT N- 
MepHOH njIOCKOCTH H* B MeTpiiKe p. ^eHCTBHTejIbHO, eCJIH 3TO HepaBeHCTBO 

He BbinojiH^eTCH, to HaiifleTCsi Taxoe hhcjio c > 0, hto 

\xy x \ > r + c. 

OHeBHflHO, hto fljiH nocjieflOBaTejibHOCTH (^)neN HaiifleTCH noflnocjieflOBa- 

TejIbHOCTb 

(j£ = J/o + <i2/5 + • • • + 4,7V^})teN, 

cjia6o cxofl^maaca k TOHKe y x . Paccy^K^aa Tax >Ke, KaK h b Teopeivie 1, no- 
jiyHHM HepaBeHCTBa (6) h (7), r^e BMecTO TO^eK ?/* , y* HyjKHO no^CTaBHTb 
tohkh h ?/* cooTBeTCTBeHHO. CjieflOBaTejibHO, nojiynaeM irpoTHBopeHiie. 
TaKHM o6pa30M, HepaBeHCTBO (8) BepHO h iV-iviepHoe ceneHne H* fleiicTBH- 
TejibHO HanjiyHinee. Teopeivia 2 ^OKasaHa. 

TeopeMa 3 [s8]. HedumeecKuu i^enmp npou360JihHozo MHOotcecmea M G 
B{X) npocmpaHcmea JIo6aHeecKozo X cujihno ycmoiluue. 

^OKasaTejibCTBO TeopeMbi 3. 

IlocKOJibKy npii pa3JiHHHbix K03(p(pHrj,HeHTax k b (popiviyjie (1) nojiyHa- 
k>tc5i nofloGHbie MeTpiiKii, to b Teopeivie ^ocTaTOHHO paccMOTpeTb cjryHaft, 
Kor^a k = 1. IlycTb Teopeivia HeBepHa. Tor^a Haft/ryTca HenycTbie orpaHii- 
neHHbie MHO>KecTBa M, (M n ) ne ^ npocTpaHCTBa X c He6binieBCKiiMii n,eH- 
TpaiviH y*, (?/*)neN H He6binieBCKHMH pa^HycaiviH r, (r n ) ne fq cooTBeTCTBeHHO, 
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^jih KOTopbix BbinojiH^iOTCH cjie^yioiniie ycjiOBira. 
(i) lim a(M n , M) = 0. 

n— >oo 

(m) HaH^eTca noflnocjieflOBaTejibHOCTb ^y[)i^ nocjieflOBaTejibHoerii (|/*) ne ^ 
ii Hiicjio t4 > 0, fljisi KOTopbix, HaHHHaa c HeKOToporo HOMepa Iq : Bbinojiira- 
eTCH cjie^yiomee HepaBeHCTBO. 

\y*vt\ > 2 A. (9) 
B cmiy yTBep^fleHHH (iv) TeopeMbi 2.1.1 iiMeeT MecTO HepaBeHCTBO: 

\r n -r\ <a(M n ,M) (10) 

llycTb x — npoH3BOJibHa5i TOHKa b MHO>KecTBe M. Bbi6epeM hhcjio e > h 
HOMep / > Iq TaKiie, hto: 

ch(r + 2a(M h M) + e) < (2 ch(A) - 1) ch(r). (11) 

KpoMe Toro, \xy*\ < r h HaftfleTCsi TOHKa G M/ Taxaa, hto 

< q;(Mz, M) + e. 

Toiyra, yHHTbiBaa (10), nojiyHiiM: 

Wi \ < \xxi\ + \xiyt\ < OL(M h M) + e + n < r + 2a{M h M) + e. (12) 

llycTb wi cepe^HHa OTpe3Ka c KOHi^aiviii y* h y* b MeTpiiKe p. Hcnojib3yeM 
(popMyjiy 

ch \zw\ 



ch 




+ ch | 


zv\ 


2ch 


(■ 


uv 




) 



2 

fljiH HaxojK^eHHH fljiHHbi Me^HaHbi b TpeyrojibHiiKe c BepniiiHaMii z, u 
hub npocTpaHCTBe JloGaHeBCKoro X (sTy (popiviyjiy HeTpyziHO nojiyniiTb 

H3 TeopeMbi KOCHHyCOB [H31 C. 60]). yHHTblBaH Bbipa>KeHHe flJIfl flJIHHbl Me- 

flnaHbi b TpeyrojibHiiKe c BepniiiHaMii x, y* 7 y[ h HepaBeHCTBa (9), (11), 
(12), nojiyHHM: 



ch = — ; ^p- < < ch(r). 



ch 


xy* 


+ ch \xy* 


^ ch(r) + ch(r + 2a(M z , M) + e) 


2ch I 


( 




\ - 2 ch(A) 
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TaKHM o6pa30M, \xwi\ < r fljra Ka^floft tohkh x G M. nanyHiijiii npoTHBO- 
pe^iie c TeM, hto r — He6binieBCKHH pa^nyc MHO>KecTBa M. CjieflOBaTejibHO, 
Teopeivia 3 ^OKasaHa. 

2.9 HaHjiyninee npnGjiH^ceHHe BbinyKjioro KOMnaKTa 
reo^esHHecKoro npocTpaHCTBa inapoM 

B MeTpiinecKOM npocTpaHCTBe (X, p) Hcnojib3yeM cjieflyiomiie o6o3Hane- 

HH5I. 

BC[X] - MHC»KecTBO Bcex 3aMKHyTbix niapoB b npocTpaHCTBe X. 
if>(M,x) = hp(M,x) + \xM\ - \x(X\M)\), 

r(M,x) = \{fi{M,x) - \xM\ + \x(X\M)\), 
r fl e x G X, M G B(X), M^X. 

X(M) = {x G X : a(B[x, r], M) = a(M, BC[X]) ^jis HeKOToporo r > 0} 
PI, iy;e 

a(M,5C[X]) = inf{o;(M, B[y,i\) '■ y E X,t > 0}. 

HanoMHHM, hto MHO>KecTBO M b npocTpaHCTBe X, yflOBjieTBop^ioineM 
ycjiOBHio (^4i), Ha3biBaeTca CTporo BbinyKjibiM, ecjiii fljra jiio6bix pa3JiHH- 

o 

Hbix x, y G M [x,y]\{x,y] CM (251 c. 153]. 

HaniHMH ocHOBHbiMii saflanaMH b ^aHHOM naparpacpe hbjihiotch cjie^y- 
K)m,He sa^aHH. 

IlojiyHHTb ou;eHKy CBepxy fljia paccT05iHH5i Xayc^opcpa ot HenycToro 
orpaHHHeHHoro MHO>KecTBa MHO>KecTBa Bcex 3aMKHyTbix niapoB cneu,H- 
ajibHoro reoflesHnecKoro npocTpaHCTBa X Henojic»KHTejibHOH KpHBH3Hbi. 
^OKasaTb, hto MHO)KecTBO Bcex n,eHTpoB x(M) 3aMKHyTbix niapoB, HamiyH- 
niiiM o6pa30M npn6jiH>KaioinHx b MeTpiiKe Xayc^opcpa BbinyKjibift KOMnaKT 
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M C X, HenycToe h npiiHafljie^KHT MHO>KecTBy M. Hccjie^OBaTb HeKO- 
Topbie flpyrne CBOHCTBa MHO>KecTBa x(^0- TaKiiM o6pa30M, HeoGxoflHMO 
o6o6m,HTb HeKOTopbie pe3yjibTaTbi C. H. ^yzjoBa h H. B. 3jiaTopyHCKOH 
[46], |H7] Ha cjiymii cneipiajibHoro reo^esHHecKoro npocTpaHCTBa Henojio- 
>KHTejibHoft KpiiBii3Hbi no By3eMaHy. nojiyneHHbie ocHOBHbie pe3yjibTaTbi 
co,i];ep>KaTC5i b Teopeivrax 1, 2, 3. 

CHanajia nccjieflyeM HeKOTopbie npocTbie CBOHCTBa BbinienepeHHCJieH- 

HblX IIOH5ITHH. 

JleMMa 1 [si 7]. 

(i) JJjifi Ato6ux M, W G B(X) uMewm Mecmo Hepaeencmea: 

\P(M, BC[X}) - P(W, BC[X})\ < a(M, W), 

\a(M, BC[X}) - a{W, BC[X]) \ < a(M, W), 
zde /3(M, BC[X}) = inf{/3(M, V) : V G BC[X}}. 

(ii) JJjia Ato6ux 

M G B(X), M^X- x,yeX 
UMewm Mecmo Hepaeencmea: 

3\xy\ 



\^j{M,x)-^{M,y)\ < 
\r(M,x) - r(M,y)\ < 



2 ' 
3\xy\ 
2 



(Hi) JJjia mo6ux 

M G B(X), M^X, xeM 

uMeem Mecmo nepaeencmeo: 

4iM, x) <^l. 

(iv) JJjia jiw6ux M G B(X), x G X\M UMeem Mecmo nepaeencmeo: 

D(M) 



r(M,x) < 



2 
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(v) JJah ak>6ux 

M G B(X), M^X, xeX 

UMeem Mecmo paeencmeo: 

ij)(M,x) = inf{max{r + \xM\ - \x(X\M)\,p(M,x) - r} : r > 0}, 

zde UHcfiuMyM docmusaemcji npu r = r(M,x). 
^OKasaTejibCTBO jieMMM 1. 

(i) Pfe HepaBeHCTBa TpeyrojibHHKa ^jra (pyHKH,nn /3 cjie^yeT 

/3{M, BC[X}) = inf{/3(M, V) : V G BC[X}} < 

inf{/3(M, W) + P(W, V) : V G BC[X}} < a(M, W) + P(W, BC[X}). 
HepaBeHCTBO 

(3(W, BC[X}) < a{M, W) + (3(M, BC[X}) 

flOKasbmaeTCH aHajiornnHO. 

(ii) H3 HepaBeHCTBa TpeyrojibHHKa fljra (pyHKHHH /3 h HepaBeHCTBa H3 
[57, c. 219] cjie^yeT 

\*P(M,x) - i>(M,y)\ < ^MM,x) - (3(M,y)\ + ||xM| - \yM\\+ 
\\y(X\M)\-\x(X\M)\\)< 3lxyl 



2 

JXjik BToporo HepaBeHCTBa jjpKasaTejibCTBO aHajiornnHO. 
(Hi) Cbohctbo cjie/jyeT H3 HepaBeHCTB: 

= (P(M,x)-\x(X\M)\) ?(M,x) D(M) 
W{ , ) 2 2 _ 2 • 

(iv) EtycTb x G X\M. Tor^a fljia Ka^K^oro £ > Haft/Tyre^ Taxne 
z, y G M, hto 

/3(M, < + e, \xy\ < \xM\ +e. 
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YTBep^KfleHHe cjie/jyeT Tenepb H3 HepaBeHCTB 

= /3(M,x)-|xM| < |gcj - \xy\ < \z]A < D(M) 
{ ' ; 2 ~ 2 ~ 2 ~ 2 

(t>) HepaBeHCTBO 

ip(M,x) > inf{max{r + \xM\ - \x(X\M)\, (3(M, x) - r} : r > 0} 
nojiynaeTCH, ecjiH nojio>KHTb r = r(M, x). Ecjih 

r + |xM| - \x(X\M)\ > /3(M, x) - r, 
to r > r(M,x). Cjie^OBaTejibHO, 

max{r+\xM\-\x(X\M)\,P(M,x)-r} = r+\xM\-\x(X\M)\ > ip(M,x). 
Ecjih 

r + \xM\ - \x(X\M)\ < /3(M,x) - r, 
to r < r(M,x). Cjie^OBaTejibHO, 

max{r + \xM\ - \x(X\M)\, (3(M, x) - r} = (3(M,x) -r > ip(M,x). 

TaKHM o6pa30M, nojiyneHO HepaBeHCTBO: 

ip(M,x) < inf{max{r + \xM\ - \x(X\M)\, (3(M, x) - r} : r > 0}. 

JleMMa 1 flOKasaHa. 

JleMMa 2 [sl7]. IJycmb X zcodc3unccKoc npocmpaHcmeo, uepe3 kclchc- 
due dee pa,3JiUHHue mouKU nomopozo mookho npoeecmu eduHcmeeHHyw 
npsiMyw. Tosda UMewm Mecmo cjiedywwALe ymeepofcdenuM. 

(i) JJaji jik>6ux M G B(X), iGl cnpaeedjiueo Hcpaeencmeo: 

\ D(M) 
r(M,x) < v . 

(ii) npocmpaHcmeo (BC[X],a) u30MempuuH0 npocmpancmey 

(IxR +)/ ) + (l), 
169 



dde d — cmandapmHan Mempuna na R + . 
(Hi) JJaji jik>6ux 

x, y G A; n, r 2 G R+, r = — - — 
eepnu paeencmea: 

a(B[x,n],B[u(x,y),r]) = a(B[y,r 2 ], B[uj(x,y),r}) = ^a(B[x, n], B[y, r 2 ]). 

ifc/zu, KpoMe mozo, npocmpancmeo (X, p) ydoejiemeopaem ycjio- 
euw (A%), mo naotcduu 3aMKHymuu map npocmpancmea X siejinemcn 
cmposo eunyKAUM MHOwcecmeoM. 

^OKasaTejibCTBO JieMMbi 2. 

(i) B CHjiy yTBepjKfleHHH (iv) jieMMbi 1 flocTaTOHHO paccMOTpeTb cjiy- 
Haii, Kor^a x G M. Ecjih M = {x}, to ^OKasaTejibCTBO oneBiifliio. Ecjih 
M 7^ {x}, to fljia Ka^K^oro e > Haiijj;eTC5i Taxaa TOHKa w G M\{x}, hto 

\ux\ > /3(M,x) - e. 

IlycTb A[u, x) — nojiynpaMaa c HanajiOM b TOHKe u, co^epjKamasi TOHKy x, 

II TOHKa 

y G M n A[w, x) 

Taxaa, hto 

= D(MnA[u,i)). 

Tor^a 

r(M,x) = hp(M,x) + |x(X\M)|) < \{\ux\ + - e) = 

\{\uy\ - s) <\\D(M) - e\. 

TaKiiM o6pa30M, BTopoe yTBepjKflemie BepHO b cmiy npoii3BOjrbHOCTii bh- 
6opa e > 0. 

(ii) OnpeflejiHM OTo6pa>KeHiie 

/ : (BC[X],a) -> {X x R+, p + d) 
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(popMynoft f(B[x, r}) = (x; r). Tor^a ^jih jiio6bix x, y E X : r, R E K+ 

(p + d)(f(B[x, r]), f(B[y, R})) = \xy\ + \r - R\ = a(B[x : r],B[y, R}). 

Cjie^OBaTejibHO, / — H30MeTpira. 

(Hi) ^OKa^ceM o/mo h3 paBeHCTB HenocpeflCTBemibiM Bbmiic jieHiieM : 

a(B[x, 7*1], B[cu(x, y), r]) = \xuj(x, y)\ + |ri — r\ = 

^(M + In - H) = n], S[2/,r 2 ]). 

(iv) ^OKasaTejibCTBO BbinyKjiocTH niapa noHTii OHeBH/mo. ^eiicTBH- 
TejibHO, nycTb B[p,r] - npoii3BOJibHbiH 3aMKHyTbra map b npocTpaHCTBe 
X h x, y E B\p, r]. PaccMOTpHM (pymamio / = r^e z = z(t) - 

napaMeTpH3an,HH cerMeHTa [x, y] ajihhoh flyrii. H3 HepaBeHCTB 

\\pz(t)\-\pz(t 1 )\\<\z(t)z(t 1 )\ = \t-t 1 \ 

rjir jiioGbix t, t\ E [0, \xy\] cjie^yeT, hto cpyHKii,ii5i / HenpepbiBHa. KpoMe 
Toro, 113 ycjiOBH^ (A3) 11 HepaBeHCTBa TpeyrojibHHKa fljra jno6bix t, t\ E 
[0, \xy\] nojiy^HM 

/ y-Y 1 ) = M*(*)> < \Mp, *(t))\ + Hp. 4t)Mz(t), z(h))\ < 

1 -(\p Z (t)\ + \pz(t 1 )\) = 1 -(J(t) + f(t l )). 

Cjie^OBaTejibHO, (pyHKD;ii5i / BbinyKjiaa h [x,y] C B\p,r]. TaKiiM o6pa30M, 
KajKflbift 3aMKHyTbift map npocTpaHCTBa X 5iBji5ieTC5i BbinyKjibiM MHO>Ke- 
ctbom (sto cbohctbo HeTpyzmo TaioKe nojiyHHTb, Hcnojib3y5i flOKasaTejib- 
CTBa TeopeM (36.4 - 36.6) H3 [251 c - 304-307]). ^OKa>KeM CTporyio BbinyK- 
jiocTb 3 aMKHyToro mapa B[p, r] MeTO^OM ot npoTiiBHoro . IlycTb btot map 
He 5iBji5ieTC5i CTporo BbinyKjibiM mhokbctbom . Tor^a HaiiflyTCsi TaKiie no- 
napHO pa3JiHHHbie tohkh x, y : z, hto 

\px\ = \py\ = \pz\ =r, z E [x,y]. 
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Bbi6epeM Ha np^Moii A(p,z), coflep^Kameii tohkh p, z, TOHKy it, ynpBjie- 
TBopaiomyio ycjiOBH^M: m / z h p 6 Tor^a H3 ycjiOBHfl jieMMbi 2 h 

HepaBeHCTBa TpeyrojibHHKa cjie^yeT, hto 

\uz\ = \up\ + r > max{|Mx|, \uy\}. 

CjieflOBaTejibHO, 3aMKHyTbift map B[u, max{|ux|, \uy\}] HeBbinyKjibiii. IIo- 
jiyHHjiH npoTHBopeniie. JleMMa 2 ^OKasaHa. 

JleMMa 3 [sl7]. IJycmb seode3uuecKoe npocmpaHcmeo X ydoejiemeo- 
psiem ycAoeuHM (Ai), (A3). Tosda UMewm Mecmo cjiedywu^ue ymeepwcde- 

HUA. 



i) JJaa ato6ux x, y G X, M G B(X) 

2(3(M,cu(x,y))<(3(M,x)+{3(M,y). 

(a) Ecau 

P(M,x) = /3(M,y) + \xy\, 

mo 

2(3(M,u(x,y)) = (3(M,x) + (3(M,y) 
(Hi) Ecau, npoMe mozo, M - - eunyKAO, mo 

2\u(x,y)M\ < \xM\ + \yM\. 

,II,OKa3aTejibCTBO JieMMbi 3. 

(i) fljia Jiio6oro e > HaiifleTCH Taxoe z G M, hto 

\zu;(x,y)\ > l3(M,u(x,y)) - e. 
Kpoivie Toro, H3 ycjiOBira (A3) cjie^yeT, hto 

2\zuj(x,y)\ < \xz\ + \yz\ < (3(M,x) + (3(M,y). 

Tor^a 

2/3(M, ?/)) - 2e < /3(M, x) + (3(M, y). 
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OcTajIOCb HCnOJIb30BaTb IipOH3BOJIbHOCTb £ > 0. 

(ii) Hcnojib3yeM paccy^Kflemie ot npoTHBHoro. IlycTb cbohctbo HeBep- 
ho. Tor^a b cnjiy flOKasaHHoro HepaBeHCTBa (i) 

2(3(M 1 u(x,y))<f3(M 1 x)+P(M,y). 

H3 ycjiOBHH jieMMbi 3 cjie^yeT, hto 

P{M, x) + P(M, y) = 2fi{M, x) - \xy\. 

C jieflOBaTejibHO , 

\xy\ < 2p(M,x) - 2f3(M,uj(x,y)) < 2\xu(x,y)\ = \xy\. 

IlojiyHHjiH npoTHBopenne. TaKiiM o6pa30M, paBeHCTBO BepHO. 
(Hi) fljia JiK>6oro e > HaiyiyTCfl Tarae u, v G M, hto 

< |xM| + e, < |j/M| +e. 

Toiyja H3 ycjiOBH^ (A3) cjie^yeT, hto 

2|aj(x, y)uj{u, v)\ < 2\u(x, y)cj(u, y) \ + 2|w(w, y)uj{u, v)\ < 

\xu\ + < \xM\ + |yM| + 2e. 
Ho MHOJKecTBO M — BbinyKjioe, nosTOMy u(u, v) G M h 

2|w(x, j/)M| < 2\uj(x, y)u(u, v) \ < \xM\ + \yM\ + 2e. 

OcTajiocb Hcnojib30BaTb npoH3BOJibHOCTb £ > 0. JleMMa 3 ^OKasaHa. 

Cjieflyiomaa jieMMa 4 0606m, aeT jieMMy 4.1 H3 |46| . 

JleMMa 4 [sl7]. Tlycm'b X zeode3unecKoe npocmpaHcmeo, uepe3 Kaotc- 
due dee pa3JiUHnue tjiohku nomopozo mowcho npoeecmu eduHcmeeHHyw 
npttMyw, 

M G B[X], ip{M, x*) = inf{^(M, x) : x G X}. 
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Tozda eepnu CAcdywu^uc ymeepofcdenuM. 

(i) Ecau 

x* e X\M, y e P M {x*), 
mo uaudemcA manaA monna z G X, umo 

S(x*,P(M,x*))nS(y,P(M,y)) = {z}. 

Ecau, KpoMe moso, cyu^ecmeywm manuc mounu u, v G X, umo 

P(M,x*) = \ux*\, i3(M,y) = \vy\, 

mo x* G [y, z] u u = v = z. 

(ii) Ecau Muootcecmeo M - eunyKAoe, y G Pm(x*) u cyu^ecmeywm 
manue moHKU u, v G X, umo 

(3(M,x*) = \ux*\, f3(M,y) = \vy\, 

mo x* = y. 

^OKasaTejibCTBO jieMMM 4. 

(i) M.3 ycjiOBH^ jieMMbi 4 h HepaBeHCTBa TpeyrojibHHKa fljra (pyHKi^nn 
(3 nojiy^HM: 

(3(M,y)<(3(M,x*) + \x*yl 
2if)(M, x*) = (3(M, x*) + \x*M\ < f3(M, y) + \yM\ - \y(X\M) \ = f3(M, y). 
C jie^OBaTe jibHO , 

f3(M, y) = f3(M, x*) + \x*y\ n S(x*, (3(M, x*)) D S(y, /3(M, y)) ^ 0. 

IlpeflnOJIOJKHM, HTO 

u, v G SO*, /3(M, x*)) n S(y, /3{M, y)), u^v 

h TOHKa u npHHa^jie^KHT nepeceneHHio npsiMOH A(x*,y), npoxo^ameii ne- 
pe3 tohkh x*, y, co ccpepoii S(y, (3(M,y)). Tor^a tohkh y, i> ^bjihiotch 
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KOHD,aMH flByx pa3JiHHHbix cerMeHTOB [y,v] h [y, x*] U IlojiyHHjiH 
npoTHBope^He c ycjiOBHeM jieMMbi 4. PaBeHCTBa u = v = z cjie^yiOT Te- 
nepb H3 flOKasaHHOii e^HHCTBeHHOCTH tohkh z. Kpoivie Toro, 

\zy\ = \vy\ = f3{M,y) = f3(M,x*) + \x*y\ = \ux*\ + \x*y\ = \zx*\ + \x*y\. 

Cjie^oBaTejibHo, x* G [y, 

(m) Ecjih npeflnojic»KHTb, hto G X\M, to H3 npeflbiflymero nyHKTa 
nojiy^HM, hto G [y, 2]. Ho MHO>KecTBO M — BbinyKjioe, nosTOMy [y, z] C 
M. IlojiyHHjiH npoTHBopGHiie. JleMMa 4 flOKasaira. 

B cjieflyiomeft TeopeMe 1 o6o6m;aioTCfl JieMMbi 3.1, 3.3 H3 |46j . 

TeopeMa 1 [si 7]. Ilycmb seode3uuecKoe npocmpaHcmeo X ydoeAemeo- 
pjiem ycjioeuw {A\). Tosda Bah ak>6ux 

r>0, iel, M G B(X), M^X 

eepnu CAedywu^ue ymeepofcdeHUA. 

(i) P(M, B[x, r]) = max{0, fi(M, x) — r}. 

(ii) /3(B[x,r],M) < max{0,r + \xM\ - \x(X\M)\}. 

(Hi) a(B[x,r], M) < max{r + \xM\ - \x(X\M)\, f3(M,x) -r}. 

{iv) a{M, BC[X}) < m£{ip(M, x) : x G X}. 

(v) Ecau 

a{B[x, r],M) = a(M, BC[X]), 
mo naudemcA maKoe vq > , umo 

r(M, x) < tq < r, 

a{B[x, r ] , M) = /3(M, x) - r = /3(B[x, r ] , M) = a{M, BC[X}). 

175 



(vi) Muootcecmeo x{M) 3aMKHymo u ospaHuueuo. Ecau, npoMe moso, 
npocmpaHcmeo X - co6cmeeHHoe, mo smo Mnootcecmeo KOMnanmno. 

Ecau X seode3uuecKoe npocmpancmeo, uepe3 Kaotcdue dee pasAUHHue 
mouKU Komoposo Mootcno npoeecmu cduHcmeeHuyw npAMyw, ydoeAemeo- 
pmm ycAoeuw (A%) u M - eunyKAoe oepcmuueHHoe Muootcecmeo cyu^e- 
cmeoeanuA e X, mo 3aa ak>6ux r > 0, x G X\M eepuu CAedywwxie 
ymeepofcdenuA. 

(vii) f3(B[x,r],M) = r+\xM\. 

(viii) a(B[x, r], M) = max{r + \xM\, f3(M, x) — r}. 

(ix) i[)(M, x) = mi{a(B[x, r] , M) : r > 0}, 

M{a{B[y, r],M):yE X\M, r > 0} = inf{^(M, y) : y E X\M}. 

(x) Ecau 

t > 0, a(B[x,r],M) < a(M, BC[X}) + r, 

mo 

a(B[P M (x),r(M, P M (x))],M) < a(M, BC[X]) + r, 
sde r(M, P M (x)) = i/3(M, P M {x)). 
3aMenaHHe 1. 

1. Hempyduo aaMemumb, umo ccau Muootcecmeo M neAAemcn 3a- 
MKuymuM uiapoM, mo npaean nacmh e Hepaeencmee (iv) paena nyAW u 
dmo Hepaeencmeo cmanoeumcA paeencmeoM. 

2. M3 acmmu 3.4, mcopcMU 1.1 u ymeepotcdeHUA e uanaAe §4 U3 [46] 
CAcdycm, umo 3aa eunyKAOso KOMnanma M U3 npocmpancmea MJ 1 c npo- 

U360AbH0U HOpMOU 6 (iv) UMCCm MCCmO pCL6CHCm60. 

,H,OKa3aTejibCTBO TeopeMM 1. 

(i) H3 HepaBeHCTBa TpeyrojibHHKa fljra (pyHKi^HH f3 nojiyHHM: 
P(M, B[x, r]) > (3(M, x) - (3(B[x, r],x)> (3(M, x) - r. 
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C flpyroii CTopoHbi, fljia jiio6oro e > HaiifleTCH Taxoe y G M, hto 
/3(M, B[x, r]) — e < \yB[x, r] \ = max{0, \xy\ — r} < max{0, /3(M, x) — r}. 

OcTajIOCb HCnOJIb30BaTb npOH3BOJIbHOCTb e > 0. 

(ii) fljia jiK»6bix 

r > 0, x G X\M, M G 
H3 HepaBeHCTBa TpeyrojibHHKa fljra (pyHKi^nn /3 nojiyHHM: 

P(B[x, r],M)< /3(B[x, r],x) + \xM\ < r + |xM|. 
IlycTb Tenepb 

r > 0, x G M, M G 
npoH3BOJibHbi. Tor^a fljra jiio6oro £ > HaH^eTca Taxoe z G r], hto 

\zM\ > f3(B[x, r], M) — e. 

Kpoivie Toro, HaiifleTca Taxoe u G [z, x], hto 

\zu\ = |z(In 

Tor^a 

(3(B[x,r],M) - £< \zM\ < \zu\ = \zx\ - \xu\ < max{0,r - \x(X\M)\}. 

OcTajIOCb HCnOJIb30BaTb Iip0H3B0JIbH0CTb £ > 0. 

(Hi) OneBHflHO, hto 

max{r + \xM\ - \x(X\M)\, (3(M, x) - r} < 

max{max{0, r + \xM\ - \x(X\M)\}, max{0, fi(M, x) - r}}. 
IlpeflnojiojKHM, hto HepaBeHCTBO CTporoe. Toiyra 

r + |xM| - |x(X\M)| < h /3(M,x) - r < 0. 
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C jieflOBaTejibHO , 

x G M h /3(M,x) < \x(X\M)\. 
IlycTb z G X\M. Tor^a HaiifleTCsi Taxoe u G hto 

\zu\ = \z(Mn [z,x])\. 

C jieflOBaTejibHO , 

P(M,x) < \xu\. 

IlojiyHHjiH npoTHBope^He. TaKiiM o6pa30M, paBeHCTBO ycTaHOBjieHO. OcTa- 

JlOCb HCnOJIb30BaTb COOTHOineHHH H3 yTBCpjKflGHHH (i), (ii). 

(iv) HepaBeHCTBO cjie^yeT H3 HepaBeHCTBa (in) h yTBepjKflemisi (u) 
jieMMbi 1. 

(u) 3aMeTHM CHanajia, hto (pyHKHira 

g(R)=P(B[x,R],M) 
- jiHnniHn;eBa b cnjiy HepaBeHCTBa: 

\P(B[x,r],M)-P(B[x,R],M) \ < \r - R\. 

IlpeflnOJIOKHM, HTO 

/3(M, x)-r> /3(B[x,r],M). 
Tor^a H3 yTBepjK^eHHa (i), jinnniHueBOCTH cpyHKHHH g h paBeHCTBa 

a(B[x, r] , M) = a(M, BC[X}) 
cjie^yeT, hto HaH^eTCH Taxoe tq > r, hto 

/3(M, x)-r = /3(B[x, r ] , M) < /3(M, x) - r = a(M, BC[X}). 
IlojiyHHjiH npoTHBopenHe. npeflnojico-KHM Tenepb, hto 

/3(M, x)-r</3(B[x,r],M). 
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Tor^a HaftfleTCH Taxoe rg < r, hto 

/3(M, x) - r = r ], M) < r], M). 

KpoMe Toro, H3 HepaBGHCTB (ii), (m) nojiyniiM 

(3(M, x)-r = (3(B[x, r ] , M) = r],M) = a(M, BC[X}) = 

a(B[x, r ] , M) < max{0, r + \xM\ - \x(X\M)\} 
h r(M, x) < tq. 

(vi) OrpaHHHeHHOCTb MHO>KecTBa x(M) cjiepjeT H3 npe^bi/rymero cboh- 
CTBa. IlycTb nocjieflOBaTejibHOCTb (x n ) n& f$ 113 MHOxecTBa x(M) cxofliiTCsi 
k TOHKe x G X. Tor^a b cnjiy npe^bi^ymero CBOHCTBa HaftfleTCH Taxaa 
orpaHHHeHHaa nocjieflOBaTejibHOCTb HeoTpni^aTejitHbix BemecTBemibix hh- 
ceji (r n ) neN , hto 

a(£b n ,r n ],M) = P(M,x n ) -r n = /3(B[x n ,r n ], M) = a(M,BC[X}). 

H3 3toh nocjieflOBaTejibHOCTH Bbi6epeM cxoflainyiocji k Hiicjry r E M + 
no^nocjie^OBaTejibHOCTb (r m ) me m. Tor^a 

|a(5[s m ,r m ], M) - a(5[x,r],M)| < |x TO x| + |r m - r| -¥ 

npii n — > 00. B ciury HenpepbiBHOCTH nceBflOMeTpiiKii a nojryHiiM 

a(B[x, r] , M) = a(M, BC[X]) 

11 x G BTopoe yTBep^K^eHHe cjie/ryeT 113 Toro, hto b co6cTBeHHOM 

MeTpiinecKOM npocTpaHCTBe Ka^Kfloe 3aMKHyToe h orpamiHeHHoe MHO>Ke- 

CTBO KOMnaKTHO [251 c. 18]. 

(vii) ECJIH npOCTpaHCTBO X H30MeTpHHHO MHO>KeCTBy BeiII,eCTBeHHbIX 

HHceji co CTaHflapTHoft MeTpHKoii, to yTBepjKfleHiie (vii), OHeBH^HO, BepHoe. 
PaccMOTpHM cjiynaii, Kor^a TaKoii H30MeTpim HeT. H3 ycjiOBiift 11 yTBep^/je- 
HH5I (iv) jieMMbi 2 cjie,n,yeT, hto MHO>KecTBO Pm(x) — OflHOToneHHoe. IlycTb 
u — TOHKa H3 nepeceneHHH jry^ia A[Pm(x), x) c Ha^ajiOM b TOHKe Pm(x), 
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co^ep>Kaiii,ero TOHKy x, co ccpepoft S(x, r) Taxaa, hto x G [Pm(x) : u]. Ecjih 
PmM = Pm(x), to 

r + \xM\ = \uP M (x)\ < /3(B[x,r],M). 

OcTajiocb Hcnojib30BaTb HepaBeHCTBO (ii). ^OKa>KeM, hto npeflnojio^KeHHe 
o cnpaBe,n,jiHBOCTH HepaBeHCTBa 

Pm(u) ^ P M (x) 

npHBOflHT k npoTHBopeHHio. H3 SToro HepaBeHCTBa h yTBep^KfleHHH (iv) 
jieMMbi 2 cjie^yeT, hto 

\xP M (u)\ > \xP M (x)\. 

IlycTb z = z(t) — napaMeTpH3an,H5i jryna 

A = A[Pm(u),P m (x)) 

c HanajiOM b TOHKe Pm(u), coflepjKamero TOHKy Pm(x), ^jihhoh flyrn. H3 
flOKasaTejibCTBa yTBepjK^eHHii (iv) JieMMbi 2 cjie^yeT BbinyKjiocTb (pyHK- 
hhh / = |x2;(t)|. Tor^a HaHfleTca Taxaa TOHKa v = P^(x) : ^ t0 Jih6o 

v G A\[P M (u),P M (x)] h \xv\ <c \xP M (x)\, 

jih6o v = Pm{x). PaccMOTpHM nepBbiH cjiy^aft. Toryja 

\uv\ < \xv\ + \xu\ < \xPm{x) \ + \xu\ = \uPm{x)\. 

Kpoivie Toro, b cnjiy BbinyKjiocTH cpyHKHHH g = |wz(£)| h HepaBeHCTBa 
(36.8) H3 [251 c - 307] HMeiOT MecTO HepaBeHCTBa 

\uP M (x)\ ■ \vP M (u)\ < \uP M (u)\ ■ \vP M (x)\ + \uv\ ■ \P M (x)P M (u)\ < 

\uP M (x) \ ■ \vP M (u)\. 

IlojiyHHjiH npoTHBopeHne. Bo btopom cjiynae TaK>Ke nojiynaeivi npoTHBO- 
penne, Tax KaK H3 TeopeMbi 1.3.6 cjie^yeT, hto cymecTByeT eflHHCTBeHHbiH 
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nepneHjxiiKyjisip k nojiynp^MOH P, coflepjKamiift TOHKy u (cm. TaioKe flOKa- 
3aTejibCTBO yTBep^KfleHHH (20.10) 113 [251 c - 158]). 

(viii) 9to cjieflCTBHe yTBep^K^eHHH (i) h (vm). 

(ix) 3to cjieflCTBne yTBep^flemiii (t>) jieMMbi 1 ii (viii). 

(x) Bocnojib3yeMca paBeHCTBOM (viii). Tor/ia 

a(£[x,r],M) = msx{r-\-\xM\,P(M,x) - r] < a(M, BC[X}) + r. 

PaccMOTpiiM /xBa cjiyHaa. 

1. Ecjih 

r + |zM| > fi(M,x) - r, 

TO 

r > ~(p(M,x) - \xM\) 

Z 

H 

a(M,5C[X])+r > r+|xM| > hf3(M, x)+\xM\) = hp(M,x)+\xP M {x)\) > 

Z Z 

X -P(M, P M (x)) = a(B[P M (x), r(M, P M (x))],M). 

2. Ecjih 

r + \xM\ < P(M,x) - r, 

TO 

r < -(P(M,x) - \xM\) 

a(M, £C[X]) + r > £(M, x) - r > \{P{M, x) + \xM\) = 

^((3(M,x)+\xP M (x)\) > ^(3(M,P M (x)) = a(B[P M (x),r(M,P M (x))],M). 
Teopeivia 1 jroKasaiia. 

Cjiejxyioiinie jieMMa 5 ii Teopeivia 2 hbjihiotch o6o6meHHeM Teopeivibi 4.3 
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JleMMa 5 [sl7]. Ilycmb X 2eode3unecKoe npocmpaHcmeo, nepe3 kclwc- 
due dee pa3AUUHue itiouku nomopozo mochcho npoeecmu eduHcmeetiHyw 
npaMyw, ydoejiemeopaem ycjioewo (A3), M - eunynjioe ozpcmuneHHoe 
MHODicecmeo cyu^ecmeoeanuA e X, x G x(M). Tozda 

P M (x) e X (M). 

Ecau, Kpojue mozo, cyinecmeywm maKue wlohku u, v G X, umo 
P(M,x) = \ux\, P(M,P M (x)) = \vP M (x)l 

mo x G M . 

^OKa3aTejibCTBO jieMMM 5. 

B cjiy^ae, Kor^a x G M ^OKasaTejibCTBO jieMMbi ohgbh^ho. Ilpeflnojio- 

>KIIM, HTO 

x G x{M)\M. 

Tor^a H3 yTBGpjK^GHiiii (v), (vii) TeopeMbi 1 cjie^yeT, hto HaftfleTCH Taxoe 
^0 > 0, HTO 

r(M,x) < r < r, a(B[x, r ], M) = (3(M,x) - r = 

P(B[x, r ] , M) = a(M, BC[X}) = r + \xM\. 
C jieflOBaTejibHO , 

r = h/3(M,x) - \xM\) = r(M,x) 
11 b ciuiy yTBepjK^eHHii (iv) TeopeMbi 1 iiivieiOT MecTO paBGHCTBa 
a(M, BC[X]) = r(M, x)+\xM\ = ip(M, x) < ip(M, P M (x)) = \p(M, P M (x)). 
Ho 

2if)(M,P M (x)) = P(M,P M (x)) < P(M,x) + \xP M (x)\ = 2a(M,BC[X}), 
nosTOMy 

P M {x) G X (M). 
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Ecjih, Kpoivie Toro, cymecTByicxr TaKiie tohkh u, v G X, hto 
P(M,x) = \ux\, /3(M,P M (x)) = \vP M (x)\, 

to H3 jieMMbi 4 nojiyHHM x = Pm{x). IlojiyHHjiH npoTHBope^He c HaniHM 
npeflnojio^KeHHeivi. CjieflOBaTejibHO, x G M. JleMMa 5 jxpKasaHa. 

TeopeMa 2 [sl7]. IJycmb X seode3uuecKoe npocmpancmeo, uepe3 naoic- 
due dee pasjiUHHue itiouku nomopozo modkho npoeecmu eduncmeeHHyw 
npsiMyw, ydoejiemeopsiem ycjioeuw (A3), M ■ - eunynjiuu KOMnaKm e X. 
Tozda 

X(M) ±§u X (M) C M. 
,H,OKa3aTejit>CTBO TeopeMbi 2. 

OneBHflHO, hto b npocTpaHCTBG X HaiifleTCH Taxaa nocjie^OBaTejibHOCTb 
3aMKHyTbix niapoB (B[x n , r n ]) ne ^, hto 

a(B[x n , r n ],M) < a(M, BC[X]) + 1/n. 

B CHjiy yTBep^KfleHHH (x) TeopeMbi 1 mojkho CHirraTb, hto fljra Ka^K^oro n G 
N x n G M. Tor^a nocjie^OBaTejibHOCTb (r n ) ne ^ orpaHHHetia 11 HaH/xyrcsi 
noflnocjieflOBaTejibHOCTH 

nocjieflOBaTejibHOCTeft 

COOTBeTCTBeHHO, TOHKa X G M H HHCJIO T G M + TaKHG, HTO 

lim \x m x\ = 0, lim r m = r. 
Ecjih Tenepb y^ecTb HenpepbiBHOCTb MeTpiiKii a h fljra Ka>Kjj,oro m G N 

paBeHCTBO 

a(5[x m , r m ], B[x, r}) = \x m x\ + |r m - r|, 
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to nojiy^HM 

a(B[x, r],M) = a(M, BC[X}) rxE X {M). 

BTopoe yTBep^KfleHHe cjie/ryeT H3 JieMMbi 5. Teopeivia 2 flOKasatm. 
H3 TeopeM 1, 2 nojiy^HM cjie^CTBHe 1. 

Cjie,a,CTBHe 1 [sl7]. Ilycmb X seode3uuecKoe npocmpaHcmeo, uepe3 
Kaotcdue dee pasAUHHue tuohku Komoposo Moofcno npoeecmu eduncmeen- 
nyw npttMyw, ydoeAemeopnem ycAoeuw {A%), x, y G X. Tosda 

X([x, y}) = {w(x, y)} u r(M,u(x, y)) = -\xy\ 

- paduyc mapa Haujiynmezo npu6jiuwceHusi cesMenma [x,y] e Mempune a. 

Cjie/ryioinasi Teopeivia 3 5rejisieTC5i aHajioroM TeopeMbi 4.6 113 (36]. 

TeopeMa 3 [sl7]. nycmh X 2eode3uuecKoe npocmpaHcmeo, ncpc3 Kaotc- 
due dee pa3AUHHue mouKU Komopozo MOOK.no npoeecmu eduncmeennyw 
npsiMyw, ydoejiemeopsiem ycAoeuw (A%), (M n ) ne ^ — nocAedoeameAbnocmb 
ozpanuuennux eunyKAUx Mnocncecme cyu^ecmeoeanun, cxodnu^ancn e Mem- 
puKe Xaycdopcfia k KOMnanmy M C X, u djia Kaatcdoso n G N 

x(M n ) ^ 0. 

Tosda 

lim fc(M n )nM n)X (M)) = 0. 

n— >oo 

/^OKasaTejibCTBO TeopeMbi 3. 

3aivieTHM npe^^e Bcero, hto b cnjiy ycjiOBHH TeopeMbi 3 11 jieMMbi 5 fljia 
KajK^oro n 6 N 

X (M n ) nM R /0. 

Hcnojib3yeM MeTOfl floxasaTejibCTBa ot npoTHBHoro. IlycTb Teopeivia 3 HeBep- 
Ha. Toiyja HaftflyTCsi KOHCTairra c > h noflnocjie^OBaTejibHOCTb (%(M m ) Pi 
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M m ) me fq nocjieflOBaTejibHOCTH (x{M n ) D M n ) ne ^ TaKiie, hto 

P(x(M m )nM m , X (M)) >c. 
CjieflOBaTejibHO, fljra Ka^K^oro m G N HaHfleTesi TOHKa 

y m e x(M m ) n M m 

Taxaa, hto |y m x(M)| > c. Pfe ycjiOBiiii TeopeMbi 3 cjie/ryeT, hto Haft^yTCsi 
noflnocjieflOBaTejibHOCTb (yi)i e n nocjieflOBaTejibHOCTii (y m ) me n h TOHKa y G 
M TaKiie, hto 

lim \yiy\ = 0. 

Kpoivie Toro, b cnjry yTBepjK^eHHH (v) TeopeMbi 1 ^jra Ka^^oro / G N 
HaiifleTCH TaKoe hhcjio r\ G R+, hto 

a(i%, n ],M z ) = /3(M Z ,^) - n = /3(flfo,r,],Mi) = a(5[y z ,rz], SC[M]). 

CjieflOBaTejibHO, nocjie^OBaTejibHOCTb (ri)i e ^ orpamiHeiia. Bbi^ejiiiM nofl- 
nocjieflOBaTejibHOCTb (rk)keN nocjieflOBaTejibHOCTii (r{)i^, cxoflanryioca k 
HHCJiy r G R+. Tor^a 

lim a(B[y k , r k ],M k ) = a(B[y, r] , M) h a(£[y, r], M) = a(£[y, r],BC[M]). 

fc^oo 

TaKHM o6pa30M, 

lim |j/jfcx(M)| =0. 

fc^oo 

IlojiyHHjiH npoTHBopeHiie. Teopeivia 3 ^OKasaHa. 

2.10 KacaTejibHoe npocTpaHCTBO no By3eMaHy b toh- 
Ke reo^esHHecKoro npocTpaHCTBa 

PaccMOTpHM MeTpiiHecKoe npocTpaHCTBO (X, p) c BbiflejiemibiM ceMeftcTBOM 
S cerMeHTOB, Ha3biBaeMbix xop^aMii, yn,OBjieTBop5iioiii,ee ycjiOBiraM (Ci), 
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(C4), h fljia onpeflejieHHH KacaTejibHoro npocTpaHCTBa no By3eMaHy b toh- 
Ke p E X BBe^eM Ha MHO>KecTBax B(p,r p ) 7 B(p,r p ) x M + cneHHajibHbie 
nceBfloivieTpHKH . 

JleMMa 1 [sl8]. IJycmh npocmpaticmeo (X,p) ydoeAemeopnem ycjioeu- 
jim {C\), (C4), p G X. Tozda eepnu cjiedytov^ue ymeepafcdenuji. 

(i) QyHKyusi 

m v : B(p, r p ) x B(p, r„) - R+, M p (x, y) = JSZ ^^Ml 

mjiaemcfi nceedoMempuKOu, o6jiadawui j eu cjiedywv^uMU ceoucmeaMu: Bar 
jik>6ux 

AG [0,1]; x,yeB(p,r p ) 
m p (p,x) = \px\, m p (ujx(p,x),ujx(p,y)) = \m p (x,y). 

(ii) QytiKyuji 

m p : (5(p,r p ) x R+) x (£(p,r p ) x R+) -> R+, 

ra p ((z; A), (y; li)) = Tm p (u x/T (p, x), a^/ r (p, y)), 
2<9e r G (max{A, //}, +oo) ; siejisiemcsi nceedoMempuKOu. 
,H,OKa3aTejibCTBO JieMMbi 1. 
Cboahtch k Henocpe^CTBeHHOH npoBepxe. 

BBe^eM Ha MHC»KecTBe B(p,r p ) x M + cjieflyiomee othohighhg SKBHBa- 

JieHTHOCTH. 

(x; A) - (y; /i), ecjin m p ((ar; A), (y; /i)) = 0. 

Tor^a nceB^OMeTpHKa m p HH^yHHpyeT Ha cpaKTop-npocTpaHCTBe 

X p = (B(p,r p )xR + )/~ 

MeTpHKy, KOTopyio o6o3HaHHM TeM >Ke chmbojiom: m p . CHanajia HCCJie^yeM 
CBoiiCTBa nceB^OMeTpHKH m p h mgtphkh m p b npocTpaHCTBe HenOJIO>KH- 
TejibHOH KpHBH3Hbi no By3eMaHy. 
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IlpocTpaHCTBO (X, p) : ynpBjieTBopsnomee ycji0BH5iM (Ci), (C4), Ha30BeM 
npocmpancmeoM ncnoAOOfCumcAbnou Kpueuanu no By3eMany ([251 c - 304], 
[1271 c. 63]), ecjiH ^jih jik»6bix x, y, z € B(p,r p ) HMeeT MecTO HepaBeHCTBO 

2\u 1/2 {z,x)u 1/2 {z,y)\ < \xy\. 

TeopeMa 1 [sl8]. Tlycmb (X,p) npocmpaHcmeo ncnoAoouzumcAbnou 
Kpueu3Hu no By3CMany. Tosda eepnu cjiedyww^ue ymeepofcdenusi. 

(i) JJaa aw6ux x, y G B(p, r p ) 

m p {x,y)= lim . 

(ii) JJaa jiw6ux x, y £ B(p, r p ) 

rn p (x,y) < \xy\. 
(in) m p ecnib enympennAA Mcmpuna na X p . 

(iv) Ecau, KpoMe moso, npocmpancmeo X AOKdAbno KOMnaKmno, mo 
3aa ak>6o20 p G X {X p , m p ) - co6cmeenHoe seode3uuecKoe npocmpan- 
cmeo. 

,H,OKa3aTejit>CTBO TeopeMbi 1. 

(i—ii) IlycTB reoflesHHecKoe npocTpaHCTBO X yn,OBjieTBop5ieT ycjiOBHHM 
(Ci), (C4) 11 fljia jik»6bix x, y, z G £>(]9, r p ) HMeeT MecTO HepaBeHCTBO: 

2\(j 1/2 (z,x)u 1/2 (z,y)\ < \xy\. 

H3 STiix ycjiOBiift 11 HepaBeHCTBa HeTpyn,HO nojiyHHTB cjieflyiomee HepaBeH- 
CTBO: 

\u x (z,x)ux(z,y)\ < X\xy\ (1) 

fljiH jik»6bix < A < 1, x, y, z G B(p,r p ). CjieflOBaTejiBHO, fljra jik»6bix 
x, y G B(p,r p ) cnpaBefljiHBO HepaBeHCTBO ; 

m p (x,y) < \xy\. 
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Kpoivie Toro, H3 ^OKasaTejibCTB TeopeM (36.4 - 36.6) b [25, c. 304-307] cjie- 
,n,yeT, hto fljia jiio6bix x, y, z G B(p,r p ) HenpepbiBHaa (pyHKipra 

/:[0,1]->R, f(\) = \u x (z,x)u x (z,y)\ 
BbinyKjiaa. CjieflOBaTejibHO, fljra jiio6bix x, y G B(p,r p ) cymecTByeT npe- 

(iii) Bbi6epeM npon3BOJibHO [#i;A], [y; jj] G X p , r^e fljra onpe^ejieH- 
hocth A < \x. Ecjih /i = 0, to 3th Kjiaccbi coBna^aioT h yTBep^^eHHe 
oneBHflHO. IlycTb /i > 0. Tor^a 

[a?i;A] = [wA/ M (p,a;i);/i]. 

0603HaHHM X = UJ\u{j) } X\). B CHJiy JieMMbI 1.1.1 flOCTaTOHHO flOKasaTb, 

hto fljia Ka^K^oro £ > HaiifleTCH Taxaa TOHKa [z; r] G X p: hto 

2max{m p ([a;;4 [2;; r]), m p ([y; //], [z;r])} < m p ([x;/z], [y; ii]) + e. 
OneBH^HO, HaiifleTCH Taxoe vq g (0, 1], hto ^jih Ka^^oro z/ G (0, vq) 

z v = u 1/2 {uj„(p, x),u v (p, y)) G B(p, r p ). 
B CHJiy HepaBeHCTBa (ii) nojryHHM 

max{m p (uj v (p, x), z v ),rn p (io v (p, y), z v )} < 
m8oc{\uj l/ (p,x)z v \, \uj u (p,y)z u \} = ^\uj u (p,x)uj u (p,y)\. (2) 

OTCKDfla H H3 JieMMbI 1 IIOJiyHHM 

vm p (x, y) = ffip(u v (p, x),u„(p, y)) < 

mp(u v (p,x),z u )+mp(u) v (p,y),Zv) < \u v (p,x)u v (p,y)\. 

H3 3thx HepaBeHCTB h H3 yTBep^memra (i) nojiy^HM 

m p (u v (p,x),z v )+Mp(u) v (p,y),z v ) . 
lim — = mJx.y). 
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Ecjih y^Teivi (2), to nojiyHiiM 

m p {u v {p,x\z v ) = = 1 ( y (3) 

CjieflOBaTejibHO, fljisi Ka^K^oro £ > HafVreTca Taxoe z/ G (0, min{^, 1}), 

hto 

m p (u v (p,x),z v ) 1 v . 

— < 2 m p( x ' ^) + £ ' 

m p (u v {p,y),z v ) 1 

" < ( x ' ^) + £ - 

Tor^a fljiH KajKfloro £ > HaftfleTCsi Taxoe z/ G (0, min{^, 1}), hto 
2max{m p ([a:;/i], [^; fi/u}), m p ([y; //], [^;///z/])} = 

max{m p (w,(p, x), z v ),m p (uj v (p, y), z^)} < 

/irn p (x,y) + = m p ((x;ii}, [y; /i}) + 2/ie. 

(iv) IlycTb X jiOKajibHO KOMnaKTHoe npocTpaHCTBO HenojiOKirrejibHOH 
KpHBH3Hbi no By3eiviaHy h ([x n ; \ n ])neN npoii3BOJibHa5i orparaiHeHHaH no- 
cjie^OBaTejibHOCTb npocTpaHCTBa (X p , m p ). 3aMeTHM, hto ,h,jih r > max{l, A n } 
HMeiOT MecTO paBeHCTBa 



m p {[x n ; A n ], [p; 1]) = Tm p {u Xn / T {p, x n ),p) = X n \px 



n\i 



nosTOMy nocjie^OBaTejibHOCTb (A n ) nf =N — orpamiHeiia. Tor^a HaiiflyTCH Ta- 
Kne Bem,ecTBeHHbie Hiiaiia r G (0,r p ], v > 0, hto 3aMKHyTbiii map r] 
KOMnaKTeH ii fljra Ka^K^oro n G N 

BbiflejiHM noflnocjieflOBaTejibHOCTb (cu\ k / 1/ (p, Xk))keN nocjieflOBaTejibHOCTii 

(uj\ n / v (p, ^n))neN, CXOflafflyiOCH B IICXOflHOH MeTpiIKG /9 K TOHKe y G r] . 

OTCiofla, H3 jieMMbi 1 ii HepaBeHCTBa (1) cjie^yeT, hto 

m p ([x fc ; A fc ], [y; v]) = vrn p {u) Xk / v {p,Xk),y) < v\u Xk / v {p,Xk)y\ -> 
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npii k — > oo. TaKHM o6pa30M, nocjieflOBaTejibHOCTb ([x n ; X n ])neN oSjia^aeT 
cxo^meHCH no^nocjieflOBaTejibHOCTbK) h npocTpaHCTBO (X p , m p ) co6cTBeH- 
Hoe. H3 cjieflCTBHH o6o6m,eHHOH ajibrepiiaTiiBbi XoiKpa-PiiHOBa [55], c. 297] 
11 Toro, hto npocTpaHCTBO (X p , m p ) co6cTBeHHoe cjie^yeT, hto npocTpaH- 
ctbo (Xp, m p ) — reo^esHHecKoe. EtoKa>KeM, hto b ^ainiOM cjiynae mo>kho 
flaTb 11 HenocpeflCTBeHHoe ^OKasaTejibCTBO SToro (paKTa, ii36e>KaB cchjikh 
Ha o6o6meHHyio ajibrepiiaTiiBy Xoncpa-PiiHOBa. 

Bbi6epeM npoH3BOJibHO [xi;A], [y; fi] £ X p: iyje ^jih onpeflejiemiocTii 
A < 11. Ecjih /i = 0, to 3th Kjiaccbi coBnaflaiOT 11 yTBep^K^eiiiie oneBiifliio. 
EtycTb fi > 0. Tor^a 

[xi; A] = [a;; /i], r^e x = w A//1 (p, £1) 
11 HaHfleTca TaKoe hhcjio iVGN, hto /yra KajK^oro HaTypajibHoro n > N 

z n = ui /2 {ui /n {p,x),uj 1/n {p,y)) E B[p,r p }. 
Kpoivie Toro, b cmry jieMMbi 1 fljiH Ka^floro 

n > max{iV, — } 
m p ([p; 1], [zn\ nil}) = n/jjn p (p, z n ) = n/j\pz n \ < 

TL 

n/i(\puj 1/n (p,x)\ + \u 1/n (p,x)z n \) < /i(\px\ + -\u 1/n (p,x)uj 1/n (p,y)\) < 

K\p x \ + \{\p x \ + \py\)) < 2 m?> 

TaKHM o6pa30M, nocjieflOBaTejibHOCTb ([z n ; n/i]) n£ ^ orpamiHeiia b co6cTBeH- 
hom npocTpaHCTBe (X p , m p ). Cjie^OBaTejibHO, y Hee HaftfleTCH no,a;nocjieflo- 

BaTejIbHOCTb 

cxoflsimasica OTHOciiTejibHO MeTpiiKii m p k HeKOTopoii TOHKe [z;t] 6 Xp. 
rioBTop5i5i paccy^K^eHHsi b flOKasaTejibCTBe yTBep^K^eiiiifl (Hi), nojiyniiM 
paBeHCTBa (3), r^e Hy>KHO no^CTaBiiTb v = l/n^. Toryja 

-m p ([x; /j], [y;/j]) = ^m p (x,y) = 
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p lim (nfcmp^^x),^)) = lim m p ([x; p], [z Uk ; n k p]) = m p ([x; //], [z\ r]), 

A;— >oo fc— >oo 

-r^fla;;//], [y;/z]) = ^m p (x,y) = 
p lim {n k m p {u 1/nk {p,y),z nk )) = lim m p ([2/; /i], [z„ fc ; ra fc /i]) = m p ( [?/;//], [z; r]). 

Ho H3BeCTH0 HTO eCJIH flJIH JIK)6bIX flByX TOHeK M, 1> 113 nojiHoro MeT- 

piiHecKoro npocTpaHCTBa (Y, HaiifleTCH tohkei w; G Y Taxa^, hto = 
1. . 

= — to 3to npocTpaHCTBO HBjiaeTC5i reoflesHnecKHM npocTpaH- 
ctbom. TeopeMa 1 ^OKasaHa. 

HanoMHHM cjie^yioiuHe onpe^ejieHHH. 

IlpocTpaHCTBO (X,p) : yflOBjieTBopaiomee ycjioBH^M (Ci), (C4) Ha30BeM 
dugjcfjepeHiijUpyeMUM npocmpancmeoM e mourn p E X no By3eMany ([25, 
c. 293], (2Bi c. 21]), ecjiH Ka^K^oro e > HaftfleTca Taxoe £ G (0, r p ), hto 
fljiH jiioGoro A G [0, 1], fljia Bcex x, y G (5) HMeeT MecTO HepaBeHCTBo: 

||o; A (p,x)a; A (p,2/)| - X\xy\\ < e\\xy\. 

OTo6pa>KeHHe / H3 MeTpiraecKoro npocTpaHCTBa (X, p) b MeTpiraecKoe 
npocTpaHCTBO (Y, d) Ha3biBaeTC5i 6uAunmuyeeuM omo6paotceHueM J ecjin 
HafifleTCH Taxa^ KOHCTaHTa A > 1, hto ^jih jiio6bix x, y £ X cnpaBefljiiiBbi 

HGpaBGHCTBai 

-\xy\ < d(f(x),f(y)) < X\xy\. 

McTpinecKiie npocTpaHCTBa (X,p), (Y : d) Ha3biBaiOTC5i Aunmuyeeo sk- 
eueaAenrnHMMu^ ecjin cymecTByeT ciop^eKTHBHoe SiijiHiiiiiimeBO OTo6pa- 
5Keirae / : (X, p) ->> (Y, d) [ZQ c. 269]. 

HccjieflyeM Tenepb CBoftcTBa nceB^OMeTpiiKii m p h MeTpiiKii m p b npo- 
CTpaHCTBe, flHcpcpepeHi^HpyeMOM b Tomte p G X no By3etviaHy. 

TeopeMa 2 [sl8]. IJycmb {X,p) npocmpancmeo, ducfigjepenyupyeMoe e 
mouKe p E X no By3eMany. Tosda eepnu CAedytou^ue ymeepofcdenuA. 

(i) JJaa ecex x, y G r p ) 

mJx,y) = lim . 
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(ii) Trip ecmb Mcmpuna na omnpumoM uiape B(p,r p ) u 3aa Kaotcdoso 
e > naudcmcA maKoe 5 G (0,r p ) ; umo 3aa ecex x, y G B(p,5) cnpaeed- 
Aueo nepaeencmeo: 

\m p (x,y) — \xy\\ < e\xy\. 
(Hi) m p ecmb enympcnnAA Mcmpuna na X p . 

(iv) Ecjiu, KpoMC moso, X neAAcmcn jionajibno uoahum npocmpan- 
cmeoM, mo (Xp, m p ) — uoahoc npocmpancmeo. 

(v) Ilycmb 5 mo otce, umo u e nynKme (ii) npu < e < 1. M nycmb 
naudcmcn manoe hucao t(p) G (0, 5), umo 3aa Kaotcdou monnu 

x G B(p,t(p))\{p} cymecmeyem monna x G S(p,t(p)) manaA, umo x G 
[p, x], sde [p, x] G S. Tosda 3aa Kaoicdoso R > npocmpancmea (B[p, t(p)}, p), 
(B[[p; l],R},m p ) Aunmuu i ceo dneueaAcnmnu. 

3aMeHaHHe 1. Hempydno npoecpumb, umo ecAU X duqjqjcpcni^upyc- 
Moe e moHKe p G -npocmpancmeo By3CMana, mo npocmpancmeo (X p , m p ) 
u30McmpuHno nacameAbHOMy npocmpancmey e monnep no By3CMany (npu 
naAuuuu e npocmpancmee (X p , m p ) auhcuhou cmpynmypu dma u30Mcm- 
puA AeAAcmcA auhcuhou) [2Si c. 22]. IIosmoMy McmpunccKoc npocmpan- 
cmeo (X p , m p ) ccmccmecHHO na3ueami> KacamcAbHUM npocmpancmeoM no 
By3CMany e mouKe p G X . 

,H,OKa3aTejibCTBO TeopeMbi 2. 

(i — ii) IlycTb X npocTpaHCTBO, flHcpcpepempipyeMoe b tohkg p E X no 
By3eMaHy. Tor^a ^jih Ka^K^oro e > HaftfleTCH Taxoe 5(e) G (0, r p ), hto 

flJIM JIK»6bIX 

x, y G B(p, 5(e)), < A < p < 1 
HMeeT MecTO HepaBeHCTBO 

\\u) X {p,x)u) X (p,y)\ - -\uj^(p,x)uj^(p,y)\\ < e-\u^(p,x)u fi (p,y)\. 

p p 
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Tor^a fljra jiio6bix 

6(1/2) 



x, y G B(p, (5(1/2)), < \x < /iQ < 



r p 



cnpaBefljiHBbi HepaBeHCTBa 



\u^ (p,x)u^(p : y)\ < |o^(p, x)a; M (p,?/)| < 3|cj Mo (p, x)c^ (p, y)| 
2/z ~ /i ~ 2/i 

H fljia jiio6bix 

1 S(e} 

<e < x,y E B(p,6(e)); \i < min{ , /z } 

2 r p 

HMeiOT MecTO HepaBeHCTBa 

^\uj x {p,x)ujx(p,y)\ \u^(p,x)u^(p,y)\^ < g|o; M (p,a;)a; M (p,y)| < 



A fi fi 

3s\oj^(p,x)oj^(p,y)\ 
2fi 

Pfe 3thx HepaBeHCTB cjie^yeT cymecTBOBaHHe npe^ejia 

_/ \ r \uv(p,x)u v (p,y)\ 
mJx,y) = inn 

h to, hto fn p (x, y) 7^ npn x y. Ecjih o6e nacra HepaBeHCTBa H3 onpe- 
^ejieHHH ^HcpcpepeHL^HpyeMOCTH b tohkc p G X no By3eMaHy no^ejiHTb Ha 
A > h nepeiiTH k npe^ejiy npn A — > 0+, to fljiH jno6bix x, y G B(p,5) 
nojiyHHM HepaBeHCTBO 

|m p (x,y) — \xy\\ < e\xy\. 

(in) Bbi6epeM npoH3BOJibHO \x\\ A], [y; jj] G X p h ^jm onpe^ejieHHOCTH 
CHHTaeM, hto X < fi. Tor^a 

[xi; A] = [a; A/M (p,xi);//j. 

06o3HaHHM nepe3 x = 0Jx/fj,(p,xi). B cnjiy jicmmm 1.1.1 ^ocTaTOHHO flOKa- 
3aTb, hto fljia Ka^K^oro £ > HaH^eTCH Taxa^ TOHKa [z;r] G X p , hto 

2max{m p ([x;/i], [2; r]), m p ([y; //], [z;r])} < m p ([x;//], [y;/j]) + e. 
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OneBHflHO, HaiifleTCH Taxoe uq G (0, 1], hto fljia KajK^oro v G (0, z/q] 

^ = ^(a^O, x),u v (p, y)) G B(p, r(p)). 

H3 yTBepjKfleHHH (n) nojiyniiM, hto fljia Ka^Kfloro £ > cymecTByeT Taxoe 
5 > 0, hto HaiifleTCH z/q G (0, 1] Taxoe, hto ^jm jno6oro v G (0, z/q] 

m p (u v {j>,x),u v {jp,y)) < (l + e)\u v {j>,x)u v {jp,y)\. 
Tor^a fljisi jiio6bix £ > 0, z/ G (0, z/q] cnpaBefljiiiBbi HepaBeHCTBa: 

max{m p (w,(p, x), z u ),m p (u v (p, y), z v )} < 

(l + e)max{\u„(p,x)z„\, \u v (p,y)z v \} = ^-^- \u v (p, x)u v (p, y)\. (4) 

OTCiOfla 11 113 jieMMBi 1 nojiy^HM fljiH jiio6bix £ > 0, z/ G (0, z/q] cnpaBefljiHBBi 
HepaBeHCTBa: 

vm p {x, y) = m p (u v (p, x),u v (p, y)) < 

m p {u v {p,x),z v ) +m p {u v (p,y),Zv) < (1 + e)\u v (p, x)u v (p, y)\. 

Ecjih yHTeM (4), to ^jih jno6oro £ > nojiyniiM 

_/ x^-p — m p (u v (p,x),z v ) + m p (u v (p,y),z v ) 

m p (x, y) < lim — < (1 + £)m p (x, y), 

f->-0+ V 

-max.{m p (u u (p,x),z u ),m p (u v (p,y),z u )} + 



lim < m v (x,y). 

AHajioriiHHBie HepaBeHCTBa BepHBi h rjih hiijkhiix npe^ejiOB. B cnjiy npo- 

H3BOJIBHOCTH £ > 

m p (u v (p,x),z v ) rn p (u v (p,y),z v ) 1 \ 
lim — = lim — = -mJx.y). 

OcTaBHiaHca nacTB flOKasaTejibCTBa coBna^aeT c nacTbio ^OKasaTejibCTBa 
yTBep^^eHHsi (in) TeopeMbi 1 nocjie paBeHCTB (3). 
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(iv) EtycTb X jiOKajibHO nojiHoe fliicpcpepeHUHpyeMoe b TOHKe p G X 
no By3eMaHy npocTpaHCTBO h (B\p, r], p), r^e < r < 5, nojmoe no^npo- 

CTpaHCTBO npOCTpaHCTBa (X,p). 113 HGpaBGHCTB 

(l-e)\xy\ <m p (x,y) < (1 + e)\xy\ 

flJIH JIK)6bIX 

x, y G B\p, r], < e < 1, 
nojiyneHHbix b nyHKTe cjie^yeT jinnninneBa SKBHBajieHTHOCTb npo- 

CTpaHCTB 

(B\p,r],m p ), (B\p,r],p) 

h nojiHOTa npocTpaHCTBa (B\p, r], Trip). IlycTb ([x n ; A n ]) ne ^ (py H fl aMeHTajIb - 
Haa nocjieflOBaTejibHOCTb b npocTpaHCTBe (X p , m p ). Tor^a OTOio^a, H3 orpa- 
HHHeHHOCTH (pyHflaMeHTajibHOH nocjieflOBaTejibHOCTH ([x n ; A n ]) ne ^ H jieM- 
mm 1 cjie^yeT, hto HanfleTCH nncjio t > Taxoe, hto 

5iBji5ieTC5i (pyHflaMeHTajibHoii nocjieflOBaTejibHoerbio. IlycTb 3Ta nocjie^o- 
BaTejibHOCTb cxoflHTca k Tonice z G £>[p, r] . Toiyja 

m p ([x n ; A„], [z;r]) = Tm p {u Xn / T {p^ n ), z) 

npn n — > 00. TaKHM o6pa30M, MeTpnnecKoe npocTpaHCTBO (X p ,m p ) noji- 
Hoe. 

^OKa>KeM, nro HCKOMyio jinnninneBy 3KBHBajieHTH0CTb onpe^ejraeT 
cjie^yioinafl KOMno3nnn5i 

ho f aid: (B\p,t(p)},p)^(B[\p; l],i?],m p ) 

0T06pa>KeHHH 

: (B[p,t(p)],/?) -> CB[p,*(p)],mp); 
/ : (£?b,^)],m p ) -+ (5[[p; 1], *(p)], O, /(*) = [a:; 1]; 
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RX 

h: (B[\p;l],t(p)],m p ) ^ (B[\p;l},R},m p ), h([x; A]) = [x 



PaCCMOTpHM Ka^KflOe H3 3TITX OTo6pa>KeHHH. ToKfleCTBeHHOe 0T06pa>KeHHG 

id : (B\p,t(p)],p) {B[p,t{p)],m p ) 
onpeflejiaeT, KaK 6bijio OTMeHeiio b Ha^ajie ^OKasaTejibCTBa nyHKTa (iv), 

JIHnniHD,eBy 3KBIlBajieHTH0CTb COOTBeTCTByK)III,HX npocTpaHCTB. ^OKa^KeM, 
HTO / eCTb H30MeTpHH. B CHJiy paBeHCTB 

m p (f{x), f(y)) = m p ([x; 1], [y; 1]) = m p (x, y) 

fljiH Bcex x 7 y E B[p, t(p)] 7 OToGpajKemie / ecTb H30MeTpiiHecKoe Bjio^Kemie. 
OcTajiocb flOKasaTb, hto oho ciopTjeKTiiBHO. Bbi6epeM npoii3BOJibHO [x; /i] E 
B[[p; l],t(p)}. Ecjih \i < 1, to 

/(u^[p,x]) = [^(p,^); 1] = [x;/j]. 
1 x P\P X \ 

hCJIH /i > 1 II A = , TO 

tip) 

f(u)\(p,x)) = [u\(p,x)',l] = [x\fi]. 

Cjie^OBaTejibHO, OTo6pa>KeHii6 / ciopT>eKTHBHO. OTo6pa>KeHiie h ecTb no- 
floSiie (onpeflejiemie cm. b [23, c. 286]). ^eftcTBirrejibHO, OTo6p a>KeHiie h, 
OHeBH^HO, o6paTHMO ii fljiH jiio6bix [x; A], [y; /i] 6 HMeioT Me- 

cto paBeHCTBa: 

m p (h([x; A]), //])) = m p ([x; ^r-y], [y; ^]) = ^m p ([x; A], [y; //]). 

CjieflOBaTejibHO, OTo6pa>KeHiie h o f o id onpeflejraeT jiiiniiiini,eBy 3KBHBa- 
jieHTHOCTb npocTpaHCTB (B\p, t(p)], p), {B[[p; l],R],m p ). Teopeivia 2 ^oica- 
3aHa. 

IlpHMep. 

PaccMOTpHM Mo^ejib BejibTpaMH-KjieiiHa reoMeTpiiii JloSaHeBCKoro b 
niape 5(0, r) BemecTBemioro riuib6epTOBa npocTpaHCTBa. B cnjiy Teope- 
Mbi 1.4.4 

/ ■ ■ \ _ / n I, p(0,y) p{0,x) u 
(it) mo(x,y) = Wy—rr-r. x- 



\y\\ IFI 
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VV (0, x) + p 2 (0, y) - 2p(0, x)p(0, y) cosa, 
r^e x, y G 5(0, r)\{0}, a — BejiiiHiitra yrjia MejK^y bgktop&mh x, y. 
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EjiaBa 3 



CneipiajibHbie OTo6pa;>KeHira 

MeTpHHeCKHX npocTpaHCTB 



B naparpacpe 3.1 paccMaTpiiBaeTCH MeTpiiHecKoe npocTpaHCTBO cjia6o orpa- 

HHHeHHblX 0T06pa>KeHHH MeTpHHeCKHX npOCTpaHCTB C MeTpHKOH KypaTOB- 

CKoro S. ,HpKa3aH0, hto npocTpaHCTBO Bcex cjia6o orpaHHHeHHbix roMeo- 
MopcpH3MOB (HB(X), 5), KajKflbiii H3 KOTopbix paBHOMepHO HenpepbiBeH 

Ha npOH3BOJIbHOM 3aMKHyTOM niape C LI^HTpOM B (pHKCIipOBaHHOH TOHKe 

MeTpHnecKoro npocTpaHCTBa X BMecTe co cbohm o6paTHbiM roMeoMop(pii3- 
mom, siBji5ieTC5i napaTonojioriiHecKoft rpynnoft, HenpepbiBHO fleftcTByioineH 
Ha npocTpaHCTBe X. YcTaHOBjieHO, hto (HB(X), 5) 5iBji5ieTC5i TonojioriiHe- 
ckoh rpynnoft npn cbhshocth npoH3BOJibHoro 3aMKHyToro niapa c ijeirrpoM 
b (pHKcnpoBaHHOH TOHKe MeTpiiHecKoro npocTpaHCTBa X. 

B naparpacpe 3.2 paccMaTpHBaiOTCH reo^esiiHecKHe OTo6pa>KeHii5i cnen,H- 
ajibHbix reo,n,e3HHecKHx npocTpaHCTB. HccjieflOBaHbi HeKOTopbie reoMeTpii- 
necKHe CBoftcTBa TaKiix OTo6pa>KeHHH. TeopeMa BaHaxa 06 o6paTHOM one- 
paTope h npiiHi^iin paBHOCTeneHHoft HenpepbiBHOCTH fljra F-npocTpaHCTB 
[74"l c. 99, c. 104], o6o6m,eHbi Ha cjiynaH cneipiajibHoro reoflesiiHecKoro oto6- 
pa>KeHHH cneuHajibHbix reoflesHHecKiix npocTpaHCTB. 

B naparpacpe 3.3 MeTpiiKa By3eMaHa 5 P pacnpocTpairaeTCfl Ha MHC»Ke- 
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ctbo Y) Bcex HenpepbiBHbix OTo6pa>K6HHH 

/:(X,p)->(y,d), 

yflOBjieTBopsnoinHx cjie^yioineMy ycjiOBHio: fljia jno6bix x, y E X 

d(f(x)J(y))<B f e^, 

rp<d Bj — HeoTpiiijaTejibHasi KOHCTaHTa. ^OKasaHO, hto npocTpaHCTBO 
(Hb(X, y, a), Bcex OTo6pa>KeHHH H3 MCTpnnecKoro npocTpaHCTBa X b 
MCTpnnecKoe npocTpaHCTBO Y : yflOBjiCTBop^ioinHx paBHOMepHOMy ycjiOBHio 
Tejib^epa c (pHKCiipoBaHHbiMii noKa3aTejieM a E (0, 1] n KoscpcpHnHenroM 

B E R+, 5IBJI5ieTC5I nOJIHbIM (co6cTBeHHbIM) MCTpHHCCKHM IipOCTpaHCTBOM , 

ecjiH y — nojiHoe MCTpnnecKoe npocTpaHCTBO (X, Y — co6cTBGHHbie MeT- 
pnHecKiie npocTpaHCTBa) . YcTaHOBjieHO, hto ecjiH X — co6ctbchho6 MeTpn- 
necKoe npocTpaHCTBO, to Tonojiornsi npocTpaHCTBa (Hb(X,Y, a), 5 P ) cob- 
na^aeT KaK c Tonojiorneii noTonenHon cxo^hmocth, Tax n c KOMnaKmo- 
OTKpbiTOH Tonojiorneii. 

B naparpacpe 3.4 paccMaTpiiBaeTCH MCTpnnecKoe npocTpaHCTBO Bcex no- 
floGnn (Sim(X, y), 5p) H3 MCTpnnecKoro npocTpaHCTBa X Ha MCTpnnecKoe 
npocTpaHCTBO y c MGTpnKon By3eiviaHa 8 p . ^OKasaHO, hto: 

- ecjin rpynna Bcex nofloSnn fleiicTByeT TpaH3HTHBHO Ha nojiHOM mct- 
pnnecKOM npocTpaHCTBe, to h rpynna nsoMerpnn flencTBycT Ha HeM TpaH- 

3HTHBHO; 

- ecjiH X, y — nojiHbie (co6cTBeHHbie) MerpnnecKne npocTpaHCTBa, to 
npocTpaHCTBO (Sim(X, Y)L)Const(X, Y), 5 P ) — nojiHoe (co6cTBeHHoe) , r^e 

C0TlSt(X, y) — MHO>KeCTBO BCeX nOCT05fflHbIX 0T06pa>KeHHH H3 X B Y'j 

- ecjin X — co6ctbghhog MeTpnnecKOG npocTpaHCTBO, to Tonojiorna npo- 
cTpaHCTBa (Sim(X,Y) U Const(X,Y),5 p ) coBna^aeT KaK c Tonojiorneii 
noTonenHon cxo^hmocth, TaK h c KOMnaKrao-OTKpbiTon Tonojiorneii; 

- (Sim(X),5 p ) — TonojiornnecKaH rpynna, flencTByioinafl HenpepbiBHO 
Ha npocTpaHCTBe X; 
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- rpynnbi nofloSnii Sim(X) h h30mctphh Iso(X) c mctphkoh Kypa- 
TOBCKoro 5 aBji5iK)TC5i TonojiorHnecKHMH rpynnaMH, HenpepbiBHO fleiicTBy- 
ioihhmh Ha npocTpaHCTBe X. 

Han^eHO 3aMbiKaHne rpynnbi nofloSnn nojmoro MCTpnnecKoro npocrpaH- 
CTBa b npocTpaHCTBG (<&(X, X), Sp). 

B naparpacpe 3.5 b cnennajibHOM MeTpnnecKOM npocTpaHCTBe BBe^e- 
hm flBa aHajiora cjia6oii cxo^hmocth nocjieflOBaTejibHOCTH b BeinecrBeHHOM 
rnjib6epTOBOM npocTpaHCTBe n nccjieflOBaHbi nx reoMeTpnnecKne CBoiiCTBa. 

OcHOBHbie pe3yjibTaTbi no nepenncjieHHbiM TeMaM ony6jinKOBaHbi b CTa- 
Tb5ix aBTopa [si, s2, s5, sl5]. 

3.1 MeTpHnecKoe npocTpaHCTBO cjia6o orpaHHHeHHbix 

0T06pa^CeHHH MeTpHHeCKHX npocTpaHCTB 

EtycTb (rj)j e pj - - HeorpamineHHaH CTporo B03pacTaiom,a5i nocjie^OBaTejib- 
HOCTb nojio>KHTejibHbix Bem,ecTBeHHbix nnceji, (Bi = B\p, n])^ — nocjie- 
flOBaTejibHOCTb 3aMKHyTbix niapoB c o6iii,hm ueHTpoM b tohkc p MeTpnne- 
CKoro npocTpaHCTBa (X,p). Tor^a 

oo 

X = {jB i . 

i=i 

PaccMOTpnM MHO>KecTBO BW (X , Y) Bcex OTo6pa>KeHHH H3 MeTpnnecKoro 
npocTpaHCTBa (X,p) b MeTpnnecKoe npocTpaHCTBO (Y,d), OTo6pa>KaK)iHHx 
orpaHnneHHbie MHO>KecTBa b orpaHnneHHbie MHO>KecTBa. 3jieMeHTbi 3Toro 
MHO>KecTBa Ha30BeM cjia6o ospauuueuHUMu omo6paoiceHunMu H3 npocTpaH- 
CTBa (X,p) b npocTpaHCTBO (Y,d). Sa^aflHM hht-ckhhio 

oo 

6 : BW(X, Y)^H BW(B h Y), 6(f) = (/ b / 2 , . . .), 

i=l 
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r A e fi = f\ Bi Ka^^oro i 6 N . OneBHflHO, hto 6 — 6h6khh5i MHCOKecTBa 
BW(X,Y) Ha npe^eji o6paTHOH nocjieflOBaTejibHOCTH [BH c. 160]: 



r A e j < 2- A 1151 KajKfloro i G N MeTpii3yeM mhtokgctbo BW(Bi, Y) MeTpii- 

KOH 5f. 



r^e fi, (pi 6 .BVF(5j,y). Onpe^ejiKM MeTpiiKy Ha mhokcctbg BW(X,Y) 
cjie^yioinHM o6pa30M 



Ecjih MeTpH^ecKoe npocTpaHCTBO X co6cTBeHHoe, to ajih Ka^K^oro i G N 
map Bi KOMnaKTeH h mhokcctbo CBW(X, Y) Bcex HenpepbiBHbix oto6- 
pa>KeHHii H3 npocTpaHCTBa (X,p) b npocTpaHCTBO (Y,d), OTo6pa>Karoirfflx 
orpaHHHeHHbie MHO>KecTBa b orpaHHneHHbie MHC»KecTBa, coBna^aeT c mho- 
>KecTBOM C(X, Y) Bcex HenpepbiBHbix OTo6pa>KeHHH H3 (X, p) b (Y, d). IIo- 
STOMy fljiH co6cTBeHHoro npocTpaHCTBa MeTpiiKa 5 coBna^aeT c MeTpiiKoii 
KypaTOBCKoro Ha npocTpaHCTBe C(X : Y) \5T\ §44, n. 7]. H3 pe3yjibTaTOB 
KypaTOBCKoro cjie,nyeT 

TeopeMa 1 [si]. Tlycm'b (X, p) — co6cmeeHHoe MempunecKoe npocmpcm- 
cmeo. Tosda eepnu CAedywvu^ue ymeepwcdeHUfi. 

(i ) MempuKa 5 onpedejinem na MHOotcecmee CBW(X, Y) KOMnaKmno- 
omKpumyK) monoAOduw t$. 

(ii ) OnpedeAennoe eume omo6paatceHue 6 mAftemcA soMeoMopcf)U3MOM 
npocmpaHcmea C(X, Y) = CBW(X, Y) c KOMnaKmno-ornKpumou mono- 
Aoeueu na npedeA o6pamHou nocAedoeameAbHOcmu 



8i(fi,<Pi) = sup{d(f(x),cp(x)) : x e B,} 




]pa{BW(B h Y),7r}} 



c monoAOdueu, onpedeAAeMou MempuKoii 5. 
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(Hi ) Ecjiu (y, d) ■ - nojrnoe (cenapa6eAhHoe) MempunecKoe npocmpan- 
cmeo, mo (CBW(X,Y),5) — nojmoe (cenapa6ejihHoe) MempunecKoe npo- 
cmpaHcmeo. 

OTMeTHM HexoTopbie sjieMeHTapHbie CBoftcTBa MeTpiiKii 5. 

1. IlycTb pjix Ka^c,a;oro n G N 

/, f n EBW(X,Y). 

PaBeHCTBO 

lim S(f ni f) = 0, 

n— >oo 

HMeeT MecTO Toiyja h tojibko Toiyja, Kor^a ^jih Ka^floro i G N 

lim Si(f n ,i, fi) = 0. 

71— >0O 

2. Ecjih fljia Ka^Kfloro n G N 

/, / n e BW(X,Y)m lim *(/„,/) = 0, 

n— >oo 

to fljia KajKfloro x G X 

lim d(f n (x),f(x)) = 0, 

n— ^oo 

to ecTb Tonojiorna t$, onpeflejraeMasi MeTpiiKoft 6 Ha MHO>KecTBe y), 
CHjibHee TonojiorHH noTOHeHHofi cxo^hmocth. 

3. EloflnpocTpaHCTBO OTo6pa>KeHHH, yupBjieTBopsHomHx paBHOMepHOMy 
ycjiOBHio Tejib^epa c (pHKCiipoBaHHbiM noKa3aTejieivi a G (0, 1] h K03(p(pH- 
irneHTOM 5 > 0, 

y, a) = {/ : X y : Vx, 2/ G X W(x), /(y)) < S|xj/| a )} 

3aMKHyTO b npocTpaHCTBe (CBW(X, y), J). 

4. TonojiorHH Ha MHO>KecTBe BW(X, Y) coBMecTHO HenpepbiBHasi 
(|52|. c. 290), to ecTb OTo6pa>KeHHe BbinncjieHHa 

tt : BW{X, Y) x x -> y, x) = /(x) 
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HenpepbiBHO. 

^OKajKeM cbohctbo 4. IlycTb fljra Bcex n, m G N 

x, x n eX; /, f m eBW(X,Y). 

KpoMe Toro, 

lim \x n x\ = 0, lim 5(f m ,f) = 0. 

n— >oo 771— >oo 

Tor^a fljia Bcex n G N HaftfleTCsi Taxoe « 6 N, hto x : x n 6 5, h no CBoftcTBy 
1 HMeeM 

lim Si{f mti ,fi) = 0. 

C jieflOBaTejibHO , 

d(fm,i(x n ), fi(Xn)) ~> 

npn n — > oo, m — > oo. Tor^a 

d(fm(x n ), f(x)) < d(f m ,i(x n ), fi(x n )) + d{f l {x n ) 1 fi(x)) -> 

npn n — > oo, m — > oo. TaKiiM o6pa30M, cbohctbo 4 ^OKasaHO. 

PaCCMOTpHM MHO>KeCTBO HB(X) BCeX Tex rOMeOMOp(pH3MOB H3 MHO- 

>KecTBa BW(X,X), Ka^flbiii H3 KOTopbix npn jik>6om i G N paBHOMepHO 
HenpepbiBeH Ha 3aMKHyTOM niape Bi C X BMecTe co cbohm o6paTHbiM ro- 
MeoMopcpH3MOM. HanoMHHM, hto napamonojiozunecKou zpynnou Ha3biBaeT- 
C5i MHO>KecTBO, HaflejieHHoe CTpyKTypoft rpynnbi h TonojiorHeft, b KOTopoii 
OTo6pa>KeHHe npoH3Be,n,eHHH HenpepbiBHO [32, c. 20]. 

TeopeMa 2 [si]. 

(i) npocmpaHcmeo (HB(X),5), nadejiennoe onepayueu KOMno3uyuu 
omo6paotcenuu, rte/isiemcji napamonojiozunecKou zpynnou, nenpepueno deu- 
cmeywu^eil na npocmpancmee X. 

(ii) Ecjiu djw Kacucdoso i G N map Bi c X cea3en, mo (HB(X),5) 
- monojiosuuecKax spynna, nenpepueno deucmeywv^a^ na npocmpancmee 

X. 
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^OKasaTejibCTBO TeopeMbi 2. 

(i) IlycTb fljia KajK^oro n E N 

/, <P, fn, € HB(X). 

Kpoivie Toro, 

lim 6(f n , f) = 0, lim 6(<p n , <p) = 0. 

n^oo n^oo 

B CHjiy CBoiicTBa 1 flocTaTOHHO floxasaTb, hto fljia Ka^K^oro i G N 

lim Si(f n o <p n )i, (/ o = 0. 

n^oo 

OiiKCiipyeM i 6 N, Tor^a fljra jiK»6bix x, y E Bi nojiy^HM 

D(<p n (Bi)) = 8wp{\<p n (x)<p n (y)\ : x, y E B,} < 

sup{\(p n (x)ip(x)\ + \(p n (y)ip(y)\ + \v(x)ip(y)\ : x, y E B,} < 
26i(ipn ti , ipi) + D(ip(Bi)). 
CjieflOBaTejibHO, HafifleTCH Taxoe s E N, hto ^jih KajK^oro n E N 

Kpoivie Toro, 

Si((f n ° ¥>n)i, (/ O y?„)i) < SUp{|/ n (y)/(y)| : 2/ G < 

avp{\fn(y)f(y)\ : yEB s } = 6 8 (f n , a ,f a ) -> 

iron n — > oo. Ilpeflnojio^HM, hto fljia jiio6oro Hiicjia A > cymecTByeT 
Taxoe no G N, hto ^jih KajK^oro n > no 

Tor^a cymecTByeT Taxasi nocjieflOBaTejibHOCTb (# n )neN) hto fljia KajK^oro 
n > no 

\{f O <p n (x n ))(f O <p(x n ))\ > A > 0. 
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Ho 

\(p n {x n )(f{x n )\ < swp{\<p n (x)<p(x)\ : x E B z } = 6i(<p nii , -> 

npn n — y oo ii OTo6pa>KeHHe / G HB(X) paBHOMepHO HenpepbiBHO Ha 
niape B s . SHanirr, 

< A < \f(if n (x n ))f(if(x n ))\ 

npn n — > oo. IlojiyHHjiH npoTiiBopcHiie. CjieflOBaTejibHO, cymecTByeT nofl- 
nocjieflOBaTejibHOCTb (</?fc)fc e N nocjieflOBaTejibHOCTii ((p n )neN TaKaa, hto 

npii k — > oo. yTBepjKflemie (i) cjie^yeT Tenepb H3 CBoiiCTBa 1 h HepaBeHCTB: 

<*i((/fc O <p k )i, (f O <p)i) < 5 l {{f k O <p k )i, (f O <p k )i) + Si((f O <p k ) h (f O if),) < 

S S {fk,Si fs) + Si((f O (f k )t, {f O (fi)i). 

(ii) Pfe nepBoii HacTii TeopeMbi cjie^yeT, hto ^ocTaTOHHO floxasaTb cjie- 
flyiomee yTBep^K^eiiiie: ecjiH ^jisi KajK^oro n G N 

f n eHB(X)n \im6(f n ,id)=0, 

TO 

lim S(f~\id) = 0. 
O iiKCiipyeM i G N, Tor^a HaiifleTCii Taxoe no G N, hto j\r^ Ka^K^oro n > no 

8i+i(fn,i+hid i+ i) = sup{\f n {x)x\ : x G B i+1 } < 

e = min{r z ,r m - rj. 
IloKa>KeM, hto fljiH KajK^oro n > uq 

ripeflnojiojKiiM npoTiiBHoe, to ecTb HaftfleTCH Taxoe k > no, fljra KOToporo 
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51CH0, HTO 

/ fc - 1 (5 z )n J B m ^0, 

nocKOJibKy f n (p) G B{. Kpoivie Toro, MHO>KecTBO f k 1 (Bi) cbh3ho, Tax KaK 
map Bi CB5i3eH. CjieflOBaTejibHO, HaftfleTcsi tohkb 

zef k \B t )n(dB t+1 ). 

IlojiyHaeM npoTHBopeHiie, nocKOJibKy 

\pz\ < \pfk(z) \ + \fk(z)z\ < n + e < r l+ i 

o 

h 2 TaKHM o6pa30M, fljiH KajKfloro n > no 

/n _1 (^) C B i+1 . 

KpoMe Toro, ^jih Ka^K^oro n > jiq 

sup{|2//„(?/)| : y G r l {Bi)} < sup{\yf n (y)\ : y G B i+1 } = S i+1 (f n) i +h id i+1 ). 
C jie^OBaTejibHO , 



lim 5(f-\id) = 0. 

n— >oo 

Teopeivia 2 flOKasaira. 

Cjie^cTBHe 1 [si]. Ecjiu djisi Kaatcdoso iGN map Bi C X C6a3eti, mo 
spynna Jiunmuv^eeux 20MeoMopg5u3Moe 

LH(X) = {f:X^X: f(X) = X, 

Vz, y G X(A f \xy\ < \f(x)f(y)\ < B f \xy\, A f , B f G R+, A/ > 0)} 

neAnemcn monojiosunecKou spynnou, nenpepueno deucmeywmeu na npo- 
cmpancmee X . 

3aMenaHHe 1. B cmamte [IE] ^K. JJbedoHHe ucnojib3oeaA o6m j uu nod- 
xod djisi eeedenuH paenoMepnux cmpynmyp na spynnax soMeoMop$u3M06 
xaycdopcfjoeux paenoMepnux npocmpancme. On, e uacmnocmu, doKa3cm, 
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umo eeedennasi um paenoMepnaA cmpynmypa na spynne HB(X) onpede- 
Anem, e cjiynae ceA3Hocmu Oaa naoicdozo i G N mapa Bi cmpynmypy mo- 
nojiozunecKou zpynnu, nenpepueno deucmeywineu na npocmpancmee X. 
MojtcHo noKa3amb, nmo monoAosuA, onpedeAAeMaA paeHOMepnou cmpyK- 
mypou JJbedoHHe na spynne HB(X) cAa6ee monoAosuu, onpedeAAeMou na 
dmou spynne MempuKou 5. 

3.2 Teo^esHHecKHe OTo6pa^ceHHa cneipiajibHbix reo^e- 
3HHeCKHX npocTpaHCTB 

IlycTb MeTpiiHGCKiie npocTpaHCTBa (X,/?), (Y, d) c Bbi^ejieHHbiMH ceMeft- 
CTBaMH cerivieHTOB S h S cooTBeTCTBeHHO, 5ibji5ik)tc5i ?7-MHO>KecTBaMH. Henpe- 

pblBHOe 0T06pa>KeHHG 

/ : (X, p) (y, d) 

Ha30BeM seode3UHecKUM omo6pa9tcemieM, ecjin oho OTo6pa>KaeT cerMeHTbi 
ceMencTBa S b cerMeHTbi ceivieHCTBa S : to ecTb f(S) C S. 

Byn,eM Hcnojib30BaTb cjie/ryiomHe o6o3HaHeHH5i. 

Ecjih BbinojiHeHO ycjiOBiie {PG) 7 to K = R, b hhom cjiy^ae K = [0, 1]. 

G(X, Y) — MHO>KecTBO Bcex reoflesHnecKHx OTo6pa>KeHHH H3 npocTpaH- 
CTBa (X,p) b npocTpaHCTBO (Y,d). 

G L0 (X,Y) — no^MHO^KecTBO MHO>KecTBa G(X,Y), co^epjKamee TOJibKO 
TaKiie reoflesHHecKHe OTo6pa>KeHii5i / G G(X, Y), KOTopbie yflOBjieTBopaioT 

yCJIOBHK) 

f(u\(x, y)) = u\(f(x), f(y)) 
fljia Bcex x, y G X h ^jih KajK^oro X E K. 

ripHBefleM HeKOTopbie sjieivieHTapHbie CBoiicTBa reoflesiiHecKiix OTo6pa- 

JK6HHH. 
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1. 06pa3 BbinyKjioro MHO>KecTBa npii reojj,e3HHecKOM OTo6pa>KeHHii 5tb- 

JISieTCSI BbinyKJIbIM MHO>KeCTBOM . 

2. H30MeTpHHecKoe OTo6pa)KeHiie 

/ : (X, p) -+ (y, d) 
HBjisieTCH reoflesHHecKHM OTo6pa>KeHiieM, ecjin f(S) C S. 

3. ECJIH MHO>KeCTBO S 3aMKHyT0 OTHOCHTejIbHO TOIIOJIOrHH IIOTOHGHHOH 

cxojxhmocth b MHO>KecTBe Bcex cerivieHTOB npocTpaHCTBa (y, rf), nocjieflOBa- 

TejIbHOCTb reOfleSHHeCKHX OTo6pa>KeHIlH IIOTOHGHHO CXOflHTCa K HeKOTopo- 

My HenpepbiBHOMy OTo6pa>KeHiiio, to sto OTo6pa>KGHiiG reojj,e3iiHecKoe. 

4. Ecjih npocTpaHCTBO (y, rf) yflOBjieTBopaeT ycjiOBHio (Cq), nocjie^OBa- 

TejIbHOCTb 0T06pa>KeHHH 113 MHO>KeCTBa G U (X,Y) IIOTOHGHHO CXOflHTCH K 

HeKOTopoiviy HenpepbiBHOMy OTo6pa>KeHHio , to sto OTo6pa>KeHHe npiiHa/j,- 
jie>KHT MHO>KecTBy G W {X, y). 

5. Ecjih roMeoMopcpH3M / npHHajjjie>KHT MHO>KecTBy G(X, Y) (G U} (X, Y)). 

TO 06paTHbIH r0Me0M0p(pH3M f^ 1 npHHajJJie>KHT MHO)KeCTBy 

G(Y,X) {G U (Y,X)). 

TeopeMa 1 [s5]. Ecau f G G LJ (X,Y), mo f omo6paoicaem ozpanu- 
uermue MHOCHcecmea e ospanuneHHue MHODicecmea, mo ecmh G U (X,Y) C 
CBW{X, Y). 

^],OKa3aTejii>CTBO TeopeMbi 1. 

^onycTHM npoTHBHoe. IlycTb cymecTByeT Taxa^ orpaHHHeimaa nocjie- 
jj;oBaTejibHOCTb (x n )neN b npocTpaHCTBe X, hto 

lim d{f(x n ),f(p)) = oo, 

ra^oo 

rjj,e p — (pHKCHpoBaHHaa TOHKa 113 X. Torjj,a, HaHiiHasi c HeKOToporo HOMepa 
n G N, A n = — — 1 < 1 h lim X n = 0. 

d{f{Xn)J{p)) 
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Kpoivie Toro, 

lim u Xn {p,x n ) = 0, 

n^oo 

nocKOJibKy 

lim \pu\ n (p,x n )\ = lim X n \px n \ = 0. 

n^oo n^oo 
IlojiyHHJIH IipOTHBOpGHHG C yCJIOBIIGM HGnpGpblBHOCTII OTo6p a>K6HII5I /, 110- 

CKOJIbKy 

d(f(p)J(u\ n (p,Xn))) = d(f(p),L) Xn (f(p)J(x n ))) = X n d(f(p)J(x n )) = 1. 
TcopGivia 1 floxasaHa. 

TeopeMa 2 [s5]. IJycmb npocmpancmea X, Y ydoeAemeop^wm ycjio- 
euw (PG), omo6pacnceHue f : X — > Y omo6pa9tcaem ospanuneHHue mho- 
CHcecmea e ozpanuuennue MHODicecmea u Oaa ecex x, y G X; A G R UMeem 
Mecmo paeencmeo: 

f{u\{x,y)) = u x (f(x)J(y)). 

Tozda f G G U (X, Y). 

^OKa3aTejibCTBO TeopeMbi 2. 

^OKa^GM HGIipGpblBHOCTb 0T06pa>K6HII5I /. ElyCTb flJIH jiK»6oro n G N 

x, x n G X ii lim x n = x. 

Bbl6GpGM TaKyK) IIOCJieflOBaTejIbHOCTb flGHCTBHTGJIbHblX HHCGJI (k n ) ne ^ 7 HTO 

lim k n = oo ii lim (/c n |x n x|) = 0. 

Toiyja 

lim \xu kn (x,x n ) \ = lim (/c n |xx n |) = 0. 

n^oo n^oo 
KpOMG TOrO, nOCJIGflOBaTGJIbHOCTb (f(uJk n (x,x n ))) n zN OrpaHHHGHa, TaK KaK 

OTo6pa>KGHIIG / 0T06pa>KaGT OrpaHHHGHHbIG MHO>KGCTBa B OrpaHHHGHHbIG 

MHO>KGCTBa. CjIGflOBaTGJIbHO, 

lim d{f{x n ), f(x)) = lim {k~ l d(f{uj kn {x, x n )), f(x))) = 0. 

n^oo n^oo 
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TaKHM o6pa30M, OTo6pa>KeHHe / HenpepbiBHO. Teopetvia 2 ^OKasaHa. 

TeopeMa 3 [s5]. nycmb noAHue MempuuecKue npocmpaHcmea X, Y 
ydoeAemeopAwm ycAoeuAM (PG), (Cq) u ece 3aMKHymue mapu e smux 
npocmpaHcmeax eunyKAue. Ecau cwp&eKyuA f npimadAeDfcum MHOJtce- 
cmey G LU (X,Y) , mo f — omnpumoe omo6pajfceHue. 

^OKasaTejibCTBO TeopeMbi 3. 

VL3 npeflCTaBjieHH^ 

oo 

X=\Juj n (p,B(p : e)), 

71=1 

r^e pel, e > 0, HMeeM 

oo oo 

Y = |J w n (/(p), f(B(p, e))) = |J u n (f(p)J(B(p,e))l 

n=l n=l 

r,n,e HepTa 03HaHaeT 3aMbiKaHiie MHO>KecTBa. Ilo H3BecTHOH TeopeMe o Ka- 
TeropH5ix [731 c - 44] cymecTByeT TaKofi HOMep n G N, hto mhtokgctbo 

U n (f(p)J(B(p,s))) 

coflep^KHT HenycToe OTKpbiToe MHO>KecTBO. Ho H3 ycjiOBHH {PG), (Cq) ane- 
flyeT, hto fljia jiK»6oro z G K h ^jih Ka^K^oro A G R\{0} OTo6pa>KeHHe 

u x (z r ) : (y,d)-^(y,d) 

HBJIHeTCH rOMeOMOpCpH3MOM. IloSTOMy MHTOKeCTBO 
COflep^KHT OTKpblTOe MHO>KeCTBO V ^ 0. KpoMe Toro, 

f(B(p, e)) = f(u l/2 (B(p, e), w_i(p, fl(p, e)))) = 

£i/2(/(£(p, w-i(/(p), /(^b, e)))) D w 1/2 (y, w_i(/(p), V)). 
IlocjieflHee mhokcctbo co^ep^HT TOHKy /(j?) h OTKpbiTO, nocKOJibKy b cnjiy 
ycjiOBHH (PG), (Cq) fljiH Ka^K^oro A G R OTKpbiTO OTo6pa>KeHHe 

WA:(V,d)x(y,d)->(y,d). 
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Bbi6epeM Hiicjia 

s k = e2-\ fee {0,1,2,...}. 

H3 npiiBefleHHbix Bbinie paccy^K^eHHH cjie^yeT, hto HaiiflyTCH TaKiic Bem,e- 
CTBeHHbie HHCJia 

5 k > 0, k G {0, 1,2,...}, hto lim 5 k = 

fc^oo 

11 fljiH Bcex x G X, & G {0, 1, 2, . . .} 



/(5b,£ fc ))D5(/(x),4). 
IlycTb xo G X, y G B(f(xo), 5o). Tor^a HaHfleTCfl Taxasi TOHKa 

xi G B(x ,e ), hto d(f(xi),y) < 5 h 

C jieflOBaTejibHO , 

lloBTop5i5i 3to paccy^emie, nocTpoHM TaKyio nocjieflOBaTejibHOCTb (xfc)fc e ^, 
hto fljiH Ka^K^oro k G N 

x fc+ i G 5(x fc , ye B(f(x k ),S k ). 

3tq. nocjie^OBaTejibHOCTb (pyHflaMeirrajibHaa, nocKOJibKy ^jih Bcex k G 
{0,1,2,...}, J €N 

|^jfe+i| < \x k x k +i\ H h l^+z-iXfc+zl < 

£ fc + ---+^+/_i = £2 1 - fc (l-2- / ). 

Ho npocTpaHCTBO X nojiHoe, noBTOMy nocjie^OBaTejibHOCTb (x k ) kG ^ cxo- 
flirrcH k HGKOTopoiviy npe^ejiy x G X. KpoMe Toro, 

V = lim /Ofc) = /(a:), 

fc^oo 

nocKOJibKy OTo6pa>KeHHe / HenpepbiBHO. TaKiiM o6pa30M, 

B(f(x ),8 )cf(B(x ,3e)) 
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T&K KaK TOHKa y H3 B(f(xo),5o) npOH3BOJIbHa^ H 

\xqx\ = lim \xoXk\ < 2e < 3e. 

fc— >oo 

Tenepb HeTpyn,HO 3aMeTHTb, hto OTo6pa>KGHiie / OTKpbiToe. Teopeivia 3 ,0,0- 

Kct3 ctHct. 

Cjie^CTBHeM CBoiicTBa 5 h TeopeMbi 3 5iBji5ieTC5i 

TeopeMa 4 [s5]. Tlycmy nojinue MempuuecKue npocmpaHcmea X, Y 
ydoejiemeopsiwm ycjioeujiM (PG), (Cq) u ece aaMKnymue mapu e amux 
npocmpaHcmeax eunyKAue. Ecjiu omo6paoK.enue f U3 Mnootcecmea G U (X, Y) 
6ueKmu6H0, mo o6pamHoe omo6paoK.enue f^ 1 npunadjieoicum Mnootcecmey 
G U (Y } X). 

TeopeMa 5 [s5]. Ilycmh nojinue MempuuecKue npocmpaHcmea X, Y 
ydoejiemeopsiwm ycAoeuAM {PG), (Cq) u {f a ) a eA - ~ ccM&acmeo omo6pa- 
DiccHuil U3 MHODicecmea G iJ (X, Y). Ecjiu 3aa Kaotcdoso iGl MHootcecmeo 

{f a (x) : a G A} 



ozpanuncno , mo 



lim / a (V) = f a (p) 



paenoMcpno omnocumcAhHO a G A. 
,H,OKa3aTejit>CTBO TeopeMbi 5. 

EtycTb sa^aHbi e > 0, p G X. OneBHflHO, hto fljra Ka^Kfloro n G N 

MHO>KeCTBO 

X n = {x G X; d(f a (x) 7 f a (p)) <ne, a e A} 
3aMKHyTO b npocTpaHCTBe X h 

oo 

x = (J x r 



- n • 

n=l 



Ilo Teopeivie o KaTeropirax [7U, c. 44] cymecTByeT Taxoe HaTypajibHoe hhcjio 
no, hto fljia HeKOToporo xq G X na h HeKOToporo 5 > 

B{x ,6) C X no . 
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B CHjiy ycjiOBHH (PG), (Cq) fljra jiio6oro z G X h fljia Ka^floro A G K\{0} 
OTo6pa>KeHHe 

5IBJI5ieTC5I rOMeOMOp4)H3MOM. IIOBTOMy X CXOflHTCH K Xq TOiyja H TOJIbKO 

Tor^a, Kor^a 

2/ = wi /ri0 (p, wi/ 2 (w-i(p, x ), x)) 
CXOflHTCH k p. Ho ecjiH \xxq\ < 5, TO 

d(fa(y),fa(p)) = —d(fa(Ui/2(U-l(p,X ),x)),f a (p)) < 
— {d(&l/2(fa(U-l(p, Xo)), f a (x)), f a (^-l(P, X )))+d(f a (uJ- 1 (p, X )), f a (p))} 

n 

1 1 

— {■zd(f a (U-l(p, Xo)), f a (x)) + d(/ a (cj_i(p, X )), fa(p))} < 

n 2 

{d(fa(p), fa(x)) + 3d(f a ((J-i(p, X )), f a (p))} = 



2n 
1 



■M/«(p), + 3d(/ a (p), /„W)} < 2e. 



2n 

CjieflOBaTejibHO, ecjiH y cxo^HTca k p, to f a (y) cxofliiTCH k f a (p). TeopeMa 
5 flOKasaHa. 

IlycTb (rj)jgN ~~ HeorpaHHHeHHaa CTporo B03pacTaioma5i nocjieflOBaTejib- 
HOCTb nojio>KHTejibHbix Bem,ecTBeHHbix HHceji h fljia KajKfloro i G N = 
rj]— 3aMKHyTbiii map c rreirrpoM b tohkg p G X, pa^nyca r$. H3 Teo- 
peMbi 1 cjie^yeT, hto 

G U (X,Y) C (CW(X,F),£) 

H 3HaHHT Ha MHO>KeCTBG G U (X,Y) MO>KHO Sa^aTb HHflyi^HpOBaHHyK) MeT- 

pHKy 5 

x( f = V o-» s\ip{d{f{x),ip{x)) :xE5j 

l + supW(x),^(x)):xG^}' 

Ajth Bcex /, G G U (X, Y). 



213 



06o3HaHHM Hepe3 H UJ (X) mhtokgctbo Bcex Tex roMeoMop<pH3MOB H3 
MHO>KecTBa G U (X : X), Ka^-K^bm H3 kotopbix npH jik)6om % G N paBHOMep- 
ho HenpepBiBeH Ha 3aMKHyTOM niape Bi C X BMecTe co cbohm oGpaTHbiM 

rOMeOMOp(pH3MOM. 

H3 TeopeM 1, 3.1.2 cjie^yeT 

TeopeMa 6 [s5]. MempuuecKoe npocmpaHcmeo (H U (X) : 6) } HadeAennoe 
onepai^ueu %OMno3wu i uu omo6pajtceHuu, AGAfiemcfi monoAoeuuecKOu spyn- 
noil, nenpepueno deucmeytov^eu na npocmpaHcmee (X, p) . 

3.3 IlojIHOTa H C06cTBeHH0CTb HeKOTOpblX npocTpaHCTB 

OTo6pa^ceHHH c MeTpHKOH By3eMaHa 



PaCCMOTpHM MHO>KeCTBO <&(X,Y) Bcex HenpepBIBHBIX 0T06pa>KeHHH 

f:(X,p)^(Y,<£), 

yflOBjieTBopaiomHx cjie^yiomeMy ycjiOBHio: fljra jik»6bix x, y E X HMeeT 
MecTO HepaBeHCTBO 

d(f(x)J(y))<B f e^ : 
r^e Bf — HeoTpHn,aTejibHa5i KOHCTaHTa. OneBHflHO, hto mhojkgctbo $(X, Y) 

CO^,ep>KHT nOflMHOJKeCTBO Const(X, Y) BCeX IIOCT05IHHbIX 0T06pa>KeHHH H3 

X b Y . KpoMe Toro, b HeM co,n,ep}KHTC5i mhtokgctbo Hb{X : Y, a) Bcex oto6- 
pa>KeHHii, yflOBjieTBopaioinHx paBHOMepHOMy ycjiOBHio Tejib^epa c (piiKCH- 
poBaHHbiMH noKa3aTejieM a G (0, 1] h KOScpcpHrnieHTOM B G R+, to ecTb 

H B (X, Y, <*) = {/: (X, p) -> (Y, d) : Vx, 2/ G /(j/)) < 

r^e B G M+, a G (0, 1] - (piiKCiipoBaHHbie KOHCTaHTbi. OiiKCiipyeM TOHKy 
p G X h saflaflHM MeTpiiKy <5 P Ha MHCGKecTBe <I>(X, Y), BBeflemryio By3e- 
MaHOM fljia rpynnbi H30MeTpiiH [25, c. 30]: 

= su P K/(x),^W)e-W : a; G X}, 
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fljra Bcex /, <p G y). ripHBe^eM b jieMMe 1 HeKOTopBie sjieivieHTapHbie 
CBoiicTBa nepeHHCjieHHbix mhokcctb h MeTpiiKH. 

JleMMa 1 [s2]. 

(i) fljiR jik>6ux p, q G X 5 P — Mempuna u Oaji mo6ux f, (p G F) 
cnpaeedjiueu nepaeencmea 

e-M6 p (f,<p)<5 q (f,<p)<eM6 p (f,<p), 

mo ecmh Mempuna 5 P Jiunmui^eeo 9KeueaAenmna Mempune 5 q . 

(ii) JJam jik>6o20 p G X MempunecKasi monojiozusi npocmpaHcmea 
(<$>(X,Y),5p) siejisiemcsi coeMecmno nenpepuenou u 6oAbme KOMnaKmno- 
omKpumou monojiozuu. 

(in) fijitt jik>6ozo p G X u Oaji ak>6o2o W G T,(Y) omo6pacncenue 
eunucjienusi e moHKe x G X 

E x : (Const(X, W),5 P ) -+ (W, d), E x (f) = f(x) 

mjiaemcx, u30Mempueu u 

Const(X, W) = Const{X, W), 

zde e Jieeoil uacmu 3aMUKanue eunoAneno e npocmpancmee ($(X, Y), S p ). 

(iv) JJaji ak>6o20 p G X Mnowcecmeo H B (X,Y, a) 3aMKHymo e npo- 
cmpancmee ($(X, Y),5 P ). 

,II,OKa3aTejibCTBO JieMMbi 1. 

(i) fljia Ka^floro p G X h ^jm jiio6bix /, <p G <$>(X,Y) KOHenHOCTb 
paccTO^HHH 5 p (f, <p) cjie^yeT H3 HepaBeHCTB: 

5 p (f,p) < sup{(d(/(a;),/(p))+d(/(p),^(p))+d(^(p),^( a ;)))e-^l : * G X} < 

B f + B^ + d(f(p),p(p)). 
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OnpeflejieHiie MeTpiiKH HeTpynpo npoBepHTb HenocpeflCTBeHHO. jik> 
6bix p, q G X jiHnniHn,eBa SKBHBajieHTHOCTb MeTpiiK 5 pj 5 q ycTaHaBjiiiBaeT- 
C5i c noMom,bio HepaBeHCTBa: 

5 p (f,<p) < sup{d(/(x),^(x))e-l^ + ^ : x G X} = e^d q (f,cp), 

a TaK>Ke nocjie^yioinHx 3aMeH p Ha q h g Ha p. 

(ii) EtycTb 

x, x g x, /, /o g 

H3 HepaBeHCTB 

/o(^o)) < d(f(x), f {x)) + d(f (x), fo(x )) < 

e lxXol 5 Xo (fJo)+d(f (x)J (x )) 
cjie^yeT, hto OToGpajKemie BbiHHCJieHHH 

n : yjxi^y, x) = f(x) 

HenpepbiBHO. IIosTOMy fljia jno6oro p E X MeTpHnecKaa Tonojiorira npo- 
CTpaHCTBa y), 6p) 5iBji5ieTC5i coBMecTHO HenpepbiBHoii h 6ojibine 

KOMnaKTHO-OTKpbiToii TonojiorHH [521 c - 290-292]. 

(m) IlycTb x G X, /, G Const(X, W) h fljia jno6oro z G X 

/O) = 2//' = ?V 

IlepBoe yTBep^fleHHe cjie,nyeT H3 paBeHCTB: 

= d(/(ar), y>(a;)) = sup{d(y f , y^e~^ : z E X} = 6 p (f, if). 

BTopoe yTBep^K^eHHe HeTpyn,HO npoBepHTb, ncnojib3y5i yTBep^K^eHiie (ii). 

(iv) 3to cjieflCTBHe yTBep^KfleHHH (ii) h onpeflejieHHH MHC»KecTBa 
Hb(X, y, a). JleMMa 1 ^OKasaHa. 

TeopeMa 1 [s2]. Ecjiu (Y,d) ■ - nojinoe MempunecKoe npocmpaticmeo, 
p G X, mo 

(H B (X,Y,a),5 p ) 
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- nojinoe MempuuecKoe npocmpancmeo. 
,H,OKa3aTejibCTBO TeopeMM 1. 

IlycTb p G X h nocjie^OBaTejibHOCTb (f n )neN npocTpaHCTBa H(X, Y, a) 
(pyHflaMeHTajibHaa, to ecTb ^jra Ka^K^oro e > HaiifleTCH Taxoe no G N, 
hto fljia Bcex n, m > no 

<*p(/n, /m) < £ - (!) 

Tor^a fljia Bcex n, m > uq h fljia jiio6oro iEl 

IlosTOMy nocjie^OBaTejibHOCTb (/ n (^))neN npocTpaHCTBa Y cpyHflaMeirrajib- 
Ha^ npn (pHKCiipoBaHHOM x G X. B CHjiy nojiHOTbi npocTpaHCTBa y onpe- 
flejieHO OTo6pa>KeHiiG 

f:X^Y, f(x) = lim f n (x). 

n— >-oo 

Tor^a / G H(X, y, a), nocKOJibKy fljisi Bcex x, y G X 

d(f(x)J(y)) = lim d(f n (x)J n (y)) < B\xy\ a . 

n^oo 

B HGpaBeHCTBG (1) e He 3aBHCHT ot x : no9TOMy, nepexoflsi b ero jieBoii Hacra 
k npe^ejiy npn m — > oo h BbiHiic jths TOHHyio BepxHioio rpaHb, nojryHiiM 
fljisi jiio6oro n > no 

Sp(fn,f) < £■ 

C jieflOBaTejibHO , 

lim 5 p (f n , f) = 

n^oo 

ii (Hb{X,Y,o),5p) — nojiHoe MeTpiinecKOG npocTpaHCTBO. Teopeivia 1 pp- 
Ka3aHa. 

TeopeMa 2 [s2]. Ecjiu (X,p) — co6cmeeHHoe MempuuecKoe npocmpan- 
cmeo, mo monojiozua npocmpancmea (HB(X,Y,a),6 p ) coenadaem nan c 
monojiozucu nomoHcnnou cxoduMocmu, man u c KOMnaKmno-omnpumou 
monojiozucu. 
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^OKasaTejibCTBO TeopeMbi 2. 

IlycTb p 6 X. B CHjiy yTBepjK^eHHsi (ii) jieMMbi 1 flocTaTOHHO flOKa- 
3aTb cjie^yioinee yTBep^^eHHe: ecjin fljra jiio6oro / 6 Hb(X, Y,an jik>6oh 
nocjie^OBaTejibHOCTH (f n ) n en npocTpaHCTBa H(X, Y, a) 

lim d(f n (x),f(x)) = 

n^oo 

fljia KajK^oro i G I, to 

lim 6 p (f n , f) = 0. 

JXpK&yKGM 3to yTBepjK^eHHe MeTOflOM ot npoTHBHoro. IlycTb 3to yTBep- 
yKRewe HeBepHO. Toiyia no.RpjTC5i noflnocjieflOBaTejibHOCTb (fi)ien nocjie- 
flOBaTejibHOCTH (/ n )neN) nocjie^OBaTejibHOCTb (xi)i e fi npocTpaHCTBa X h 
KOHCTaHTa t4 > TaKiie, hto 

d{fi{ Xl ),f{ Xl ))e-^ >A. (2) 

PaccMOTpiiM flBa cjiyHaa. 

1. flonycTHM CHa^ajia, hto nocjie^OBaTejibHOCTb (x;); e N HeorpamiHeHa. 
Toiyia b CHjiy co6ctbghhocth npocTpaHCTBa X HaiifleTca Taicaa noflnocjie- 

flOBaTejIbHOCTb (x t ) tG fq IIOCJieflOBaTejIbHOCTII (x/)^, hto 

lim \px t \ = oo. 

t^oo 

Kpoivie Toro, 

d(f t (x t )J(x t ))e-M < {d(Mx t )J t (p)) + d(Mp)J(p))+ 
d(/(p), < d(/t(p), /(p)) + 25|^re-l^l -+ 

npH t — > OO. y^HTblBaa HGpaBGHCTBO (2), nOJiyHHJIH npOTHBOpGHIIG. 

2. ^onycTHM Tenepb, hto nocjie^OBaTejibHOCTb orparoiHeiia. To- 
r^a b CHjiy co6cTBeHHOCTH npocTpaHCTBa X HaiifleTca TaKaa noflnocjie^o- 
BaTejibHOCTb nocjie^OBaTejibHOCTH h TOHKa ieI, hto 

lim \pxk\ = 0. 

fc^oo 
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KpoMe Toro, 

d(f k (x k )J(x k ))e-^ < d(f k (x k )J k (x))+d(f k (x),f(x))+d(f(x),f(x k )) < 

d(f k (x),f(x)) + 2B\x k x\ a ^0 

npn k —>■ oo. YHHTbiBaa HepaBeHCTBO (2), CHOBa nojiyHHjiii npoTHBopenne. 
Teopeivia 2 ^OKasaHa. 

HanoMHHM, hto 3aMKHyToe HenpepbiBHoe OTo6pa>KeHne MeTpinecKiix 
npocTpaHCTB, npoo6pa3bi TO^eK KOToporo KOMnaKTHbi, Ha3biBaeTC5i coeep- 
weHHUM omo6paotceHueM [EH c. 277]. 

TeopeMa 3 [s2]. Ecau (X,p), (Y,d) ■ co6cmeeHHue McmpunccKue 
npocmpaticmea, mo (H B (X,Y, a), 5 p ) - co6cmeeHHoe MempunecKoc npo- 
cmpancmeo, a omo6paotcenue euHucjienuR e moune p G X 

E p : (H B (X, y, a), 5 P ) (Y, d), E p (f) = f(p) 

CTopveKmueno u coeepuienno. Ecau, kpomc mozo, (Y, d) - KOMnaKmnoe 
npocmpancmeo, mo (Hb{X,Y, a), 5 P ) -- KOMnaKmnoe npocmpancmeo. 

^OKasaTejibCTBO TeopeMbi 3. 

1. IlycTb p E X r nocjieflOBaTejibHOCTb (f n )neN npocTpaHCTBa 
(Hb{X,Y, a), 5 P ) orpaHH^eHa. Tor^a ^jih jiio6oro x G X orpaHnneHa no- 
cjieflOBaTejibHOCTb (f n {x)) n eN npocTpaHCTBa Y. fljra jiio6oro e > Bbi6e- 
peM 5 = e npii B = h 

npn B > Tax, hto fljra jno6oro n G N 

d{fn{x)J n {y)) < B\xy\ a < e, 

Kax TOJibKO < (5 fljia x, y E X. CjieflOBaTejibHO, nocjieflOBaTejibHOCTb 
(fn)neN paBHOCTeneHHO paBHOMepHO HenpepbiBHa b npocTpaHCTBe X (onpe- 
^ejieHHe cm. b [251 c - 20]). B cmiy ycjiOBiift TeopeMbi 3 h TeopeMbi 2.17 
251 c - 20] HaftfleTCH no/rnocjieflOBaTejibHOCTb (fi)ieN nocjieflOBaTejibHOCTH 
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(/n)neN) IIOTOHGHHO CXOflailjaaCH K paBHOMepHO HenpepbiBHOMy OTo6pa>Ke- 

HHK) 

/ : X -+ Y. 

Kpoivie Toro, / G Hb(X, Y, a), nocKOJibKy ^jra Bcex x, y € X 

H3 TeopeMbi 2 cjie^yeT Tenepb, hto 

lim /) = 0. 
h npocTpaHCTBO (Hb(X, Y, a), 5 P ) co6ctbghhog. 

2. 51CHO, HTO 0T06pa>KGHHG i? p CIOpb-eKTIIBHO H HenpepblBHO. EloSTO 

My fljia KajK^oro (p G Hb{X, Y, a) mhojkgctbo E p l (ip(p)) 3aMKHyTO. H3 
flOKasaTejibCTBa yTBepjKflemra (i) jieMMbi 1 cjie^yeT, hto ^jih Ka^K^oro 
61 G E-\<p{p)) 

5 p (ip,6) < 2B. 

Cjie^OBaTejibHO, MHO>KecTBO E p l ((p(p)) KOMnaKTHO, KaK 3aMKHyToe h orpa- 

HHHeHHOe MHO>KeCTBO B Co6cTBeHHOM npOCTpaHCTBG (Hb{X, Y, a), Sp). IlyCTb 

y G Y h (^n)neN Taicaa nocjieflOBaTejibHOCTb b 3aMKHyTOM MHO>KecTBe Z 
npocTpaHCTBa (Hb(X, Y, cm), hto 

lim d{(p n {p),y) = 0. 

IlocjieflOBaTejibHOCTb (<£> n ) nf =N orpaHHneHHaa, nocKOJibKy nocjieflOBaTejib- 

HOCTb ((fn{p))neN CXOflHTCfl II flJIH (pIIKCIipOBaHHOrO 1p G Hb(X, Y, Ol) flJISI 

Ka^K^oro n G N 

S P (<Pn, tp) < + d(ip n (p), ip(p)). 

B cmiy co6cTBeHHOCTH npocTpaHCTBa (Hb(X, Y, a), HaiiflyTCH no^no- 
cjieflOBaTejibHOCTb (^)z<=n nocjie^OBaTejibHOCTii ((p n )neN h OTo6pa>KGHiie 
V? G Hb(X, Y, cm) TaKiie, hto 

lim 6 p (<pi,<p) = 0. 
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Kpoivie Toro, 

d(ip(p),y) < d{(p{p), ipi{p)) + d{ipi(p), y) -»> 
npii / — > oo. Cjie^OBaTejibHO, 

= ¥>(p) = 2/ h P e Z, 

nocKOJibKy MHO>KecTBO Z 3aMKHyT0. TaKHM o6pa30M, Ep - - 3aMKHyToe 
OTo6pa>KGHiie , npoo6pa3bi ToneK H3 Y y KOToporo KOMnaKTHbi, to ecTb 
9to OTo6pa>KeHiie coBepnieHHoe. 

3. Ecjih npocTpaHCTBO (Y,d) KOMnaKTHO, to D(M) < +oo h jno6aa 
nocjie^OBaTejibHOCTb (f n ) n eN npocTpaHCTBa (Hb{X,Y, a), 5 P ) orpaHiineHa. 
Hcnojib3ya ^OKasaTejibCTBO nepBoii HacTii, nojiyniiM, hto npocTpaHCTBO 
(Hb(X,Y,o),5p) KOMnaKTHO. Teopeivia 3 ^OKasaHa. 

3.4 IlpocTpaHCTBO Bcex iio^oGhh MeTpHHecKoro npo- 
CTpaHCTBa c MeTpHKOH By3eMaHa 

HanoMHHM HeKOTopbie onpeflejiemiH. 

Clop'beKii.HH / : (X, p) — v (y, d) Ha3bmaeTC5i nodo6ueM c Koacfjcfjui^ueH- 
moM nodo6uH g$ > 0, ecjin fljiH jno6bix x, y 6 X 

d{f(x),f(y)) = <T f \xy\. 

Sim{X 1 Y) — mhojkgctbo Bcex nofloSHH H3 MeTpHnecKoro npocTpaHCTBa 
(X,p) Ha MeTpnnecKoe npocTpaHCTBO (Y,d). Sim(X) = Sim(X, X). 

Uoflf}6ne f Ha3breaeTca co6cmeeHHUM nodo6ueM (u30Mempueu) , ecjin 
a f ^ 1 0/ = !)■ 

Iso(X, Y) — mhojkgctbo Bcex H30MeTpiiH H3 MeTpiinecKoro npocTpaH- 
CTBa (X,p) Ha MeTpHnecKoe npocTpaHCTBO (Y,d). Iso(X) = Iso(X,X). 
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HenoflBHJKHaa TOHKa co6cTBeHHoro noRoGnsi Ha3biBaeTC5i yenmpoM no- 
do6ua, a mhokcctbo Bcex ijeHTpoB nopp6KK npocTpaHCTBa X o6o3HaeTCsi 
Cen(X). 

B cjieflyiomeii jieMMe 1 ycTaHOBjieHbi HeKOTopbie npocTbie reoMeTpune- 
CKiie CBoiicTBa rpynnbi uopfl6w MeTpiiHGCKoro npocTpaHCTBa. 

JleMMa 1 [s2]. 

(i) Omo6paotcenue 

a : (Sim(X), o) -> R;, <j(f) = <j f 

AeAAemcA nenpepuenuM 20momop$u3mom e spynny noAOomumeAbnux ee- 
wjecmeennux hucca W + co cmandapmnou onepayueu yMnootcenuA, sidpo 
Komoposo ecmb spynna u30Mempuu. 

(ii) J\aa ak>6ux 

peX; f,ipe Sim{X, Y); 6 G Sim(Y), $ G Iso{X) 
UMewm Mecmo paeencmea 

W ° 4>, ¥ o ip) = 5 m (f, if ), 5 P (6 of,6o(p) = a 5 p (f, if ). 

(Hi) Mnootcecmea C 'en(X) , X\Cen(X) UHeapuanmnu omnocumeAbno 
deucmeuA spynnu Sim(X) na npocmpancmee X. 

(iv) Ecau zpynna Sim(X) deucmeyem mpan3umueno na uoahom Mem- 
punecKOM npocmpancmee X, mo u zpynna Iso(X) deucmeyem mpau3u- 
mueno na npocmpancmee X. 

,H,OKa3aTejit>CTBO JieMMbi 1. 

(i) IlycTb x, y G X pa3JiHHHbi, /, (p G Sim(X, Y) nporoBOJibHbie. 
Tor^a 

d(f o <p( x ), f o f(y)) = a f (jy\xy\. 

C jie^OBaTe jibHO , 

a(fof) = a(f)a(f). 
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IlocjieflHee yTBepjKflemie oneBHflHO. ^OKa^eM HenpepbiBHOCTb a. IlycTb 

lim 5 p (f n , f) = 0, 
r^e /, f n G Sim(X, Y) fljia jno6oro n G N. Tor^a rjisi jiK»6oro iEl 

lim d(f n (x),f(x)) = 0. 

n— >-oo 

Cjie^OBaTejibHO, fljra jiio6bix pa3JiiiHHbix x, y G X 

lim <7(/n)M = lim d(f n (x),f n (y)) 
= d(f(x)J(y)) = a(f)\xy\ n lim *(/„) = *(/). 

(m) HeTpynbio npoBepHTb HenocpeflCTBeHHO. 

(Hi) IlycTb x G Cen(X), to ecTb HaiifleTCH co6cTBeHHoe nofloSiie / 
Taxoe, hto f(x) = x. Tor^a fljra KajK^oro ip G Sim(X) 

CjieflOBaTejibHO, ip o / o co6ctbghhog nofloSiie. Kpoivie Toro, 

ip o f o ip~ l (ip(x)) = ^(a;). 
TaKHM o6pa30M, ^(rc) G Cen(X). 

(iv) IlycTb x, y G X. Toiyra HaiifleTCH Taxoe nofloSiie / G Sim(X), 
hto /(x) = y. PaccMOTpHM HGTpiiBiiajibHbiii cjiy^aii, Kor^a nofloGiie / 
co6ctbghhog. Tor^a b CHjiy nojiHOTbi npocTpaHCTBa HaiifleTCH TaKaa toh- 
Ka 2 G X, hto /(z) = z. Kpoivie Toro, HaiifleTca Taxoe no^oGiie g, hto 
= 2. Tor^a 

<r(f ° s^ 1 ° / _1 ° g) = 1 h / ° s^ 1 ° / _1 ° g( x ) = y- 

JleMMa 1 flOKasaHa. 

TeopeMa 1 [s2]. Ecjiu (X,p), (Y,d) noAHue MempuuecKue npo- 
cmpaHcmea, mo npocmpancmea 

(Sim(X, Y) U Const{X, Y),6 P ), (Iso(X, Y) U Const{X, Y), 6 P ) 
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- noAHue. 



,H,OKa3aTejii>CTBO TeopeMta 1. 

IlycTb nocjieflOBaTejibHOCTb (f n )neN npocTpaHCTBa 
(Sim(X,Y) U Const(X,Y),5p) (pyHjj,aMeHTajibHasi. PaccyjKflasi Tax >Ke, 
KaK ii b ^OKasaTejibCTBe TeopeMbi 3.3.1, nojryHiiM OTo6pa>KeHiie / G <&{X, Y) 
Taxoe, HTO 

lim 5 p (f n , f) = 

n^oo 

ii fljisi jiio6bix x, y E X 

d{f{x),f(y)) = lim d(f n (x)J n (y)) = lim a/Jxy| = 

n^oo n^oo 

Bo3MO>KHbi cjie/xyiomiie /jBa cjryHaa. 

1. Ecjiii <7f = 0, to / G Const(X, Y). 

2. Ecjiii <7y > 0, to HaiifleTCsi Taxoe iV G N, hto (jf n > fljra Ka>Kjj,oro 
n > N h / n G Sim(X, Y). IlycTb z G F, n > JV, Toiyra 

lim l/r^OM = lim ( a j! d ( z Jn(p))) = —d(zj(p). 

n^oo n^oo Jn Q j 

C jieflOBaTejibHO , noc jieflOBaTejibHOCTb 

On = fn\z)) neN 

orpaHHneHa. Kpoivie Toro, ^jih Ka>Kjj,oro e > HaHjj,eTC5i Taxoe TVi G N, hto 
fljiH Ka>Kjj,oro n> N\ 

rf(/nW,/W)e" KI = ^ n ,/(x n ))e-^l < e. 

IlosTOMy 

lim /(x n ) = z. 

IlocjieflOBaTejibHOCTb (x n )neN cpyHflaMeHTajibHasi, Tax KaK jiio6bix n, m G 
N 
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Cjie^OBaTejibHO, 3Ta nocjieflOBaTejibHOCTb cxoflHTca k HeKOTopoft tohkc y G 

X H 

/(?/) = /( lim x n ) = lim /(x n ) = z. 
TaKHM o6pa30M, OTo6p a>KeHiie / ciop^eKTHBHO h / G Sim(X^ Y). 3aivie- 
thm, hto MHO>KecTBO Iso(X, Y) 3aMKHyT0 b npocTpaHCTBe (Sim(X, Y) U 
Const(X,Y), dp) ii nosTOMy nojiHoe MeTpiinecKoe npocTpaHCTBO. TeopeMa 
1 flOKasaHa. 

TeopeMa 2 [s2]. Ecjiu Mcmpunccnoc npocmpancmeo (X, p) — co6cmeen- 
noe, mo monojiozua npocmpancmea (Sim(X,Y)\JConst(X,Y), S p ) coena- 
daem nan c monojiozucu nomoueunou cxoduMocmu, man u c KOMnaKmno- 
omnpumou monojiozucu. 

3aMenaHHe 1. Mootcno noKa3amh, umo monojiozun MempunecKozo npo- 
cmpaHcmea (Sim(X), 5) coenadaem c monojiozucu, onpedcAJicMou na zpyn- 
ne nodo6uu Sim(X) 3jih naoicdou wlohku p MempuKOu By3eMana 6 P [s2]. 

,H,OKa3aTejii>CTBO TeopeMbi 2. 

EtycTb fljra Bcex n G N, x G X 

if n , <p G Sim(X, Y) U Const(X, Y) ii lim d(ip n (x), <p{x)) = 0. 

n— >oo 

Tor^a fljisi jiio6bix x, y G X 

lim Gy n \xy\ = lim d(ip n (x), <p n (y)) = d(<p(x),(p(y)) = <T v \xy\. 

CjieflOBaTejibHO, HaiifleTCsi TaKaa KOHCTaHTa B > 0, hto ^jih Ka^floro n G 
N 

cr^ n < B u < B. 

^ajibHeiiiiiiie paccyjKflemiH aiiajioriiHHbi paccy^flemiHM, npiiBeflemibiM b 
flOKasaTejibCTBe TeopeMbi 3.3.2. TeopeMa 2 ^OKasaiia. 

TeopeMa 3 [s2]. Ecjiu McmpuuecKue npocmpancmea (X,p), (Y,d) 
co6cmeeHHue, mo npocmpancmeo (Sim(X,Y) U Const(X,Y),5 p ) ■ - co6- 
cmeennoe. Ecjiu kpomc moso, npocmpancmeo (X, p) - KOMnanmno, mo 
npocmpancmeo (Sim(X, Y) U Const(X, Y), S p ) - - KOMnaKmno. 
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,H,OKa3aTejit>CTBO TeopeMM 3. 

EtycTb nocjie^OBaTejibHOCTb (f n ) n eN npocTpaHCTBa 
(Sim(X,Y) U Const(X : Y) : 5 p ) orpamneHa. Tor^a ^jih Ka^K^oro x G X 
nocjie^OBaTejibHOCTb {f n {x)) ne ^ orpaHnneHa. Kpoivie Toro, fljia Bcex 

n G N; q G Y\ x, y G X 

°h\ X V\ = d{fn{x), f(n(y)) < d{f n {x), q) + d(q, f n (y))- 

IlosTOMy nocjie^OBaTejibHOCTb (o"/ n )neN orpamineHa. ^ajibHeftiniie paccy^K- 
fleHHH aHajiorHHHbi paccyjK^eHHHM, npHBefleHHbiM b ^OKasaTejibCTBe Teo- 
peivibi 3.3.3, ecjiH y^ecTb Teopeiviy 2 h ^OKasaTejibCTBO TeopeMbi 1. Teopeivia 
3 flOKasaHa. 

TeopeMa 4 [si], [s2]. 

(i) (Sim(X), Sp) — monojiodunecKasi spynna, deucmeywu^asi nenpepue- 
ho na npocmpaHcmee X . 

(ii) Fpynnu nodo6uil Sim(X) u u30Mempuu Iso(X) c MempuKoil 5 
aejiMKimcM monoAOZunecnuMU spynnaMU, nenpepueno deucmeywu^uMU na 
npocmpaHcmee X . 

3aMenaHHe 1. JJoKaaameAbcmeo moso qianma, umo (Iso(X), 5 P ) 
monojiodunecKasi spynna, deucmeywvu^asi nenpepueno na npocmpancmee 
X, u3eecmno (cm. [H]). 

,H,OKa3aTejibCTBO TeopeMbi 4. 

(i) EtycTb p G X, fljiH Ka^Kfloro n G N 

/, 9, In, 9n € Sim(X) h lim 5 p {f n , f) = 0, lim 5 p (g n , g) = 0. 

n— >oo n—toc 

PaCCMOTpHM HepaBeHCTBO 

8p(fn °9n,f°g) < S p (f n ° 9n, fn ° q) + £p(/n ° 9i f ° 9) = 

a fn 5 p (g n ,g) + sup{|/ n fe)/W|e-^l^l 
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Ilo yTBepjKfleHHio (i) jieMMbi 1 nepBoe cjiaraeivioe b npaBoii nacTH CTpe- 
MHTca k Hyjiio npn n — > oo. ^OKajKeM mc-to^om ot npoTHBHoro, hto h bto- 
poe cjiaraeMoe CTpeMHTCH k Hyjiio . IlycTb, HanpoTiiB, HaiifleTCH noflnocjie- 
flOBaTejibHOCTb (fi)ien nocneflOBaTejibHOCTH (/ n ) n eN) nocjie^OBaTejibHOCTb 
(xi)i & fq npocTpaHCTBa X H KOHCTaHTa t4 > TaKiie, hto jj;ji5i Ka^K^oro / G N 

|/i(^)/fe)|c" <7 »- l|ff(p)a " 1 > A - 
Toiyja fljisi KajK^oro / G N 

< A < |//(^)/(^)|e-^l^l < {\Mx l )f l (g(p))\ + 

\fi(g(p))f(g(p))\ + \f(g(p))f(xi)\}e-^\9(p>i\ = 

{(a fl + a f )\x ig (p)\ + |//(p(p))/(p(p))|}e-^l^l. (1) 

1. IlycTb nocjieflOBaTejibHOCTb (x/)/ e pj HeorpamiHeHa. SiiaHiiT, HaiifleTCsi 
Taxa5i noflnocjieflOBaTejibHOCTb (^) te ^ nocjieflOBaTejibHOCTH (x/)/ e pj, hto 

lim = oo. 

Tor^a npaBaa nacTb HcpaBGHCTBa (1) nocjie 3aivieHbi x\ Ha Xt CTpeMHTCH k 
Hyjiio npn t — > oo. riojiynaeM npoTHBopenHe. 

2. IlycTb nocjieflOBaTejibHOCTb (xi)i e ^ orpamiHeHa, to ecTb HaiifleTCii 
Taxasi KOHCTaHTa c > 0, hto \pxi\ < c fljra KajK^oro / G N. Tor^a fljra 
Ka^K^oro e > HaiifleTca Taxoe TV G N, hto 

/) < e, 0<A< \fi( Xl )f( Xl )\e-^\9ip>i\ < 

<eeM <ee c 



npn / > N. CHOBa nojiynnjiH npoTHBopenHe. CjieflOBaTejibHO, 

lim 6 p (f n og n Jog) = 0. 

n^oo 

Kpoivie Toro, 
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HenpepbiBHOCTb fleiicTBHH rpynnbi Sim(X) Ha npocTpaHCTBe X cjie^yeT 
H3 HepaBeHCTBa: 

|/0r)/o(so)| < \f(x)M*)\ + \Mx)fo(x )\ < 8 Xo (fJ )e^ + a fo \xx \ 
fljia Bcex 

x, xq G X f, fo G Sim(X). 

(ii) CorjiacHO Teopeivie 3.1.2 HeoSxofliiMO flOKasaTb jihihb cjie^yiomee yTBep- 
jK^eHHe: ecjin rjisi Ka^K^oro n G N 

/„ G Sim(X) lim <*(/„, id) = 0, 



n^oo 

TO 



lim ( y(/- 1 ,id)=o. 

n^oo 

B CHjiy CBoiicTBa 3.1.2 nojiy^HM fljia jno6oro iEl 

lim \f n (x)x\ = 0. 
CjieflOBaTejibHO, ^jra jno6bix x, y E X 

lim o-/Jxy| = lim |/nO)/n(j/)| = M 



n— >oo n— >oo 



lim cr/ = 1, lim <7 f -i = lim = 1. 

J n 

Kpoivie Toro, ^jih Ka^floro i G N 

lim 5i(f~l,idi) = lim sup{\f~ 1 (x)x\ : x e B t } = 

n— >oo ' n— >oo 

lim (<r f -i sup{\xf n {x)\ : x G B,}) = 
lim <T f -iSi(fn t i,idi) = 0. 
OcTajiocb npiiMeHHTb cbohctbo 3.1.1. Teopeivia 4 flOKasaHa. 

TeopeMa 5 [s2]. Uycmh npocmpancmeo (X,p) — nojmoe. Tozda eepnu 
cjiedywmue ymeepofcdenuH. 

(i) Ecau Cen(X) = X, mo 



Sim(X) = Sim(X) U Const(X, X), 
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sde 3aMUKdHue eunoAH^emcA e npocmpancmee (<&(X, X),5 P ). 
(ii) Ecau Cen(X) ^ 0, X, mo 

Cen{X) C d{Cen{X)) u Sim(X) = Sim{X) U Const(X, d{Cen{X))). 

(Hi) Ecau Cen{X) = 0, mo Sim{X) = Sim{X) = Iso{X). 
,H,OKa3aTejit>CTBO TeopeMbi 5. 

(i) IlycTb p G X, ip G Const(X, X), to ecTb HaiifleTCsi Taxoe xo G X = 
Cen(X), hto ^(x) = xo AJia jno6oro £ G X. IlycTb / Taxoe co6cTBeHHoe 
nopp6ne c K09(pcpiiii;iieHT0M 07 < 1, hto /(xo) = #0- Toiyra fljra Bcex k G 
N, x G X 

|^/ fc (x)| < \xX \ + \xof k {x) \ = (1 + (Tf)\xXo\. 

IlocjieflOBaTejibHOCTb (/ n ) n eN ~ ~ cpyHflaMeHTajibiraa, nocKOJibKy fljia jik»- 
6bix n, k G N 

S P (f n J n+k ) = cr]8 p (idj k ) < a]sup{\xf k (x)\e-^ : x G X} < 

^sup{(l + 4)|x x|e-l pa; l : xeX} < + a k f )(l + \px \). 
Ilo Teopeivie 1 HaHfleTcsi Taxoe </? G Sim(X) U Const(X, X), hto 

lim <p) = 0. 

Ho fljia jno6oro x G X 

lim \f n (x)ip(x)\ = lim |/ n (x)x | = 0. 
IlosTOMy fljia jiio6oro x G X 

= lim f n (x) = ^(x) h if = if;. 

(ii) IlycTb ip G Const(X, X) fi Sim(X), to ecTb HaiiflyTCH Taxoe xo G 
X 11 nocjie^OBaTejibHOCTb (f n )neN npocTpaHCTBa Sim(X), hto fljia jiio6oro 
x G X 

= xq ii lim 5„(f n , ip) = 0. 
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CjieflOBaTejibHO, ^jra jiio6oro x G X 

lim \f n (x)i/j(x)\ = lim \f n (x)x \ = 0. 

n^oo n-^>-oo 

Ecjih x G Cen(X), to no yTBep>Kjj,eHHK) (m) jieMMbi 1 f n (x) G Cen(X) 
jijih jiK»6oro n G N. Cjie/xoBaTejibHO, xo G Cen(X). 

Ecjih x G X\Cen(X), to no yTBepjKfleHHio (m) JieMMbi 1 f n (x) G 
X\Cen(X) fljiH jno6oro n G N. Cjie/jpBaTejibHO, xo G (X\Cen(X)). Elo- 

STOMy 

x G d(Cen(X)) n ^ G Cons£(X, d(Cen(X))). 
3aivieTHM TaioKe, hto 

Cen(X) c d(Cen(X)). 

^encTBHTejibHO, ecjin y G Cen(X), to HanjxeTCsi Taxoe co6cTBeHHoe nojj,o- 
6ne /, hto fljiH Ka>Kjj,oro iEl 



lim \ f n (x)y\ = 0. 

Toiyra y G d(Cen(X)), nocKOJibKy no yTBep^flemno (Hi) JieMMbi 1: ecjin 
x G d(Cen(X)), to rjisi jno6oro n G N 

TO) G <9(Cen(X)). 

IlycTb 



^ G Cons£(X,d(Cen(X))) C CWs£(X, Cen(X)) = Const(X, Cen(X)). 
^OKa^eM, HTO 

Const{X, Cen{X)) c Sim(X). 

flencTBHTejibHO, ecjin tp G Const(X, Cen(X)), to Han^eTCH Taxoe xo G X, 
HTO flJIH KajK^oro x G X 

= xo G Cen(X). 

CjieflOBaTejibHO, HaftfleTca Taxoe co6cTBeHHoe nojj,o6ne /, hto jjjih Ka>Kjj,oro 

xeX 

lim = lim \f k {x)x \ = 0. 

k^oo k^oo 
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noBTopsra flOKasaTejibCTBO nyHKTa (z), nojiyHHM 

lim 5 p (f\ if) = 0. 

n— >oo 

C jieflOBaTejibHO , 

V? G Sim(X) h C(mst{X, <9(Cen(X))) C Sim{X). 

(Hi) 3to cjie^cTBHe TeopeMbi 1 (cm. TaiQKe [23, c. 32]). TeopeMa 5 flo- 
Ka3aHa. 

IlpHMep. 

IlycTb X — 3aMKHyToe nojiynpocTpaHCTBO BemecTBeHHoro riijib6epTOBa 
npocTpaHCTBa l<i c rpamiHHOH rHnepnjiocKOCTbio Xq : coflep^amefi HyjieBOii 
BeKTop. Tor^a HeTpynpo npoBepiiTb, hto 

Cen{X) = d(Cen(X)) = X Q , Sim{X) = Sim{X) U Const(X, X ). 

3.5 ^Ba aHajiora cjiaGoft cxo^hmocth b cneijHajibHOM 
MeTpHHecKOM npocTpaHCTBe 

IlycTb b MGTpiiHecKOM npocTpaHCTBe (X, p) BbiflejieHO ceivieHCTBO Sp cer- 
MeHTOB c o6lu,hm HaHajiOM b TOHKe p G X 7 yflOBjieTBopHioinee cjie^yioineMy 

yCJIOBHK) (An). 

{An) A 1151 KajKfloii tohkh x G X HaftfleTcsi eflHHCTBeHHbift cerMeHT 

\P, x] G S p C KOHD,aMH p H X. 

HaM noHafloSaTCH Taioice HeKOTopbie flonojiHHTejibHbie ycjiOBira Ha npo- 

CTpaHCTBO X. 

(A12) IlycTb npocTpaHCTBO X yzjoBjieTBopaeT ycjiOBHio (An). Cym,e- 
CTByeT TaKoe ceMeftcTBO opiieHTHpoBaHHbix npsiMbix S p npocTpaHCTBa, npo- 
xo^flinHx Hepe3 TO^Ky p, hto Ka^Kflbift HeBbipo^fleHHbift opHeHTiipoBaHHbiH 
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cerivieHT [p, x] H3 ceMeftcTBa S p coflepjKHTC^ b e^HHCTBeHHoft opiieHTiipoBaH- 

HOH npilMOH H3 (Sp, OpHeHTaiJHfl KOTOpOH OnpeflejI^eTCH 3THM CerMeHTOM. 

IlycTB AOAB — TpeyrojibHHK b eBKjiHflOBoii iuiockocth c fljiHHaMH cto- 

pOH 

||OA|| = |j*c|, \\OB\\ = \pyl \\AB\\ = \xy\, 
r#e p, x, y G X. 

7(Ot4, OB) — BejiHHHHa yrjia npn BepniiiHe O b TpeyrojibHHKe AO^i?. 



j(x,y)= lim 7(0^,05) 

- BepxHHft yroji MejK/ry cerMeHTaMH [p, x] , [p, y] G Sp npocTpaHCTBa X 
yflOBjieTBopHiomero ycjiOBHio (^4ii) [16]. 

riycTb fljia jiio6oro y E X 

^ y :X^R, if) y (x) = \px\\py\ cos i(x,y) 

npn x G X\{p} h ^(x) = npii x = p hjih y = p. 

= {ip y :X ^R: yeX}. 

(Ais) IlpocTpaHCTBO X yflOBjieTBopaeT ycjiOBHio (A\) h Bee 3aMKHy- 
Tbie niapbi npocTpaHCTBa X CTporo BbinyKjibie. 

{Au) IlpocTpaHCTBO X yflOBjieTBopaeT ycjiOBHio (An) h TO^K^ecTBeH- 
Hoe OTo6pa>KeHHe noflnpocTpaHCTBa (X\{p}, p) Ha nceB^OMeTpHHecKoe npo- 

CTpaHCTBO (X\{j9},7) HBJiaeTCSI HenpepbiBHbiM. 

OTMeTHM, HTO npOCTpaHCTBO (X\{p} : 7) HBJIHeTCH nCeBflOMeTpHHeCKHM 

b CHjiy H3BecTHbix cbohctb BepxHero yrjia Me^/ry cerMeHTaMH c o6ihhm 
KOHUOM H yCJIOBHe (^14) BbinOJIHHeTCH flJIH nojiHbix npocTpaHCTB Henojio- 
>KHTejIbHOH KpHBH3HbI nO A. AjieKCaHflpOBy, HBJI5HOIH,HXC5I 06jiaCTHMH 

R K npn K<Op]. 

IlycTb BbinojiHHiOTCH ycjiOBHH (t4i2 — ^13) h L G Sp, Tor^a fljra jik> 
60ft tohkh x E X cymecTByeT e^HHCTBeHHaa TOHKa Pl{x) [251 c - 22] h 
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onpeflejieHO OTo6pa>KeHHe 



ip L :X^R, ip L (x) = E L {x)\pP L (x)\, 

tj\q £l{x) paBHaeTCH 0, 1 hjih — 1, ecjiH cooTBeTCTBeHHO Pl{x) = p, cenvreHT 
[p, Pl(x)\ h opneHTHpoBaHHaH np^Maa L coHanpaBjieHBi, cerMeHT [p, Pi(x)] 
h opneHTHpoBaHHaa npsiMasi L iipothboiiojiojkho HanpaBjieHbi. BBe^eivi cjie- 
^yioiuHe o6o3HaHeHH5i: 

%{X) = {ip L :X ^R: LeS p }; 

F p (X) = {f:X^R: f(p) = 0, ||/|| = sup{^ : x ± p} < +00}; 

FC P {X) = {/ G F P {X) : /- HenpepbiBHo}. 
4? P (X) ($>p(X)) — 3aMKHyTaa jniHeftHafl o6ojiOHKa MHO>KecTBa ^ P (X) 

(<f>p(X)) B JIHHeHHOM HOpMIipOBaHHOM npocTpaHCTBe (F p (X), ||.||). 

OTMeTHM, hto FC p (X) HBji^eTCH 3aMKHyTbiM jiHHeiiHbiM noflnpocTpaH- 
ctbom b GaHaxoBOM npocTpaHCTBe (F p (X) : ||.||). 3to HenocpeflCTBeHHoe 
cjie^CTBHe TeopeMbi 1 H3 [SH c. 181] 11 cjieflCTBiisi 2 TeopeMbi 2 H3 [31], 
c. 184]. 

JleMMa 1 [si 5]. 

(i) IJycmb npocmpaHcmeo X ydoejiemeop^em ycAoewo (^14). Tosda 
^p(X) c FCp(X) uip(uj\(p,x)) = \ip(x) 3jm jvk)6ux if) G $ P (X), A G R+, 
x G X. 

(ii) nycmb npocmpaHcmeo X ydoeAemeopaem ycAoeuAM (A12), (^13). 
Tosda $ p (X) C FC P {X). 

(Hi) Ilycmb npocmpancmeo X ydoejicmeopsicm ycAoeuw {An) u djisi 
jiw6ux x, y G X\{p} U3 ycAoeuA j(x,y) = CAcdycm, nmo odun U3 
cczMenmoe \p,x], [p,y] G S p npunadAeafcum dpyzoMy cczMcnmy. Tosda 
3aa aw6ux pa,3AUHHUx x, y G X naudemcA manan monna z G X\{p], 
nmo ip z (x) ^ ip z (y). 
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(iv) IJycmh npocmpancmeo X ydoeAemeopjiem ycjioeujiM (^12); (^13) 
u d/itt ecex x G X, L G S p 

\pPh{x)\ < \px\. 

Todda djisi jik>6ux pasAUunux x, y G X naudemcji L G S p maKoe, umo 
<Pl(x) ^ (pL{y)- 

^OKasaTejibCTBO JieMMM 1. 

(i) JJ^jisi jiK»6oro y G X HenpepbiBHOCTb (pyHKi^nii ip y cjie^yeT H3 Henpe- 
pbiBHOCTH MeTpHKH p, KOCHHyca ii ycjiOBH5i (A\A) . Kpoivie Toro, 11*02/11 = 
npn y = p h 

\\if> y \\ = sup{ \py\ cos j(x : y) : x ^ p} = \py\ < +00 
npii y y£ p. BTopoe yTBep^fleHiie HeTpynrio nojiyHiiTb 113 onpeflejiemiH 

AJia y G X. 

(ii) yTBepjKfleHiie cjie^yeT H3 paBeHCTB 

\<p L (x) - <p L {y)\ = \e L (x)\pP L (x)\ - e L (y)\pP L (y)\\ = \P L (x)P L (y)\ 
11 HenpepbiBHOii 3aBHCHMOCTH Pl(x) G L ot x G X [25, c. 22]. 



(m) floKa^eM MeTOflOM ot npoTiiBHoro. IlycTb HaiiflyTca pasjiiiHHbie 
y G X Taxiie, hto ^(^) = ^(2/) A- 1151 Ka^K/jpro 2 G Ecjih x = p 

(y = p), T0 n P H z = y (z = x) Haft^eM 



= 1pz(p) = ^z(z) = \pz\ 
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IlojiyHiijiH npoTiiBopGHiie. Ecjih x 7^ p, y 7^ p, to H3 npeflnojio^eHHH 11 
paBeHCTB 

i>x(x) = \px\ 2 = ip x (y) = \px\\py\ cos *y(x,y), 
^y(y) = \py\ 2 = ^y(x) = \px\ \py\ cos 7(2;, y), 
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cjie^yeT x = y. IlojiyHHjiH npoTHBopeHiie. 

(iv) ^OKa>KeM MeTO^OM ot nporiiBHoro. IlycTb HaiiflyTCH pa3JiiiHHbie 
x, y G X TaKHe, hto fljia KajK^oro L G S p ^>l{x) = ^l{u)- Ecjih x = p 
(y = P)-> T0 n P H L = L y (L = L x \ r^e opHeHTan,Ha np^Moii L y , co^ep^a- 
meii TOHKy y } onpeflejisieTCH cerMeHTOM \p,y] G S p (aHajioriiHHO fljia L x ), 
HaiifleM 

= <pl v (p) = VL y {y) = \py\ (0 = <p Lx (p) = <p Lx ( x ) = \p x \)- 

IlojiyHHJIH IipOTHBOpGHHG. EcjIH X ^ J9, y ^ J9, TO 

<pl x ( x ) = \px\ = <pl x (v) = £L x {y)\p p L x {y)\ <\pyl 

¥L y (y) = \py\ = ¥l v (x) = e Ly (x)\pP Ly (x)\ <\px\. 
C jieflOBaTejibHO , 

PlM = x, P Ly (x) = y, \px\ = \py\. 
IlycTb A G (0, 1). Toiyra H3 nojiyHeHHbix paBGHCTB, HepaBeHCTBa 

\pP Lx (uj x (x,y))\ < \puj x (x,y)\ 
h CTporofi BbinyKjiocTH niapa B\p, \px\] nojiyHHM 

\pP Lx {u x (x,y))\ < \pux(x,y)\ < \px\. 

Ho 

P Lx (u x (x,y)) = x, P Lux{xy) (x) = u x (x,y) h \px\ = \pu x (x,y)\. 

IlojiyHHjiH npoTHBopGHiie. JleMMa 1 floxasaHa. 

IlocjieflOBaTejibHOCTb (x n ) ne ^ npocTpaHCTBa X : yflOBjieTBopaiomero ycjio- 
bhk» (A14), Ha30BeM ifj-cxodjnueucji k TOHKe x G X, ecjiH fljia KajK^oro 

lim ip(x n ) = ^(x). 
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IlocjieflOBaTejibHOCTb (x n ) ne ^ npocTpaHCTBaX, ynpBjieTBopHiomero ycjio- 

BH3M (^4l2), (^13)5 Ha30BeM Lp-CXodfLVdfiUCfi K TOHKe X G X, eCJIH flJIfl Ka>K- 

Aoro Lp G $ p (X) 

lim <p(x n ) = (p(x). 

n— >oo 

Cjie^yioiuHe TeopeMbi 1, 2 aHajiornnHbi cooTBeTCTByioinHM TeopeMaM 1, 2 
H3 [Ml c. 225-227] o CBOHCTBax cjia6o cxoahiuhxch nocjie^OBaTejibHOCTefi b 
HOpMHpOBaHHOM npocTpaHCTBe. 

TeopeMa 1 [si 5]. 

(i) Ecjiu nocAedoeamejibtiocmb (x n ) ne fq npocmpancmea X, ydoejicmeo- 
psiwu^czo ycAoeuto (Au), i/j-cxodumcn k monne x G X, mo ona ozpanuue- 

HCL. 

(ii) Ecjiu nocjiedoeamejibHocm'b (x n ) ne ?q npocmpancmea X, ydoe/ie- 
meopHwmeso ycAoeujiM (^12); (^13); (f-cxodumcsi k moune x G X, mo 
ona ozpanuncna. 

^OKasaTejibCTBO TeopeMbi 1. 

PaccMOTpiiM b npocTpaHCTBe 4? P (X) rjisi Bcex k, n G N 3a- 

MKHyTbie MHOJKeCTBa 

OO 

A kn = {/ : < &}, A k =f] A kn . 

n=l 

Ka^^oro / G 4? p (X) (/ G & P (X)) noaneflOBaTejibHOCTb (f(x n )) ne ^ 
orpaHHneHa, Tax KaK nocjieflOBaTejibHOCTb (x n ) ne f$ ^-cxoflHTCH ((^-cxoflHTca). 
Tor^a 

00 00 
%(X) = \jA k (%(X) = \jA k ). 

k=l k=l 

Eto Teopeivie Bspa [531 c.83] HaftfleTcsi 3aMKHyToe mhokcctbo A ko) njioTHoe 

B HGKOTOpOM 3 aMKHyTOM Hiape 

B[f ,r]G%(X) (5[/ ,r]cip(X)) 
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h, cjieflOBaTejibHO, coflepjKamee stot map. PaccMOTpiiM OTo6pa>KeHiie 

(tt 2 : X -+ l>;(X), ir 2 (y)(f) = f(y)). 
Tor^a nocjieflOBaTejibHOCTb 

(7Tl(^n))neN ((^(^n))^) 

orpamiHeiia Ha niape i?[/o,r] h, cjie^OBaTejibHO, Ha Ka^flOM niape npo- 
CTpaHCTBa ^ppf) (<lp(X)). Kpoivie Toro, H^j/ll = \py\ R^si KajK^oro y G X. 
C jieflOBaTejibHO , 

||7ri(x n )|| = supj ^j^ : ip ^ 0} = \px n \ 

h nocjieflOBaTejibHOCTb (x n ) ne fq orpamiHeiia. Otmcthm, hto fljia KajK^oii 
opneHTHpoBaHHOH np^Moii L E S p HMeiOT mgcto HepaBeHCTBa 

1 < \\<Pl\\ < 2, 

nocKOJibKy nepBoe HepaBeHCTBO OHeBii^HO, a BTopoe cjie^yeT H3 onpe^ejie- 

HII5I HOpMbI II HGpaBGHCTB 

\pPl(x)\ < \px\ + |xPi(x)| < 2\px\ 
fljisi KajKfloro x G X. CjieflOBaTejibHO, 

II ( Ml rl^On)| / nl ^ 



Ml 2 

ii nocjieflOBaTejibHOCTb (x n ) ne fq orpamiHeiia. Teopeivia 1 ^OKasaiia. 

TeopeMa 2 [sl5]. IJycmb nocjiedoeamejihuocmh (x n ) ne ^ ogpaHuuena e 
npocmpancmee X, x G X. Tosda eepnu CAedywuiAie ymeepomdeHUR. 

(i) Ecau npocmpaHcmeo X ydoeAemeopjiem ycAoewo (Au) u Oaa naoic- 
dozo y G X 



lim if) y {x n ) = if) y {x), 

n— )-oo 
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mo nocjiedoeameji i bHocm i b {x n ) n ^i i/j-cxodumcA k moune iGl. 

(u) Ecjiu npocmpancmeo X ydoeAemeopjiem ycAoeuAM (A12), (^13) u 
Bar Kdcucdozo L G S p 

lim ip L (x n ) = ip L (x), 
mo nocjiedoeamejihHocmh (x n ) ne ?$ ip-cxodumcji k mourn x G X. 

H3 yTBGpjKflGHIIH (i), (it) JieMMbI 1 H TeOpeMbI 2 nOJiyHHM CJieflCTBHH 1, 

2. 

Cjie^cTBHe 1 [sl5]. Ecau nocAcdoeamcAhuocmh (x n ) ne fq npocmpan- 
cmeaX, ydoeAcmeopAwu^czo ycAoeuw (A\±) (ycAoeusiM (^12), (^-13)), cxo- 
dumcA k monne x G X, mo ona t^-cxodumcA (ip-cxodumcji) k monne 
x G X . 

Cjie^cTBHe 2 [sl5]. Ecau npocmpancmeo X, ydoeAcmeopAcm ycAO- 
euw (A u ) ( ycAoeuAM {A u ), {A 13 )) } mo $ P (X) C FC P (X) {$ P {X) C 
FC P (X)). 

,II,OKa3aTejii>CTBO TeopeMbi 2. 

IlyCTb / H3 JIHHeHHOH 060JIOHKH MHO>KeCTBa 

%(X) c %(X) (%(X) c %(X)). 
Tor^a b CHjiy ycjiOBHH TeopeMbi 2 

lim f(x n ) = f{x). 

n^oo 

fljra npoH3BOJibHoro sjieMeHTa 

fe%(X) (fe%(X)) 

HaiifleTca nocjieflOBaTejibHOCTb (f n )nen H3 jihhghhoh o6ojiohkh MHO>KecTBa 

%(X) c %(X) (%(X) c %(X)) 

Taxaa, hto 

/ = lim /„. 

n^oo 
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Bbi6epeM Taxyio KOHCTaHTy M > 0, HTo6bi ^jih Ka^K^oro n G N 

\px n \ < M, \px\ < M. 

J\jik Ka^Kfloro e > HaiifleTCH Taxoe hhcjio K G N, hto ^jih Ka^Kfloro 
Jfc > X 

ll/-MI< ' 



6M 

O HKCiipyGM k > K. Tor^a HaH^eTca Taxoe HaTypajibHoe hhcjio N, hto ^jih 
Ka^floro n > N 

\fk(Xn) ~ fk(x)\ < ~. 

Cjie^OBaTejibHO, fljra Ka^K^oro n > N 
\f(x n ) - f(x)\ < \f(x n ) - f k {x n )\ + \f k (x n ) - f k (x)\ + \f k (x) - f(x)\ < 

\\f - fk\\{\px\ + \pX n \) + ^<£. 

Teopeivia 2 ^OKasaHa. 

IlycTb npocTpaHCTBO X yzjoBjieTBopaeT ycjiOBHio (Au). IlocjieflOBaTejib- 
HOCTb (i/j n )neN npocTpaHCTBa ifrp(X) Ha30BeM cjia6o cxodsiv^cucsi k ip G 
^fp(X), ecjiH fljia KajK^oro iEl 

lim ip n (x) = ^(^)- 

n— >oo 

IlycTb npocTpaHCTBO X yflOBjieTBopaeT ycjiOBH^M (^12), (^13) )• Ilocjie- 
^OBaTejibHOCTb ((p n ) ne ^ npocTpaHCTBa &p(X) Ha30BeM cjicl6o cxodmneucn 
k ip G $p(X), ecjiH fljia KajK^oro a: G X 

lim y?„(a;) = (f(x). 

Cjie^yiomaH jieMMa 2 aHajioriiHHa cooTBeTCTByioineH Teopeivre 1* H3 [Ml c. 
230]. 

JieMMa 2 [sl5]. Ecjiu X - nojrnoe McmpunccKoc npocmpaHcmeo, ydo- 
eAemeopHioinee ycjioeuw (^14) ( ycnoeusiM (A12), {Ay^)), u nocjicdoea- 
mejibHocmb (ip n )n€N ((^i)jign) npocmpaHcmea 4f p (X) (& p (X)) cjul6o cxo- 
durncti Kip G ^fp(X) ((p G & P (X)), mo ama nocjicdoeamejibnocmb ozpanu- 
uena na HCKomopoM mapc npocmpaHcmea X . 
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^OKasaTejibCTBO JieMMbi 2. 

^jra Bcex n, k G N paccMOTpHM 3aMKHyTbie MHO>KecTBa 

A kn = {x G X : \ip n (x)\ < k} (A kn = {x G X : \(p n (x)\ < k}), 

oo 

71=1 

^jra Kaxfloro x G X nocjie^OBaTejibHOCTb 
orpaHHneHa, Tax KaK nocjieflOBaTejibHOCTb 

(^n)neN ((^n)neN) 

npocTpaHCTBa ^p(X) cjia6o cxoflHTca. Toiyja 

'DC' 

fe=i 

Ilo Teopeivie Bspa (5U c.83] HaftfleTca 3aMKHyToe mhojkgctbo A ko njioTHoe b 
HeKOTopoM 3aMKHyTOM hi ape B[xq, r] npocTpaHCTBa X h, cjieflOBaTejibHO, 
co^ep^aiHee stot map. SHaniiT, nocjieflo-BaTejibHOCTb 

orpaHH^eHa Ha stom niape. JleMMa 2 ^OKasaHa. 
IlpHMep 1. 

HeTpyzmo npoBepHTb, hto b Bem,ecTBeHHOM riijib6epTOBOM npo-CTpaH- 
CTBe X nocjieflOBaTejibHOCTb (x n ) nG N C X -^-cxoflHTca ((^-cxo/fflTCsi) k toh- 
Ke x G X Toiyja h TOJibKO Tor^a, Koiyja OHa cjia6o cxoahtch k TOHKe x E X. 

IlpHMep 2. 

EtycTb X — OTKpbiTbift map emiHHHHoro pa^nyca c HenrpoM b HyjieBOM 
BeKTope Bem,ecTBeHHoro rHjib6epTOBa npocTpaHCTBa V c MeTpiiKoft 

1 - {x, y) \ 



p : X x X — )• E + , = kArch 



((1 - x 2 )(l - y 2 )) 1 / 2 J ' 
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r,n,e (x, y) — CKajiapHoe nponsBefleHHe BeKTopoB x, y G X, k > KOHCTaH- 
Ta. 9to 6ecKOHeHHOMepHbiii BapnaHT Mo^ejiH BejibTpaMH - Kjietoa reoMeT- 
piiii JIoGaneBCKoro [66, c. 48]. EtycTb p = G X. HeTpyznro npoBepiiTb, hto 
b npocTpaHCTBe iIo6aneBCKoro (X, p) nocjie^OBaTejibHOCTb (x n ) ne ^ npo- 

CTpaHCTBa X ^-CXOflHTCH ((^-CXOflHTCfl) K TOHKe G X (x G X) Tor^a H 

TOJibKO Toryja, Kor^a OHa cjia6o cxofliiTCsi k stoh Tonice b npocTpaHCTBe V. 
KpoMe Toro, nocjieflOBaTejibHoerb (x n ) ne ^ npocTpaHCTBa X ip-cxop^wrc^i k 
TOHKe x G X\{0} Tor^a h TOJibKO Tor^a, Kor^a nocjieflOBaTejibHOCTb 



X f 



CJiaGo CXOflHTCH K TOHKG 



p(0, x)x 



I M I 

b npocTpaHCTBe V . Otmcthm TaioKe, hto ycjiOBHa (An — Au) BepHbi b 
npocTpaHCTBe Jlo6aneBCKoro (X, p). 

IlycTb e > 0. BBefleM cjieflyiomne MHO>KecTBa 

W X1 _ XN . £ = W G %(X) : < e , fc = 1, . . . , X}, 

Tfle TOHKH Xi, . . . , XjV OTJIHHHbl OT TOHKH p. 

V Xl ,..., XN ;e ={^e %(X) : W( Xk )\ < £, k = 1, . . . , X}. 
ECJIH Bbl6paTb MHO>KeCTBa 

^ar 1 ,...,xjy;e (^a; lr ..,a;jv;e) 

b KanecTBe CHCTetvibi OKpecTHOCTeft Hyjia b npocTpaHCTBe ^/ p (X) (& p (X)), 
to ohh onpe^ejiHT Tonojiornio (t v ) b stom npocTpaHCTBe. 3to aHajiorn *- 
cjia6oft Tonojiornn b conpsiJKeHHOM 6aHaxoBOM npocTpaHCTBe ( |54j. c.230). 
Cjie/ryioinasi TeopeMa 3 aHajiornnHa Teopetvie 4 H3 [5H c. 232-234]. 

TeopeMa 3 [sl5]. Tlycmb (X,/?) - cenapa6eAbHoe MempuuecKoe npo- 
cmpaHcmeo u B[0, 1] - 3aMKHymuu map c i^enmpoM e nyjie, paduyca 1 e 
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npocmpaHcmee & P (X) ($> P (X)). Tozda monojiozun e B[0, 1], undyyupoeaH- 
hclr monojiozueil (r^) ; cujihnee monojiozuu, onpcdcjicHuou c noMompm 
MempuKU 

d: B[Q, 1] x B[0, 1] ->> R+, 
d{f,g) = fv»|(/ - p)(x n )| = E2- J(/ ~J ) ^ )I ), 

n=l n=l |:PXn| 

- (fiuKcupoeatitioe cncmnoc ecwdy njiomnoe MHooicecmeo e 3aMKHymoM 
mape B\p, 1] C X (npocmpaHcmee X). 

^OKa3aTejibCTBO TeopeMbi 3. 

HeTpyzmo npoBepHTb, hto d hbjihgtch mgtphkoh, yflOBjieTBopHiomeH 

yCJIOBHK) 

d(/ + h,g + h) = d(f, g) fljia Bcex f, g, f + h, g + he B[0, 1]). 

CjieflOBaTejibHO, flocTaTOHHO npoBepHTb, hto jik>6oh OTKpbiTbifi map 

Q £ = {/ : d(f, 0) < £} 

b npocTpaHCTBG 4? p (X) co^epjKHT nepeceneHHe 3aMKHyToro niapa 

5 [0,1] c HeKOTopoii OKpecTHOCTbio Hyjia b TonojioriiH Tty (t^). Bbi6epeM 
Taxoe HaTypajibHoe hhcjio AT, hto 2 _7V < e/2 h paccMOTpiiM cjieflyiomyio 

OKpeCTHOCTb HyjIH B TOnOJIOrHH 7^, (Ttp) 

V = V xl _ w/2 = {/ : \f(x k )\ < e/2, k = l,...,N} 
(W = W Xu ..., XN]e/2 = {/ : Jgl < e/2, fc = 1, . . . , JV}). 

IlycTb 

/65[o,i]ny (/6B[0,l]nH0. 

Tor^a 

N oo TV oo 

d(/,0) = £2-|/WI + £ 2-|/(^)| < |^2-'+ ^ 2""<£ 

n=l n=7V+l n=l n=7V+l 
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Wi0) = £ 2 -j/(^ + ^ 2 -«<£^ rn+ f 2 -n <£) . 

n=l 71 1 n=7V+l n 1 n=l n=7V+l 

C jieflOBaTejibHO , 

5[o,i]nVcQ e (fl[o,i]n^cg e ). 

Teopeivia 3 ^OKasaira. 

Teopeivia 4 HBjraeTCH cjie^yioinHM niaroM b nojiyHeHiiii flocTaTOHHbix 
ycjiOBHii Ha npocTpaHCTBO X fljra aHajiora TeopeMbi BaHaxa-Ajiaorjiy [72, 
c. 80]. 

TeopeMa 4 [si 5]. Ilycmb U p - - oKpecmnocmb mouKU p G X u e mho- 
jfcecmee 

p = n d *> 

ede 

D x = {a e R : \a\ < \{x)} u X(x) G R+ 

maKoe, umo 

x e u x{x) {p,u p ), 

3adana monoAosuA npou36edenuA r. Tosda monoAosuA na nodMnowce- 
cmee 

K = G %(X) : Mx e U p (\iJj(x)\ <1)}CP 

coenadaem c monoAOSueil, undyyupoeaHHOu monoAosueil npou3GcdcnuA r. 
KpoMe moso, aaMUKanue MHoatcecmea K e npocmpancmee (P, r) npunad- 
Aeotcum MHOofcecmey 

{/ G F p (X) : \/x G X, V/3 G M + (ffofax)) = Pf{x))\ Vx G tf p (|/(x)| < 1)}. 

3aMenaHHe. 77pu quuoahchuu ycAoeuil meopeMU Eanaxa-AAaosAy [721 
c. 80] MHODfcecmeo K 3aMKHymo e npocmpancmee (P, r). 3adana o naxowc- 
denuu cmpynmypu nodMnootcecmea K\K C (P, r) e ycAoeunx meopeMU 
4 ocmaemcA nona ncpcmcHHOu. 
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,H,OKa3aTejit>CTBO TeopeMM 4. 

H3 yTBepjKfleHH^ (i) jieMMbi 1 cjie^yeT, hto fljra Bcex 16I, E K 

\if>(x)\ < X(x). 

Eto TeopeMe TiixcmoBa [72, c. 413] npocTpaHCTBO (P, r) 5iBjraeTC5i KOMnaKT- 
HbiM. Kpoivie Toro, 

P={/:I^t: VxGl (|/(x)| < A(z))}. 

OiiKCiipyeM ipo E K k Bbi6epeM npoH3BOJibHO 

n E N, <5 > 0, aij G X npii 1 < i < n. 

MHO>KecTBa 

^i = tfe ftppf) : \^{xi) - fo(xi)\ <S,l<i<n} 

(W 2 = {fEP: \f( Xi ) - M^)\ <5,l<i<n}) 

o6pa3yiOT jiOKajibHyio 6a3y TonojioriiH (r) npocTpaHCTBa 4? p (X) (P) b 
TOHKe i/jq. Tor^a 

Wi n K = W 2 n K, nocKOJibKy K C $p(X) D P. 

TaKHM o6pa30M, b MHC»KecTBe K Tonojiorna coBna^aeT c Tonojioriieii 
t. IlycTb npHHa^jie^KHT T-3aMbiKaHHio MHO>KecTBa K. Bbi6epeM nporo- 

BOJIbHO 

x E X, (3 E M.+ h £ > 0. 

MHO>KeCTBO BCeX / G P, flJIfl KOTOpblX 

l(/-/o)0)| <e, l(/-/o)K(p,^))| <e, 

5IBJI5ieTC5I T-OKpeCTHOCTbK) TOHKH /q, nOSTOMy MHOJKeCTBO K CO^ep^KHT XO- 
T5I 6bl OflHy TaKyK) TOHKy ^ H3 3TOH OKpeCTHOCTH. B CHJiy yTBep^KfleHHH 

(i) JieMMbi 1 nojiyHHM 

l/oC^Cp, x)) - (3f (x)\ = |(/o - VOMp, *)) + - fo){x)\ < (1 + P)e. 
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IIoCKOJIbKy £ npOH3BOJIbHO, TO 

fo(u}0(p, x)) = Pf (x) flJia x G I, (3 e R+. 
Ecjih x G Up h e > 0, to aHajiornHHoe paccy^eHHe noKa3biBaeT, hto b 

MHO>KeCTBe X HailfleTCH (pyHKHHH 1p : flJIH KOTOpOH 

|V(X)-/ (X)| <£. 

Ho 1^(^)1 < 1) cjie^OBaTejibHO |/o(^)| < 1- TeopeMa 4 flOKasatia. 
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